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PREFACE 


This book is designed to present a mathematical treatment of 
some of the fundamentals of the theory of electric oscillations 
and electric waves. 

Although the selection of material particularly applicable to | 
radiotclegraphy has been the first consideration, yet, because 
the electromagnetic theory, which is fundamental to radioteleg- 
raphy, is fundamental also to optics, wire telephony and power 
transmission, it is hoped that the volume may be useful in these 
fields also. 

Book I on Electric Oscillations and Book II on Electric Waves 
are practically independent, so that a reader with a fair 
knowledge of mathematics may read the two books in either 
sequence. 

A student in optics might confine his attention almost entirely 
to Book 11. A mature reader primarily interested in wire tele- 
phony or power transmission might begin at Chapter XVI of 
Book I, and continue through Chapter XVII, with such occa- 
sional references to the earlier chapters as are necessary for 
familiarity with the methods employed. He might then look 
into some of the earlier chapters in order to acquaint himself with 
the various transformer problems arising in connection with 
coupled circuits. 

It is suggested that students of radiotelegraphy begin at the 
beginning of Book I and read the various chapters consecutively, 
with the possible exception of Chapters IX, X, and XV, which 
may be omitted or postponed without rendering difficult the 
understanding of what follows. It is perhaps unnecessary to 
say that the theoretical work of this book should be supplemented 
by copious descriptive matter and laboratory work. 

Certain important subjects related to radiotelegraphy have 
been omitted^ — particularly the matter of spark-gaps, arcs, 
vacuum tubes, direction finders and the propagation of electnc 
waves over the surface of the earth. These defects are to be 
partly remedied by including the omitted material in a revision 
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of the author’s earlier book ^^The Principles of Wireless Teleg- 
raphy” and in other writings now in preparation. 

The writer takes pleasure in acknowledging his indebtedness to 
Mr. Yu Ching Wen for valuable assistance in reading the proofs; 
to Mr. H. E. Eawson for supplying a draftsman; and to the 
publishers for their accuracy and dispatch in the difficult com- 
position and manufacture of the book. 

G. W. P. 

Ceuft Laboeatoey, Harvard XjNivEEsiTYy 
Cambridge, Mass., U. S. A., 

December, 1919. 
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Book I 

ELECTRIC OSCILLATIONS 


CHAPTER I 


FUNDAMENTAL LAWS AND EQUATIONS 
1. Notation. — 


I = Current (constant), 

Q = Quantity of electricity (constant), 

E = E.m.f., or difference of potential (constant), 
i = Instantaneous value of current at time t (variable), 
q = Instantaneous value of quantity at time t (variable), 
e = Instantaneous value of e.m.f. at time t (variable), 

R = Resistance, 

L = Self-inductance, 


C = Capacity. 


When several of these quantities enter into the same equation, 
they must all be measured in some common set of units. 

2. Kirchhojff’s Current Law^ for a Steady State. — When a 
conductor is traversed by a constant current and all the charges 



Fig. 1. — Conductor with sections Si, S 2 , Sz- 

of the conductor are constant, the same amount of electricity 
per second (i.e., the same current) flows through every cross 
section, Si, S 2 , Sz of the conductor (Fig. 1). In this figure 
the two lines in a general horizontal direction are boundaries of 

1 Kirchhoff. Pogg, Ann., VoL72 (1847). Also Gesammelte Ahhandlungen. 
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the conductor across which no current is allowed to flow. Any 
two transverse surfaces, as Si and Sz, together with the bounda- 
ries of the conductor, enclose a region of the conductor. Now if 
more or less electricity flows per second into the region through 
Si than flows out through Sz in the same time, there will be a 
growth or a decrease of electric charge within the region, which is 
contrary to the hypothesis of a steady state. Therefore, the 
current in through any surface Si and out through any surface 

Sz must be the same if the state of 
current and charge is constant in 
time. 

If an electric conductor is 
branched as at A in Fig. 2, so that 
through the main conductor a cur- 
rent I flows into any surface S en- 
closing A, while currents 7i, J 2 , 
Izj , . . flow out of S through 
the branches, and if there is no 
growing accumulation of electricity 
within the enclosure, then numerically, 

(7) in= (7l + 72 + 7$ + . . . )out (1) 

If now we give algebraic sign to currents, attributing to currents 
“out” a sign opposite to currents “in,” then 



Fig. 2. — Branched conductor, 
with region about A enclosed by 
a surface >S. 


7 + 7i + 72 + 73 + . . . — 0; (2) 

that is, 

S^7 = 0, (3) 

where 'Ls indicates algebraic summation applied to all parts 
of the closed surface S. 

Equations (1), (2), and (3) are merely different methods of 
stating symbolically that electricity is conserved, and that in the 
cases under consideration there is no accumulating of electricity 
within a certain region, and that, therefore, the amount of elec- 
tricity flowing out of the region in a given time is equal to the 
amount flowing into the region in the same time. 

3. Kirchhoff’s Current Law in the above Form Inapplicable 
at Regions Containing Capacity, — Fig. 3 represents an electric 
circuit containing a condenser C. If we suppose that a battery 
or other source of e.m.f. is applied at B, current will flow for a 
short time into the condenser. If now we draw a closed surface 


Chap. I] FUNDAMENTAL LAWS AND EQUATIONS 3 



S including one plate of the condenser, it is apparent that there 
may be an electric- current i flowing into the region; bounded by 
the surface while there is at the same time no current (in the 
elementary sense of the word) flowing out of the region bounded 
by S. 

As another example, if we suppose a conducting wire AB, 
Fig. 4, to be supported on insulators and open-ended at B, and 
let a battery be connected between the other end A and the 
ground E, it is apparent, according to elementary notions, 
that a charge of electricity will flow into the conductor at A, — 
this charge constituting an electric current ii at A — while there 



TFig. 3. — Circuit containing battery Fig. 4. — Illustrating distributed 
B and condenser C, with one plate en- capacity, 

closed by surface 


is no current out from the end B of the conductor. At any point 
intermediate between A and B, there will in general be a current * 
i (say), and this current will be different at different points along 
the conductor; so that if a closed surface S be drawn, there will 
in general be a difference between the current flowing into and 
the current flowing out of S. 

4. Generalization of Kirchhoff’s Current Law so as to Apply 
to Variable Currents. Law of Conservation of Electricity.— 

If ii is the instantaneous value of current flowing into a given 
region bounded by a closed surface and io is the instantaneous 
value of the current at the same instant flowing out of the region 
S, we may suppose that in the time dt the current into the region 
delivers a charge iidt and the current put from the region carries 
away a charge iodt; the difference between these two quantities 
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is dq (say), where dq is the gain of charge of the region in the 
time dt. The assumption that there is no creation or destruc- 
tion of electricity during the process makes 


therefore, 


dq = iidt — iodt; 

5 ? “ 


(4) 

(.5) 


As a generalization of this equation, if we consider current 
flowing into a given region bounded by a closed surface to be 
positive, and current flowing out to be negative, then 



( 6 ) 


Equation (6) may be stated as follows: The excess of the current 
flowing into a given region at a given time over the current flowing 
out at the same time is the time-rate of increase of quantity of 
electricity within the region at that time. 

This is a statement of the Law of the Conservation of Elec- 
tricity, and applies to all cases of the flow of electricity whether 
the flow is constant or variable. We shall call the equation 
Kirchhoff^s Generalized Current Law, or Kirchhoff\s Current Law, 
The terms employed in the statement and equations are explained 
•in the next section. 

6. Explanation of Terms of Foregoing Statements and Equa- 
tions. Intrinsic Charge. — The quantities q and in equation 
(6) must be measured in the same set of units. If U is in amperes, 
q must be in coulombs. If, on the other hand, ii is in absolute 
units of either the electrostatic or the electromagnetic system, 
q must be in absolute units of the same system.^ 

The charge indicated by ^ is a charge that can be increased 
or diminished only by an actual transfer of electricity (free 
f electrons) into the region containing q. Such a charge is known 
as an intrinsic charge, and is to be distinguished from certain 
induced charges to be considered later. 

The current ii must include any actual transfer of electricity 
into the region, whether of the ordinary conduction variety or 
whether the transfer is by an actual transfer of charged matter 
into the region; that is, ii must include conduction and convection 
currents of electricity. It is highly probable that all transfer of 

^ For discussion of these units see Piebce, Principles of Wireless Teleg- 
raphy/^ Appendix I. . 
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free electricity, even in metallic conduction, is accompanied by 
the flow of matter in the form of electrons, and is, therefore 
essentially a convection current; but this subject may property 
be deferred to later consideration. The current however 
in the present form of the equation does not include displacefnent 
currents to be treated in Book 11. 

6. Generalization of Barchhoff’s Electromotive Force Law. 

If we have a circuit of the form of Fig. 5 in which an e.m.f. e 
is applied to a constant resistance R, a constant inductance L, 
and a constant capacity C in series, the instantaneous value of 





the e.m.f. e at any time t is equal to the sum of the instantaneous 
values of the potential drops Cjk, ec] that is, 

6 = 6/2 + ^ir + 6c, (7) 

in which 

Cn = the fall of potential in the resistance R, 

Cl = the fall of potential in the inductance L, 
ec = the fall of potential in the capacity C. 

Let us now adopt the following rule of signs: If e and i are in 
the direction of the arrows they are given a positive sign. If 
they are in the opposite direction they are given a negative sign. 
If the charge on the plate A (toward which positive i flows) is 
positive q is positive. If this charge is negative q is negative. 
Then by Ohm's law,^ the fall of potential in the resistance R is 

Cr = Riy . ( 8 ) 

1 G. S. Ohm, ^^Die galvanische Kette mathematisch bearbeitet,” Berlin, 
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where i is the instantaneous current through the resistance R, 
The fall of potential in the inductance L is 

(9) 

where L is the self-inductance of the coil L, and t is the current 
through L. This current is the same as the current through 
R, since there is assumed to be no capacity and therefore no 
accumulation of charge within R and L. 

The fall of potential in the condenser C is 



where + ^ is the charge on the plate A of the condenser, and C 
is the capacity of the condenser. It is to be noted that there 
is an equivalent charge of the opposite sign { — q) on the plate 
B; because, since there is no other capacity in the circuit, the 
current throughout the circuit at the time t is everywhere the 
same except within the dielectric of the condenser: and, there- 
fore, the current out of the condenser at B is always the same 
as the current into the condenser at A, and hence the deficit of 
charge (the negative charge) of B is always the same as the 
excess of charge (the positive charge) of A. 

By Kirchhoff^s Current Law (eq. 6) 



therefore, 

q = fidt. (11) 

If now we substitute (8), (9), (10) and (11) in (7), we obtain 

e = (12) 

dt (; 

In this equation the applied e.m.f, e is usually called the im- 
pressed e.mi. This impressed e.m.f. may be variable, constant 
or zero. If it is variable its instantaneous value at any time t 
is to be taken, and the current i is the instantaneous value of the 
current at the same time i. 

It may not be apparent just why the e.m.f. e, represented in 
Tig. 5 as produced by a dynamo, shall be considered as impressed 
e.m.f., while the other terms of the equation (12) are regarded as 
falls of potential. The reply is, that e is the terminal voltage 
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of the dynamo and is, therefore, impressed by a source of power 
external to the sequence of elements R, L and C. If e is not the 
terminal voltage of the dynamo, but the total e.m.f. generated 
in the dynamo, then equation (12) would still be true if we add 
the resistance of- the dynamo to R and add the inductance of the 
dynamo to L, although in this case difliculty would arise because 
the equation presupposes a constant L, which would not be the 
case if the dynamo contained iron in its armature. 

As a further note on impressed e.m.f., if we regard e as the 
terminal voltage of the dynamo, it is evident that we may regard 


the quantity e — L 


di J* idt 


as the e.m.f. impressed on R] 


dt C 

for there is a terminal dynamo voltage e impressed on the circuit; 

di 

this is opposed by the counter e.in.f. L due to the magnetic 
field of the self inductance coil L and by the counter e.m.f. 

0 

di f* idt 

due to the charge of the condenser, leaving e — L — — 

dit o 

as the e.m.f. impressed on R. 

It is perhaps still more instructive to transpose also the term 
Ri to the left hand side of equation (12), giving 


g __ T ^ J'idt _ ^ 

e Jit 


( 13 ) 


We may now regard Ri as the counter e.m.f. of the resistance, 
and may interpret equation (13) as an algebraic statement of the 
fact that the impressed and the counter e.m,fJs constitute 

a system in equilibrium. 

If wc have several dynamos or batteries of terminal voltages 
^ 1 ? ^ 2 , these e.m.f.^s being estimated positive when tend- 

ing to send currents in the direction of the arrows and negative 
when tending to send currents in the opposite direction, and if we 
have several capacityless resistances^ Ri, i? 2 , R^ • • •, several 
capacityless inductances Lij Lz . . . , and several condensers 
of capacities (h, Ctj (h . all in series, we shall have 

e\ + <'^2 + Cg + . . . — (i2l + + ^^3 + . . .)i 


(I/I + L2 + Lg + . . . ) 


di 

dt 


/ .I. q-, L 


+ + . 


^ f idt-- 


0 


^ Some or all of the resistances may be in whole or part the resistances of 
the inductance coils. 
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or 

Se - (mi - W - (s^) fidt = 0. • (14) 

Equation (14) presupposes that the Us, and are in- 
dependent of the time t. It may readily be seen how the equation 
is to be modified to make it applicable to cases in which these 
coefficients are variables. We shall, however, have occasion to 
discuss chiefly those problems in which E, L, and C are constants 
independent of current i and independent of time t, and shall at 
present limit ourselves to these conditions. The group of results 
constituting Kirchhoff ’s Generalized Electromotive Force Law, or 
Kirchhoff’s Second Law, may be summarized as follows: 

7. Summary of Kirchhoff’s E.M.F. Law: 

1. When there is an instantaneous current i flowing in a 
constant capacityless and inductanceless resistance R at the time 

there is impressed at the same time at the terminals of the 
resistance by some source of power external to the resistance a 
difference of potential Cr equal to Ri and in the direction of i] 

2. When there is at the time t an instantaneous current i 
flowing in a constant capacityless inductance L of resistance 
Rl, there is impressed at the same time at the terminals of the 
inductance by some source of power external to the inductance 

a difference of potential equal to Rjji + L -^and in the direction 


of i] 

3. When there is at the time t an instantaneous current i 
flowing into the positively charged plate of a condenser of con- 
stant capacity C, there is an equal current i flowing away from 
the other plate^ of the condenser, and there is impressed upon 
the condenser from some source of power external to the con- 
denser a difference of potential between the plates of the value 

ec equal to and in the direction of 

o 


4. When several of these elements (resistance, inductance 
and condensers) are in series the total instantaneous impressed 
e.m.f. is equal to the sum of the instantaneous e.m.f/s impressed 
on the elements. 


^ Care must be exercised in determining what is the other plate of the 
condenser. It is the aggregate of all bodies on which terminate lines of 
static force from the first plate. 


(^irAPTER 11 


THE FLOW OF ELECTRICITY IN A CIRCUIT CONTAIN- 
ING RESISTANCE, SELF-INDUCTANCE, AND 
CAPACITY. DISCHARGE, CHARGE, AND 
CURRENT INTERRUPTION 

8. Notation. — 

K = Resistance, 

L = Self inductance, 

C — (!a{)acity, 

I - Init itil constant current, 

K = Constant iin|)ressed e.in.f., 

Eu = Initial dificrence of potential between the plates of a 
condenser, 

Qo = Initial <!harg(i on oru; plate, of a condenser prechosen as 
positive, 

Q = Final charges on this plate, 

q = Charge at the tinu; t on tlie con<l(!ns((r plates, A (Fig. 1), 
prechosen as positives, 

i = Instantaneous current flowing toward the plate A at 
th(‘ time t, 

e = ImpreH8(‘d e.rn.f. at the tinw; t. Let the positive direction 
of c. h(‘ toward that plate of tins condenser designated as 
positive. 

As we proceed we shall need also the following additional 


abbreviat ions; 

(ii 

. Ii , IIP 1 

2/. wr* L6” 

(ii) 

, Ii IIP 1 

” '■ 2L V-t// LC’ 

(iii) 

= + yJI/P - Lcr 

(iv) 

^ ^Lc ~ ir*' 

(V) 

a * R/2L, 

9 
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Among these expressions the following algebraic relations 
are seen to exist: 

(vi) hi — — a + coA= — a 

(vii) k 2 = CL 


(viii) 

(ix) 

(x) 


kik2 


= — a — JO), 

1 

CL^ — o)h^ = + 0 )- = 

ki — k2 == 2ooh — 2jo), 

j = v - 1. 


As these relations occur in the text, we shall refer to them by 
their respective Roman Numerals. 

9. Differential Equation of Current and Quantity. — If in a 
circuit of the form of Fig. 1, we equate the impressed e.m.f. e 
to the sum of the counter e.m.f. ^s (that is, the counter e.m.f. of 



Fig. 1. — Circuit containing R, L, C and impressed e.m.f. c. 

self inductance + the counter e.m.f. of resistance + the counter 
e.m.f. of capacity) we have, by (7), (8), (9), and (10) of Chapter I, 




(1) 


We have also the following relation of i to q (6), Chapter I, 
. dq 


or 


dt^ 

q = J* idi. 

Differentiating (1) and introducing (2), we obtain 

^ — r J^_L. a. 1 
dt'^ ^dt^^ ^dt^ C 


( 2 ) 

( 3 ) 


( 4 ) 
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Likewise^ if we r(‘phu’<‘ / in {‘(juation (I) by its valium in ivniiH 
of q from equation (2J, W(^ obtain 


e 


(U- ^ dt. ^ 


a 


(5) 


Equations (4) ufui (o) arc the dijfcrvnlial cquaiions Jar the 
current in the circuit and for the chariji' in the condenser at any 
time t in terms of the e.ni.f. impressed upon the. eireuiL 

10. General Solution.— A gcunu-al Holution of (‘(|uati<mH of 
the form of (4) aiul (o) in |>;iv(‘n in Appeunlix: 1, Koio i\. InHtenti 
of making direct une of ihe^ nolution tiuux* givmi, it in in.struetive 
to solve (4) and (oj by ehummtary nudJiods for Hp(»eifie valuen 
of e such as arise in important pra<‘(ieal casens. 

11. Important Special Problems.-” 4iy assigning difT(*n*nt 
valties to the impresHCHl (‘.m.f., e, various special pro!4eniH arise 
in eonneetion wit h t he flow of (uirnuit in condcmsc^r <4reuifs. 4110 
following of th(‘He problems an* highly important and intereHting: 

1. To find i and </ during th(5 discharging of a comtenser 
initially charged. 

IL To find i and q <luring the charging of a cemdenser under a 
constant impressed e.nii. 

III. To find i and q produced by intc^rrupting a c*urr<mt flowing 
in an inductance which is slumteal by a camd<*ns<*r. 

IV. To find i and q under the action of a sinusoidal iryqirf*«sed 
e.mi. 

These problems will be treated in order (the first three in t-his 
chaptc^r, and the fourth in Clhapter V). hkch problem will lie 
examined in d(»taily partly <m ammnt the iriff‘rc*st that if pre« 
sents in itself, and partly as introdtictory to otlier matter. 


L THE DISCHARGING OF A CONDENSER* 

12. Differential Equation for Current and Quantity During 
Discharge.--“-Bupp(KS<! a corKlenser of (’apacity C, Fig, 2^ f.o be 
initially chargcfl with a quantity of el<^e4.ricity + Qu on one* plnte 
and — Qa on tlie other plate, and at tlu*tirnel » (), lef. llte %npG 
bo closc*d in such a way that th(*rc^ is no s|)ark^ at G, tlien we liiivti 
the initial conditions. 

*Tliis priihlcm wiw fiwt solved liy Hir Wan Tlioifiseri, Phil Jfiifi., % 
p. 393, lHli3. 

® Bceaiwf! a spark liitf4 a reiistance^ iimt in a functieii of iltii i?tirreiit tliriiiigli 

the spark. 




It is seen that (8) and (9) are identical in form. They are 
the differential equations for the current i and the quantity q during 
the condenser discharge. 



Fig. 2. — Illustrating condenser discharge. Left-hand diagram is the condition 
at t = o; right-hand, at i = r. 


13. General Solution of Equations (8) and (9). — ^Let us fix 

our attention upon equation (8). This equation is a homoge- 
neous linear differential equation of the second order, with con- 



stant coefficients. This terminology, which is used generally in 
the theory of differential equations, has the following significance. 

If we regard i and its derivatives ^ i, as the 

elements of the equation, the equation is linear in these elements, 
since products or squares or higher powers of these elements do 
not enter. It is homogeneous, since every significant term of the 
equation contains one of the elements to the same power; namely, 
the first power. It has the constant coeiB&cients L, 22, and 1/C. 
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The equation is of the second order, by whicli is nu^ant- that* 
highest order of any dc^rivative is the second ord(*r. 

The following gcuieral propositions in thc^ tluH>ry of <!ifTerentiiil 
equations an‘ applical>Ie to the prohleni: 

L The mmi of two or more HolutumH of a linear hotnogeneom 
equation is a solution of the equutum; that in^ the HoluiiouH are 
additive. 

IL If we can in any nmyjind a solution of a linear, honhogene(aiH 
equation of the nth order, the solution, if it conMiim n independent 
arbitrary constaMH, is the most general Hohdion, or the complete 
integral of the equation. 

The proofs of these* two propositions are found iri Ai;)pen(ii% 
I, Notes 1 and 4. Wo shall employ the proposit ions in olitidning 
the solution of equations (Hj an<l (9). 

In the beginning Icjt us att(unpt to find by inspradiem a par- 
ticular solution (if (H). We may try anything w<* like in the 
search for a solution; for exjunph*, let us try i A, a cormtimt. 
This substituted in (8) yields 0 - 0 -f 0 + /l/C', and, th(‘refon% 
A - Oj and i = 0. Huch a ‘value will not contribute anything 
by a<ldition to any other solution that may be found. 

We might make various other random attempts to find a 
particular solution of (8), but we shall make greater progre^ss liy 
basing our attempts ufxm some rational (^xiM^ricmco, particularly 
upon experience with the use of exponential functions. 

Let us try 

i ® Ai^\ (ICI) 

wh<*re A and k are constants and € is the hmo of tlie natural 
logarithms. This value of i substituted in (8) gives, 

0 - iLk^ + Rk + l/C}/t/'. (11) 

It is scicn that we may divide out Ai^^ from (1 1), obtaining 

0 - Lk^ + Rk + 1/C. (12) 

We ham thm the result that (10) in a mdidion of (8) prmnded 
k satisfies the quadratie equation (1 2b 

Solving this quaclratic e(|iiatk>n (12) for k, we find ihi‘ two roots 

A “ - 2 /, + sJJjj - ^ * fcjt by (i), Art, 8, 
and 

. H I fO 1 , 

” 2L V4/A “ LC 


by (ii), Art, 8. (14) 


ELECTRIC OSCILLATIONS 


[Chap. II 


tJ' 

• f'H « 
Ml f 


Equations (13) and (14) give two specific values of k either of 
which will make the exponential value of i given in (10) satisfy 
the differential equation (8). 

The coefl&cient A of equation (10) is entirely arbitrary and 
may have any values whatsoever so far as may be determined by 
the given differential equation. The constant h is determined by 
(13) and (14). 

In the attempt to find one particular solution of (8) we have 
really found two particular solutions, namely, either 

i = (15) 



or 

i = (16) 

In these equations Ai and A 2 are arbitrary constants, which 
are in general independent of each other. 

Now by Proposition I, Art. 13, the sum of these two solutions is 
a solution. That is, 

i = Ai€^^' + A.2€^^' (17) 

is a solution of equation (8). In fact, this is the most general 
solution, or complete integral, of (8), provided ki and are dif- 
ferent quantities; for then Ai and A 2 are two independent arbi- 
trary constants; and by Proposition II, Art. 13, such a solution is 
general. 

If on the other hand ki = k%j the solution (17) reduces to 

^ = (Ai + A2) (18) 

and, therefore, possesses only one arbitrary constant; for the sum 
of Ai and A 2 is no more arbitrary than Ai alone. 

The exceptional case with fci equal to k^ arises when 

= 4L/C, 
or 

OJA = CO = 0, 

as may be seen by reference to (13) and (14) and to (iii) and (iv), 
Art. 8. This is called the Critical Case. The critical case re- 
quires a special treatment, which is given in Appendix I. Note 7, 
where the result is obtained in the form of 



_ ^ 

i = (Ai + A 2 O € 



( 19 ) 
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If the reader does not care to follow the reasoning of the Note 7 
in Appendix I, he can satisfy himself that (19) is a solution of (8) 
in the critical case by substituting (19) directly in (8) and intro- 
. ducing also the condition 

= 4L/C. 

Since (19) contains two independent arbitrary constants, i' is 
the complete integral for the critical case. 

To sum up, we have found the general solution of (8) to be 

i = + ^26*=*, provided 9 ^ 4L/C, . (20) 

i = (Ai + A 2 t) e provided R^ = AL/C. (21) 

Now to obtain the value of q we may solve directly equation 
(9), just as we have solved (8). We shall, however, adopt the 
alternative method of obtaining q by integrating (20) and (21), 
employing the relation 

q = (22) 

Equation (20) gives 

q = + t-- e , provided 9 ^ 4L/C, (23) 

ICi IC2 

and equation (21) gives 

q = J' dt, 

where by (v) a = R/ 2 L; whence 

q =: - — ^ -j- A 2 J i € dt. 

^ -a 

When the last term of this equation is integrated by parts, we 
obtain 

^ provided R'^ = 4L/C. (24) 

Equations (20), (21), (23), and (24) are the general solutions 
of the differential equations (8) and (9). In these equations Ai 
and Ai are arbitrary constants; while fei, fc* and a are constants of 
the circuits denned in equations (i), (ii), and (v). Art. 8, respectively. 

14. Determinatton of the Arbitrary Constants Ai and Aa 
Subject to the Initial Conditions. — We may now determine the 
arbitrary constants subject to the initial conditions written above 
as (7) and (6). These initial conditions are: 


16 
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When t = 0, i = 0, 

and when < = 0, $ = Qo = 

In the non-critical case (R 2 9 ^ 41// C), these initial conditions 
substituted in (20) and (23) give 

0 = Ai + A 2 } 


whence 


n _L 

-^■C-Sr) 

This last equation, by (viii) and (ix). Art. 8, gives 
Qo = Ai (— 2 coaLC), 

Qo Eq 


(25) 

(26) 


Therefore 
A2 == - Ai 
where 


2oijJLC 2oi}JL 


provided 9 ^ ALJCj 


(27) 


Eo = Qo/C = initial difference of potential of the plates 

of the condenser. 

m 

In the critical case (R^ = 4LfC), the substitution of the initial 
conditions into (21) and (24) gives 


0 = Ai. 


Qo = - — ^ - 


Ai .A 2 * 


2> 


a a 

whence 

A2 = ~~o}Qq 

but by (v), Art. 8, and the critical relation, we have 
= JKV4Z/2 = 1/LC. 

Therefore 


(28) 

(29) 

(30) 


Ai Qo/LC = — Ei/L, provided R^ = 4L/C. (31) 

16. Complete Solution for Current Subject to the Tnifiai 
Cmiditions.— Having determined the values of the arbitrary 
constants A^ and Ai subject to the initial conditions of the prob- 
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lem of the condenser discharge, let us now substitute their values 
in equations (20) and (21). 

We obtain from (20), which is the value of i for the non-critical 
case, the result 


2cx}}iL 


,kit 




Replacing ki and k 2 by their values from (vi) and (vii), we 
obtain 


Lc^k 


(32) 


or, replacing co* by its equivalent value jos, this may be written 
in the alternative form 


z = 




Leo 


2i 


(33) 


It is seen that (32) and (33) may be respectively written 

1 

Look 

and 

i = - ^1 «-a< sin 0 >t. (35) 


(34) 


Returning now to the value of i in the critical case, equation 
(21), and replacing the arbitrary constants by their values (28) 
and (31), we obtain 

6-“‘. (36) 




Equation (34) or equation (35) gives the value of i in the nov- 
critical case. Either of these equations may be used, but it is simpler 
to use ( 34 ) whenever coh is real {that is, when R^>4L/C); and 

(35) whenever oo is real {that is, when R^<4L/C). 

In the critical case {where R^=4LfC) the solution is equation 

( 36 ) . 

The values of a, cou and co are given in Art 8. 

16. Complete Solution of Quantity Subject to the Initial 
Conditions.— The value of q may be obtained by substitution of 
the values of the constants At and A^ into the equations for q 
(23) and (24), but we shall adopt the alternative method of 
integrating i with respect to time. 



f r 


1 y 


i.y 

/.‘■'I 


K ' ' 
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In the non-critical case, by taking the time iategral of (35) 
we obtain 

q = J* Hi 

Lca3^ 

jp . ( 

-r:^:rr=: e”®^ Sin taH 

io) -h CO- 1 yo' 

Therefore by (viii), Art. 1, 

q = ^ VXC 1 0 )^ + tan-i 

The corresponding integration of (34) gives 
En 


(37) 


q = ^\/LC sink ■ (ajf, + tanh"^^^^ | • (38) 




In the critical case, in which = ^LJC, we may obtain q 
simply by substituting the values of Ai and A 2 fiom (28) and (31) 
into (24), obtaining 



but by (v) and by the fact that in the critical case R^ = ALjC^ 
we have 

a2 = J2V4I2 == 

and therefore, 

q = EoC.(^l + cii) €~'^* 

= Qo(l + Q't) (39) 

Eqmtion (37) cr (38) gives the value oj q in the non-critioal case, 
Ei^r of these eqvMions may be used, bat it is simpler and more 
direct to use (38) 'ivhen i^ real (piat is, when R^>4 Ij/C ) and 
(37) when o is reel {that is, when R^<AL/C ). 

In the critical case {where = 4L/C ) the solution is (39). 
The values of a, coh and co are given in Art, 8. 

17. Identity of the Critical Case Results with the Non-critical. 
It is to be noted that, although the form of the expression 
derived for i and q in the critical case is different from the form 
obtained in the non-critical case, in reality the non-critical results 
reduce to the critical results if we make 

= 4J>/C. 





i 
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This may be shown as follows; If 


equation (iv) gives 


hiu f sin 0)0 


= 4:L/C 


CO = 0. 


^ lim |coi!-((oOV3!H 


“ J 6) = 0 


whence by (35) the current, as co 


7 — at 


approaches 0 , approaches 


L * 


If next we concern'ourselvrwthTh ^ 
chiirgc , of equation (S7) aa „ approLht O^iJd 
-P«,.;Uan - (./«, ataall valuea of o.}a in fbelo™ ' 

\ciJ a 3 \a/ • f®- O. Peirce^s Tables, No. 779] 


wc find that 


^ (a) ] 


CO =3= 0 


Fhis substituted in ( 37 ) giy 0 g 


a 


9- 

Ju 

Now by the fact that in the critical case 
= 4i/(7, 

we have 


therefore 


^ — Qo(l + at)^ 


which is in. agreement with the value of q for the critical case 
equation (39). ’ 

We thus obtain the result that .after the determination of the 
constants of integration, the critical-case solution, although appar- 
ently very different in form from the non-critical case, is in reality 
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comprised in the non-critical solutions. We need thuSj as the 
result of the discharge problem^ only one equation for i (35) and one 
for q (37) whatever the value of in relation to ^JjjC. The other 
values of i and q given in (34) and (38) are more directly applicable 
when CO is imaginary; and those given in (36) and (39) are more 
directly applicable when co is zero. 

Before entering upon an examination of the results for the cur- 
rent and quantity during the discharge of a condenser, we shall 
first investigate the analogous problem for the charging of a 
condenser under the action of a constant impressed e.m.f. 

IL THE CHARGING OF A CONDENSER 

18. The Charging of a Condenser Under a Constant Impressed 
E.M.F. — ^Let 

E = the constant impressed e.m.f. 


The counter electromotive forces are the same as in the pre- 
ceding problem, so that the differential equation for current is 


II 

+ 

(40) 

Differentiating (40) we obtain 



(41) 


To obtain the differential equation for we may substitute 
for i in (40) its value 


obtaining 

Equations (41) and (42) are the required differential equations. 

We shall not distinguish between the critical and the non- 
critical cases, but after the final solution has been obtained and 
the arbitrary constants determined, the critical case will appear 
as a special case of the non-critical, or general, case. 

The complete solution of (41) has already been obtained in (20) 
in the form 

i = (43) 
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The complete solution of (42) is 

q == A + CE, (443 

by Appendix I, Note 8, or as follows: 

The result (44) may be obtained by adding the particular 
integral of (42) (namely, CE) to the complementary function 
which is the solution of (42) with the constant E replaced by 
mvo. This complementary function is 


Having now the values of i and q in (43) and (44), we are now 
to observe that to make i equal to the time derivative of we 
must require that 

B\ = Aifki and J ?2 ^ 
so that we may write q in the form 

g + (45) 

Let us now insert the initial conditions that the condenser shall 
start uncharged and that the initial current shall be zero; that is, 

when i = 0, g = 0, and i = 0. 

These conditions give 


and 

whence 

and 


0 = Ai + <^2, 


A2 = “Ai, 


Ax = CE 


kihi 

ki — ^2 


E 

2Lo3h 


by(viii) and (ix). 


Now by comparison it will be seen that Ai and A 2 are the 
negatives of the values obtained for these quantities in equations 
(25) and (27) (which give the current and quantity during the 
discharge), except that the E which appears in the present prob 
lem is the e.m.f, impressed on the circuit, while in the discharge 
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|)rc)l'}lc*in A\> is thr* pottnitiul clifTiTtiic**' whirh lli** w»i.h 

initiully charged. 

In ihi^ vtvinil Unit thn rnndcrtHtT in firs! rhumnl iindia* tin* 
inipn‘K.S(Hl cMii.f. K and (hnn (tisc'hargnfi, tlif'si* twn vnhirn nl h 
arc* tliC! Hainc\ If t in inaaHurfsl fnnii tin* U%mmuu- «*f ^-hi* 
c*har|j;ing in the* om* (*ah<* and fnan tin* haginniin^ «»f tli** *iisi'!iiirii“ 
ing in ihr* oihcT ajiHc*, it will In* H‘i*n !lia.t tlir mirrnnf in f!it* fwn 
(*aHc*H diflcTH only in sign, and tliat tlin cftmiitity daring «‘iinrg** #> 
a enuHtanf EE ininns the* cftmiilify during dirndiargm 

KxpreHHcnl inaihnrnalicailly, an* vtmimmA in tin* 

fcdlnwing taida: 

19. Comparison of Discharge with Charge. 


t E® Tina* frifiii lirgiiiiniig *4 drs- 

rhargi*, 

Eu ■» of |)otf*ntiid ho- 

iwooa till* plat OH of t lio ooii« 
(lonsor lit i 0, 

Qii C-hnrgiM»ii iHmilivo plato whoa 

I (h 

i m ("!tirront t-imnirtl fho 
pinto nt tiaio h 

q ^ Cliiirgf* on tho pimiiivo pinio 

fit tina* i, 

tl'ieri 

I « t i^in wt, f’lfit 

Lw 

E, 

q tx -y^ eE c'"”* sin 

t*fC + fatr* M f'l 7 i 

(1/ 


Ihi^ihg 

■ - Unjo l‘0|^iiii}iai!; nf flmrifif, 

E - DlfforrliOO $4 |»i!r|itif*| III-.. 

tw*-TU t.|iO of thf- rj(#|i 

flofoor f|! I . 

(J - flilirgr oil Illicit iVr^ pint*' tt'lioti 

I - 

j I'lirroaf |o»fii|.ivr^ 


plnU- Ilf tiinr n 


H •- 

eitflfgo «iii lli«’ I«»wlivr 
1*1 linio #„ 

plnO* 

tlirn 



1 

t /' t *>in «t, 

f-IS) 

n 

EE - y/lj: f 

' I#IA? 


(ust 4 fan ' 

Mtl) 


Note tlmt in thn in whicli u i« not roitl, lln^w t|mintiti»*j» 
arc th(! Hainn. as iion* givon, but may Is* nmn* i*onvi*iiii*iitly itHnl 
with hy|K‘rt«»li(j «in«»« ami hy|n>rlKtlic anf itnrigrnts in iihirn i>f >*ir» 
and tan, and with w* «ulmtituti»d fi*r u. 

Also thtj nwilt for tho iritiral caw is cc»n»pris»*fl in the 
equations. We. riuiy, however, simplify the riwiit in the erilteal 
castj, by taking the limits of i and q alatve as u approaelo* tvm. 
This prcwjtwH gives for the criliml erne 


9 
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% 

ij 
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(30) 

9 


Ilttfiii* #li *fi» 


Et 

i « ‘f . 


I 

I 


f'K -qi\ i .iOf •*> 
VE - t;H{l 'V 


m) 

CM) 
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III. PERIOD, DAMPING FACTOR, AND LOGARITHMIC 
DECREMENT 

20. Determination of Period During Discharge. — We come 
now to a discussion of the results obtained in the case of the 
condenser discharge. We have found for the current and quantity 
during discharge the equations 

E() 




UN 


‘^sin oit. 


, — Eq 


“^sin (oot + tan~'-), 
a 


(54) 


(55) 


in which i is the current flowing toward the plate that was ini- 
tially positively charged, and q is the quantity of electricity on 
this plate at the time t. 



Fias> 3 and 4.""-Givmg respectively current i and quantity q (on positive plate of 
condenser) plotted against time. 

If 05 is real (that is, if R^<4L/C) both of these quantities are 
seen to be periodic and to have a factor that is a sinusoidal 
function of the time. 

A diagram of i plotted against t is given in Fig. 3. A similar 

diagram for q is given in Fig. 4. 

The period of oscillation of the current in Fig. 3 may be defined 
as the time between alternate zero values of the current; that is, 
the time between the points ai and a 2 , a 2 and as, etc. These 
points are the values of t for which t becomes zero after successive 
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complete cycles, and by (54) they occur at values of t for which 
sin o)t — 0. 

Since only alternative points are considered, this relation gives 
o}t = 0, 27r, 47r, etc. ; 

whence, giving subscripts to different values of t satisfying the 
relation, we have 

ti = 0, 
t2 = 2Tlc0f 
h = 47r/co, etc. 

and, therefore, the period T is 

T ~ t2 — ti = ts — ^2 “ - • • “ 27r[oJ, 

Putting in the value of co from (iv), we obtain 

27r 

(Thomson's Formula). (56) 


!r = 


1-1 

\LC 


4L*> 


Equation (56) gives T the period of oscillation of the current 
during the discharge of a condenser. Similar reasoning gives the 
same period of oscillation of the quantity q. It is seen that this 
period is real, only provided 

< 4E/C, (56a) 

21. Approximate Value of the Period of Discharge. — Assuming 
that the inequahty (56a) is satisfied, it is seen that 

" <' -1 
4L2 -- LC’ 

then the equation (56) may be expanded by the binomial theorem 
into 




where 


8 


(57) 


1 

2U 


Now if we note by (viii) that 


— — = (;j2 _L. ^2 

LC 








m 
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we shall see that equation (57) reduces to 

T = 2-k\/LC, (58) 

(Thomson’s approximation formula) provided 

d-Tj 

2 < < 

where the symbol < < means ^^is negligible in comparison 
with.” 

The approximate period T calculated by the formula (58) has 
an important role in some of the work of the later chapters and is 
called the Undamped Period of the Circuit and will often be desig- 
nated by S to distinguish it from the true period T. 

The Equation (58) gim^ the Undamped Period of the oscilla- 
tions of current during the discharge of the condenser. This is 
sensibly the actual free period of the oscillations if d^/2 is negligible 
in comparison with co^. The oscillations of q have the same period 
as the oscillations of i, 

22. The Time between Successive Positive or Negative 
Maxima is the Same as the Time between Alternate Zero 
Values. — ^Let us next find the time between successive positive 
or negative maxima of current and show that this gives the 
same period as the time between alternate zero values of current. 
Equation (54) for the current is 

Eo . . 

^ Sin (at. 

Leo 

Differentiating this with respect to the time and setting di/dt = 
0, we have 

0 = €"~^^sin {(ot + tan”^— ), 

Leo -^a 

whence 

(ot = tan , tan -i — + 27r, tan”*^. — + 47r, ... 

-a’ -a -a 

If we let the successive values of t obtained from this equation 
be tij Uj etc. and let <p = tan ~^{(o/ — a), we have 

= ipj(0^ 

t^ ^ <pj^ 

^3 =: ^/co -f- 47r/co. 


( 59 ) 
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Now the interval of time between the successive maxima is T 
(say), and is seen to be 

rpf ^ t2 - ti = U - h = - • • = "= 2^* 

The time between successive maxima of the same sign is the 
same as the time between altevnative zevo values of cuTTent, This 
same fact is irue in regard to quantiiy. 

23. Period of Oscillation During Charging. — If jg 

4L/C, the angular velocity o) that occurs in the equations for 
charge or discharge of the condenser is a real quantity and the 
charge or discharge is oscillatory. From the similarity of the 
equations for charge and discharge, it is seen that the period of 
oscillation of current or quantity during charge is the same as the 
period of oscillation during discharge for a circuit of given 
constants. 

24. Logarithmic Decrement. Damping Constant. — In the 

equations given above we have seen that, in case is less than 
4L/C the discharge of the condenser and the charge of the condenser 
are oscillatory, and we havedetermined the period of theoscillation, 
and have also proved that the period between maxima or minima 
is the same as the period between zero values. The oscillation 
is, however, not purely sinusiodal, because the equations for i 
and q involve an exponential factor with negative exponent. 
This exponential factor starts with the value 1 when = 0, 
and decreases with increasing and becomes 0 when T = oo ; 
that is, the amplitude of the oscillations becomes smaller and 
smaller with increasing time. This process is called damping 
and the factor e”®* is called the damping factor. The constant a 
is called the damping constant. 

If we designate successive maxima of current in the same 
direction by Ji, I^y h, etc., as indicated in Fig. 3, we shall have 
by equations (54) and (59) 

E 

h = — <p 

+ T) gjj^ |27 j. -j. 

h “ ~ ^ sin {4^ + <p}, 


etc. 
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Now in IIh’HC .several <‘cjua(ionH (he .sine ferius are (he .s.ntite: 
tlu'nifore, by division, we ()l)(!iin 


/i//u - 

wh(‘nce 

(iT - Iog,/i-™* lof^A • ■ ... 

Let us designate aT by u singh* letfca- //, tlnai 

k T 

d aT • dl2l 


It is seeM that the natural logarithm of the amplitude of the eimriti 
falls by a constant amount d during each eomptete imeiUaiion, or 
cycle; that is^ d is the decrement per cycle of the iogarithm of the 
ampliimle of the current. This guantity d is called the loganihnue 
d(T.Tenieui per cycle ^ abhreeinted Log, Dec, It is seeti that the Log. 
Dec, of q is the same as that of i. 

In tci7ns of the logarithmic* dcHToinent d the oqiiationN Lloi and 
(37) for eurrenf and <{tmntify during Mn* (mcdllatory ditadiarge 
of the condenner may he written 


i 



S'( 

i' Hin wty 


ffiri) 


q ^ 




4u 
7 sin 



tan 



(IH I 


IV. EXCITATIOH BY CUrREBIfT IKTEEEOPTIOIf 

26 , The Production of Oscillations by Buzzer Excitmiim.-- 

In many of the* (‘xperirmmtH (nnployitd in high»frec|it-eney ineiiHure- 
mentH eleeirieal omallatJortH are prodm’ed liy exeiliiftrin of the 
eondermer eireuit liy the mo of a lnizy,er,* wldf*li iieta l>y niakiiig 
and breaking a enrreni flowing in an indm*tanee. 

The aeeompanying figure* (Fig* roproHontn ii briftery If 
supplying eiirrerit f-o an indtietanea* L throngh an ifiterriiptfa' J, 
The indued, iinee,! L haa re*f4iatanee 11^ and m Htiimlecl by ii ec,i,rit|tuiNer 
of capacity (L 

The inteirriipter / is here reprc^einictd ns ii t'iuzzf*r wifti 
field coil Lo also slumittd by a condenser (Lu 

The mathematical theory which follo%vs iipplic^ tn Itn* ficiivy 
line circuit LlKf which is a circuit of frec|Ui?ncy tiigii ht roiri|iitri- 
son with that of the ceircuif: L«Cc,. 

^ lliis fomi of buz2Sifr cxeitalloii is rltic to 7mmmk» der dfukHmm 

Tdiffru]^Wf p, *i. 
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Let US measure time from the instant of interruption of current 
at Let the current flowing in L at any time t seconds after 
the interruption be ^ which is a function of and let the charge 
in the condenser C at the same time be q. 

Then 

i — dq/dt. (65) 

From the time t = 0, when the circuit is broken at Jj there is 
no external impressed e.m.f., so the differential equations for 
current and quantity are 


T 4- T? M * 

(66) 

+ 

+ 

II 

(67) 



The complete solution of (66) and (67) gives 
i = Ax H- A 2 

n = -I- — 

^ hx ^ h2 ^ 


( 68 ) 


where kx and h 2 have the values given in (i) and (ii), Art. 8. 
The initial conditions are 


and 


When i = 0, i = I, 

(69) 

when < = 0, q = — CRI, 

(70) 


where I is the current flowing in the coil L at the time of inter- 
ruption at. /. Equation (70) is obtained on the assumption that 
the current is in practically steady state immediately before 
interruption, so that the counter e.m.f. in the coil is RL This is 
the potential of the lower plate of the condenser in excess of the 
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upper plate. The capacity C times this potential gi^es the 
charge on the lower plate as CRl ; but the upper plate is regarded 
as positiwe, whence the negatiye sign in (70). The charge is 
- CRL 

If now we introduce the initial conditions (69) and (70) into 
the pair of equations (68), we obtain 


I = Ai A 2, 
-CRI + 4^ 

ki 


^ 2-^1 4 “ kiA2 
7cik2 


(71) 

(72) 


A determination of the A^s from these equations may be made 
as follows ; 

From (72), by the relations (v), (yii), and (vhi), we obtain 

-CRI =LC{(A^ + (-a) + MA, - A,)}. 

Now a = Itj2L, 

whence 

r — Ai ~h Aj j(^{A 1 — A2) 

2 ■*" 2a ■ 


This equation, combined 'with. (71), gires 
Ai - Az = al/ju, 
which combined with (71) gives 


Ai = 
Aj = 


7 

2jco 2 
_ 

2j<o 2’ 


Substitution of these values of Ai and A 2 into the equation 
(68) for i gives, in view of (vi) and (vii) , 

i = e-‘ {A } (73) 

= ^ ioc cos o^t +■ a sin (oi) 

(O 


I\/a^ + 


sin loot A tan" 


By (viii) this last equation giyes 

1 


% = 


t-i'i 


Wlc 


■i C 


^-o>t sin ioit + tan^i- Y 


n£.0 


(74) 
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Equation (74) current in the cml E the direction of 

the original current I, at a time t seconds after the interruption of 

^ 26 *^ On the E.M.F. Induced in a Very Loosely Coupled Sec- 
ondary Circuit by Buzzer Excitation.— In the preceding sections 
there has been discussed the oscillations produced in a circuit 
by a method known as buzzer excitation. Oscillations produced 
in this way are often employed to impress an e.m-f . on a secondary 
circuit for the purpose of making measurements in the secondary 
circuit. -A diagram of this arrangement of apparatus is shown 

in Fig. 6. . . ^ . 

The oscillations occurring in the circuit LC impress an e.m.f. 
on the circuit LaCs- Let us now specify that the circuit L2C2, 



Fig. 6. — Buzzer excitation of primary circuit inducing e.ni.f. in secondary 

circuit. 


which we shall call the secondary circuit, shall be so far away from 
the primary circuit LC that the current induced in the secondary 
does not materially influence the current flowing in the primary, 
and let us determine the e.m.f. induced in the secondary circuit. 

The induced e.m.f. has the instantaneous value determined 
by the mutual indue tanpe M between the two circuits and by the 
time rate of change of the primary current. The relation is 

«= - 4 ) 

Substituting in (75) the value of i from (74) and performing 
the differentiation, we have 

MI 

62 = { — a sin (co^ + <p) + oi cos (ojt + (p)], 


where 
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Expanding the sine and cosine terms by the formulas for sines 
and cosines of a sum and noting that 

sin ip = co/ + a2 = by (viii), and 


cos ip = ay/LCy 


we have 


MI ^ ^ 

62 = — Sin coL 


(76) 


Equation (76) gives the instantaneous value of the e.m.f. impressed 
on a loosely coupled secondary circuit by buzzer excitation of a 
primary circuit. 

Let us suppose now that we are to impress different frequencies 
of e.m.f. on the secondary circuit by giving C in the primary 
various values, and see how the impressed e.m.f. depends on 
the frequency. We shall get the result only approximately, 
by supposing that the decrement of the primary current is so 
small that is negligible in comparison with then by (viii) 


CO 2 = 1/LC approximately, 


and (76) becomes 

62 = — sin co^, approximately. (77) 

Equation (77) gives an approximate value of the instantaneous 
value of the e.m.f. impressed on a loosely coupled secondary circuit 
by a primary circuit excited by a buzzer and varied as to frequency 
by varying the condenser in the primary circuit. The induced 
e.mf. is in this case proportional to the frequency of the primary 
circuit — this frequency being n = a)/27r. 


CHAPTER III 


EIIERGY TRANSFORMATIOHS DURING CHARGE OR 

discharge or a condenser 

27. ISTotation. — 

p = Instantaneous value of power, 

P = Average power, 

W — Energy stored, 

Wb — Energy expended in a resistance, 

1^12 = Energy supplied during time from ti to 
Wt == Energy in system at time i, 
p = Mean-square current, 

J = Square root of meaa-square current (R.M.S. current). 

28. General Notions Regarding Power and Energy. — ^Let us 
suppose that we have two conducting terminals A and B pro- 
truding through the side of a room, and that we do not know what 
kind of electrical circuit or electrical apparatus is within the 
room, except that it is such that when we connect the terminals 
A and B to a> given electrical system outside of the room, the 
current at any instant flowing out at B has the same magnitude 
as the current flowing in at A. 

Then if 

i == the instantaneous value of current flowing 
into the room at A, and 
e = the instantaneous excess of potential at A 
over that at -B, 

the instantaneous power p flowing into the room, or supplied 
from without to the apparatus within the room, is 

V = ei, (1) 

This equation is based immediately upon fundamental defini- 
tions; for the excess of potential e of A over B is, by definition 
of potential, the work that must be expended by an outside 
system to send a unit quantity of electricity from A to B. To 

32 
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send i units of electricity per second requires an amount of work 
per second; or power, equal to 6 X 2 . 

Returning to the power equation (1) let us note that either 
e or i, or both of them may be negative. Keeping the definitions 
of i and e given above and merely interchanging the letters A 
and B attached to the terminals will change the sign of both e 
and i, but will, therefore, not affect the value of the product p. 
If on the other hand, the disposition of the apparatus within the 
room is such that current comes out at A, while A has a higher 
potential than S, then the instantaneous power is negative, and 
the apparatus within the room is at the given instant supplying 
power to the apparatus outside of the room. 

The energy supplied to the apparatus within the room from 
without, during a time extending from to U, is the time integral 
of the power; that is 

Wn = j;;pdL ( 2 ) 

29. Power Supplied to a Perfect Condenser.— Suppose that 
the two terminals A and B that were thought of as protruding 
from a room, are the terminals of a condenser of capacity C. 
The condenser will be defined as perfect if it is such that C is 
constant and independent of q in the equation 

q = Ce, (3) 

where 

q = the instantaneous charge upon that plate of the 
condenser that is attached to the terminal A, 

€ = the excess of potential of A over B, 
and 

C = the capacity of the condenser. 

The relations dealt with in the previous chapters assumed that 
the condensers employed were perfect condensers. Unless 
otherwise stated the condensers throughout the book will be 
assumed to be perfect. 

In the case of the condenser attached to the terminals A and B 
let 

i = the instantaneous current flowing in at A, 
then 

i == dq/dL 
3 


( 4 ) 
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Combining equations (1), (3), and (4), we obtain for the in- 
stantaneous power p supplied to the condenser the value 


. _ q dq __ l_ di^ ^ C 
C ^ 2 dt 


(5) 


Eqmtion (5) gives the instantaneous value of the power P sup- 
plied to the perfect condenser of capacity C. 

30. Energy SuppHed to a Perfect Condenser. — The energy 
Wit, supplied to the condenser from without in the interval of 
time from h to <2 is, by (2) and (5) 


Fi2 




_ r - 

■“ k dt 

Integrating, we have 

KFi2 = 


dtj or I 

Jti 


C d{e^) 
2 dt 


dt. 


2C 


C{E, 


2 


(6) 


in which 


El and Qt = difference of potential and charge 
respectively at the time ^ 2 , 

E\ and Qi = these quantities at the time 

It is seen that the energy .1^12 supplied to the condenser depends 
only upon the initial and final state of the charge of the condenser, 
and is independent of the time required to effect the modification 
of the charge. 

Equation (6) gives the energy that must he supplied to the con- 
denser to raise the charge from Qi to Q 2 (or its potential from Ei 
toE^, 

It is to be noted that if Q 2 = ± Qi, = 0; that is^ during 
any process in which the charge of the condenser is taken from a 
given value through any modification and brought hack to the initial 
value, or its negative, the energy supplied to the condenser from 
without is zero. 

Whatever energy is supplied to increase the charge of the con- 
denser is stored in the static field, and is completely recovered 
when the condenser is brought to its initial state of charge, or to an 
equal charge of opposite sign. 
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If the condenser is initially uncharged, Qi = 0, and by equation 

( 6 ) 


_ _ CE^ 

2C 2 ‘ 


(7) 


Equation (7) gives the energy W required to charge a condenser 
of capacity C from an initially uncharged state to a final charge Q, 
with final potential difference E, 

31. Power and Energy Supplied to a Resistanceless Induc- 
tance. — If the two terminals A and B in the preceding illustra- 
tion are the terminals of a resistanceless inductance, and if 

i = the current flowing in at .A, 
then the counter e.m.f. of the inductance will be 


e 



This will be the excess of potential of A above that of B, and the 
power supplied to the inductance will be, by (1) 


^ . di 


L 

2 di 


( 8 ) 


The energy W 12 supplied to the inductance during the time 
from h to ti is seen by (2) and (8) to be 

c/ ii 

where 

1 2 = current flowing in the inductance at the time tz, 

1 1 = corresponding current at the time h. 

Equation (8) gives the power p supplied to the inductance at the 
time t. 

Equation (9) gives the energy Wiz supplied to the inductance 
L to change the current in the inductance from h to I z- 

It is to be noted that if Iz == ±/i, 11^12 = 0; that is, in any 
process during which the current starts at the value Ii, goes through 
any changes whatever and returns to Ii or to —I^, the total energy 
supplied to the resistancetess inductance is zero. Whatever energy 
is supplied to it while the absolute value of i is increasing is stored 
in the magnetic field and is recovered when the absolute valve of i 
is again reduced by an equal amount. 

If the initial current flowing in the inductance is Ji = 0, 
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and the final current is 72 = 7, equation (9) gives for the energy 
stored in the inductance the value 


W = |L72. 


(9a) 


Equation (9a) gives the value of the energy stored in the induc- 
tance L when traversed by a current /. 

32. Power and Energy Supplied to a Resistance. — When a 
current i flows through a resistance, the counter e.m.f. of the 
resistance is Ri, so that the power supplied to the resistance at 
any instant is 

p = Ri\ (10) 


The energy supplied during a time from ti to U is 
W 12 = R 


( 11 ) 


Equations (10) and (11) give respectively the instantaneous power 
p, and the energy W 12 supplied from ti to t 2 , to a resistance R, 

It is to he noted that whether i is positive, negative, increasing, 
diminishing or steady, i^ is positive and every increment of time 
during which current is flowing in the resistance adds to the energy 
expenditure, 

33. Logarithmic Decrement of Energy of the Circuit During 
the Discharge of a Condenser. — ^Let us consider that a condenser 
of capacity C has been charged to an initial potential difference 
E and is allowed to discharge through a resistance and inductance, 
and let us determine the energy resident in the inductance and 
capacity at any time t seconds after the beginning of the discharge. 

In general, at the time t, the condenser has a charge q given by 
equation (47), Art. 19, and there is flowing through the in- 
ductance a current i given by (46), Art. 19. 

The total energy resident in the system is 

Li^ 

+ ( 12 ) 


W = 


Ml 

2C 


If we replace q and i by their values from (46) and (47), Art. 19, 
we obtain 

sin2 tan-i 

L E^ 


W = e- 

2C L“co2 


E^. . 

2Lco2 


^ 2 ’ 


I sin* {ut H- tan”'- + sin* | • 


(13) 
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This is the electrical energy resident in the system at any time 
t. If now we take any two times t and t + T, where T is one 
whole period of oscillation, the sine terms will be identical at t 
and t + T, and we shall have as the ratio of the energies in the 
system at the two times 


whence 


Wt _ 
wTVt 


€ 


2aT^ 


where 


log Wt — log WtJ^T = 2aT == 2d, 
d = aTj 


(14) 


and is the logarithmic decrement of current or quantity per 
cycle. 

Equation (14) gives the logarithmic decrement of electrical energy 
in a condenser and inductance during discharge, and shows by 
comparison with (61) of Art. 24 that the log. dec. of energy per 
cycle is twice the log. dec. of current or quantity per cycle. 

34. Energy Expended in Resistance During Condenser Dis- 
charge. — In the preceding paragraph, we have examined the 
energy resident in the condenser and inductance during the dis- 
charge of a condenser. We shall now attack the complementary 
problem of determining how much energy has been dissipated 
in the resistance from the beginning of the discharge to a time 
t seconds thereafter. 

If the time extends from t = 0 to t = t, the expended energy 
by (11) is 

Wb = R (15) 

Letting the initial value of condenser potential be E, we have, 
equation (46), Art. 19, 


= 


j-2ai sin^oji 


Substituting this value of into (15) we obtain 



sin2co|{(i^ 

RE^ r 

“ L^'cos J( 

' - cos2co< 

, e 2 


1 1 

LW[ 1 

— 4a 4\/ a^ -f- co^ 


cos ( 2cot — tan~ 



(16) 





5 'f 

1 I-, 


I ‘!; 

' ,4*: ‘ " 


I -M ; -'i 

I’M'yX 

f ,f., (!j\ ., 


Mri.,' r 

iti-i 
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This expression can be simplified by noting the trigonometric 
relation 


whence 

, , . 1 — sin^a; — 

cos(a: + y) = 

Now 

— cos {2oit — tan“^-^^ = cos (2o^t + tan“ 
If now we let 

a? = £0^ + tan“^ (co/a) 
y = 

and employ (16a), equation (17) becomes 

( n j X -1 \/a^ + co^ 

— cos 2oii ~ tan ^ — I = 

\ —a/ a 

[l — sin^^coif + tan"^ ^ — 


= 1 — sin^a; - 2in^y, 

1 

- sin^a: — sin^y 

i 

cos(rr — y) 

(16a) 

cos (2cot + tan~^ 

(17) 


sm2 cct (18) 


This result introduced into (16) gives, on replacing + co^ 
and a by their values from (viii) and (v), Art. 8, 

2& [1 “ 1 ‘‘"Jl 


Equation (19) gives the energy Wr expended in the resistance 
R during the discharge of the condenser in the interval of time from 
the beginning of the discharge to t seconds thereafter, — the condenser 
being originally charged to a potential difference E. 

It is to be noticed that this energy expanded in the resistance -f- 
the energy left in the circuit (13) is E^CI2, which is the energy origi- 
nally in the condenser. 

It is also to be noticed that if we maize t infinite, the terms in- 
volving t in (19) become zero, and the total energy expended in the 
resistance becomes 

Wu^E^CI2, (20) 

so that the energy lost in the resistance is the total energy of the 
condenser charge, 

35. Average Current and Mean-square Current During If 
Complete Condenser Discharges per Second. — If we suppose 
that the condenser is charged N times per second, and after each 
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charging, the charging source is removed and the condcnsc^r i.s 
discharged through a current-measuring instrument whost^ 
deflections are proportional to the average current, w(! should 
have a measure of the average current of the N discharge's pci' 
second. 

If we assume that each discharge is practically complete, we 
can easily calculate this average current from fundamental 
considerations, as follows. 

The quantity of electricity flowing from the condenser at each 
discharge is its original charge = CE. Per second the quant.it.y 
is N times this, so that 

The average current for N complete discharges per siaiond 

= NCE = NQ. ( 21 ) 

On the other hand, certain types of current-measuring in- 
struments read the square root of the mean-square current 
(R.M.S. current). This is true of hot-wire ammeters, thermal- 
junctions, dynamometers, etc. 

We shall, therefore, calculate from elementary con.HideratioriH 
the R.M.S. current during N complete condenser discharges per 
second. 

If there are N discharges per second, the energy dissipated 
in the resistance R of the circuit per second (that is, the average 
power P dissipated) is by (20). 


P = NE^C/2. 

This average power divided by R gives the 
current, hence 

72 = ^ 

2B ’ 


( 22 ) 

mean-srpiare 


(23 > 


where 7^ with a dash over it means the mean-square current. 

Taking the square root of the mean-square current (23) we 
obtain ' 

R.M.S. current for N complete discharges per second 


= 7 = E 



(24) 


Pffwafeons (21) and (24) give respectively the mean current and 
the R M.S. current obtained from N condenser discharges per 
second. The condenser is charged each time to a potential differ- 
ence E, the charging source is removed, and the condenser is then 
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dischar(jed through any inductance L and resistance R, The in- 
ductance of the circuit is found to be immaterial, provided the dis- 
charge is complete. 

In the case of the average current, both inductance and resistance 
are immaterial. The number of discharges N per second is sup- 
posed to be sufficiently small to permit practically complete 
discharges. 

36. Energy Lost in the Resistance of the Circuit During the 
Charging of a Condenser. — We shall next prove a very interesting 
fact concerning loss of energy when a condenser is charged by 
applying a constant e.m.f. E. 

During the process of charging a condenser through any re- 
sistance and inductance under the action of a constant im- 
pressed e.m.f. E, the energy lost in the resistance of the circuit 
from time 0 to t is 

= 2? f m, (25) 

where t is measured from the beginning of the charge. 

It is to be noticed that during the charge is of the same form 
as i^ during discharge (equations (48) and (46), Art 19) so 
that (25) when integrated gives the same result as (19), and when 
t is made infinite (see (20)) 

E^C 

^ (26) 

Equation (26) gives the energy dissipated in the resistance of 
the circuit when a condenser C is charged by the application of a 
constant, e.m.f. E. This amount of energy dissipated is inde- 
pendent of the inductance and resistance through which the con- 
denser is charged. This energy dissipated is equal in amount to 
the energy finally delivered to the condenser, equation (7), so that 
the efficiency of the process of charging a condenser from a constant 
e.m.f. applied through any inductance and resistance to the con- 
denser is 3"^; which means that in order to deliver any given amount 
of energy to a condenser by applying a constant e.m.f. an equal 
amount of energy must be dissipated in the resistance of the circuity 
however small we make that resistance, 

37. Energy and Power Supplied to a Condenser Circuit Excited 
by Current Interruption. — Reference is made to Fig. 5, Chapter 
II, which shows a circuit LRC excited by sending a practically 
steady current I through L and interrupting the current in the 
feed line. 
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After each interruption of the feed circuit at J, if the oscilla- 
tions in the LRC circuit have time to die practically to zero 
before a new make of the interrupter, the energy expended in the 
resistance R is 


_ __ -I _ , 


(27) 


as may he seen from the principle of the conservation of energy, 
since the first of these terms is the energy in the inductance and 
the second is the energy in the condenser at the beginning of the 
discharge. 

If there are N makes and breaks of current at / each second, 
the energy per second (mean power F) dissipated in this circuit is 




(28) 


Equation (28) give^ the average fower P delivered to the oscil- 
latory circuit LRC and expended in that circuit, provided the 
circuit is actuated by making and breaking a current I, N times 
per second, at J (Fig. 5, Chapter II), and provided the interrup- 
tions are sufficiently infrequent to allow a practically complete dis- 
charge of the inductance between interruptions, and provided the 
feed current I has time to come to a steady state in Z. 


CHAPTER IV 


THE GEOMETRY OF COMPLEX QUANTITIES 

38. Utility. — In the mathematical treatment of periodic phe- 
nomena a considerable simplification is made by the use of imagi- 
nary and complex quantities. As aids to the memory, the complex 
quantities may be represented geometrically by simple diagrams, 
which are easier to remember than the algebraic formulas. By 
the use of a simple set of rules for the geometrical representation 
of algebraic quantities and algebraic operations (rules due to 
Argand and Demoivre) many of the algebraic manipulations 
may be performed by the aid of geometrical constructions; and 
the final results obtained may be reinterpreted, if necessary, into 
algebraic symbols for the purposes of calculations. 

39. Representation of Real Quantities. — Real quantities are 
represented along a horizontal axis. This axis is called the axis 
of reals. As in analytical geometry, the numerical magnitudes 
of the real quantities are represented by lengths proportional to 
.these magnitudes. Positive values of real quantities are rep- 
resented by lengths drawn to the right along the axis of reals, 
from some arbitrary origin; negative values are represented by 
lengths drawn to the left from the origin. 

A negative quantity may be looked upon as making an angle 
of 180°, or 180° + n 360° with the positive axis of reals; while a 
positive quantity makes an angle 0° + n 360° with this axis, 
where n is an integer. 

Let us examine the result -obtained by multiplying +a by 
— 6. The result is — a6, a quantity having a magnitude equal 
to the product of the magnitude of the factors, and an angle 
(180°) equal to the sum of the angle of the factors. 

Likewise, the product of — a by —6 is +a?>, a quantity as be- 
fore having a magnitude equal to the product of the magnitudes 
of the factors and an angle (360°) equal to the sum of the angles 
of the factors, since a line making an angle of 360° with the 
positive axis is coincident with a line making 0° with this axis. 

As a third example, the multiplication of a quantity a by — 1 

42 


Chap. IY] GEOMETRY OF COMPLEX QUANTITIES 43 


reverses it, and a double multiplication of a by —1 is equivalent 
to a double reversal, or rotation through 180° + 180°. 

40. Hepresentatioa of Imaginary Quantities. Argaad’s 
Method. — The quantity V — 1 is a number that mult iplie d by 
itself gives —1. Also the double application of 1 to a 
quantity a as a multiplier gives —a: this result is equivalent 
to the result obtained by rotating a through an angle of 180"^. 
Consistent with this and with the fact that with real quantities 
double multiplication resulted in the addition of angles, let us 
postulate that the single operation of multiplying by -v/— -1 
amounts to a changing of a into a position it would have if 
rotated through 90°. That is, we shall represent geometrically 
\/ — 1 X a by a length a along an axis perpendicular to the axis 
of reals. 

This vertical axis is called the axis of imaginaries. The •+ 
and — sign before imaginary quantities, as before real quantities, 
shows opposition in direction; that is, -f \/ — 1 u and — — 1 a 

have opposite directions along the axis of imaginaries as shown 
in Fig. 1. A detailed consideration of this method of represent- 
ing real and imaginary quantities along two mutually perpen- 
dicular axes in the same plane shows that the system is entirely 
self-consistent. In order to avoid repeatedly writing a/— 1, 
we shall follow the prevailing custom in electrical engineering 
and adopt the symbol j for this quantity; that is 

j = V-i (1) 

f = - 1 . 

41. Representation of Complex Quantities. — The complex 
quantity a + bj shall be represented by the directed sect, or 
vector, ■ OP, with a component a along the axis of reals and a 
component bj along the axis of imaginaries. Fig. 2. The directed 
sect, or vector, OP may be called the vectorial representation 
of the complex quantity, or briefly the vector OP may be called 
the vector a + ij. 

A vector has magnitude and direction. The magnitude of the 
vector OP is the length of OP, which is 

x/ttMTP = r (say) . (2) 

The direction of OP is determined by the angle cp, which has 
the value 

(p = tan ^ 


(3) 
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The polar coordinates of the point P are r and cp; and we may 
also describe the vector OP, or the complex quantity a + bj^ 
which it represents, by a function of the coordinates r and (p. 
We shall now find two different expressions for this function, — 
one in trigonometric form, and the other in exponential form. 



Fig. 1. — Representation of real 
and imaginary quantities. 



42. Trigonometric Expression for a Vector. — ^Let us take the 
complex quantity a + bj, and express it in terms of r and (p, 
where 

r = \/a2 + (4) 

(p = tan“^ - (5) 

a 

From (5) 

tan <p = b/ a, (6) 

sin v’ = (7) 

cos (p = afr, (8) 

If we multiply and divide a + bj by r, we have the identity 
a + bj = r(cos <p +j sin (p). (9) 

The function r(cos j sin <p) is the trigonometric polar co- 
ordinate expression for the complex quantity a + or for the 
vector OP, Fig, 2. 

43. Exponential Expression for the Vector OP. Demoivre^s 
Formula. — ^Another form of expression for the vector OP in 
polar coordinates may be obtained by examining the series 
expansions of cos (p, sin cp, and to wit 

cos = 1 - ^ ^ - 


( 10 ) 
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sm = <P - ^ + - . . . 

(11) 

= 1 + , 
r -r 1 1 2! 3! ^ * 

. (12) 

By combining these quantities we have 


cos <p + j sin <p = 

(13) 

whence by equations (9) and (13) 


a + bj = 

(14) 


in which r is the length of the vector a + bj, and (p is the angle of 
the vector expressed in radians. 

Equation (14) gives a very convenient polar coordinate expres- 
sion for a vector of length r making an angle <p radians with the 
axis of reals, Fig. 3. 




Fig.' 3. — Polar-coordinate repre- Fig. 4- — Uniform circular motion, 

sentation of iM. 

44, Exponential Expression for a Uniform Circular Motion. — 

If (p is the angle of the vector and if this angle is made to 
vary uniformly with the time, we may write 

^ = Oity (15) 

where co is a constant. 

Under these conditions the vector, Fig. 4, indicated by OP 
revolves around the point 0 with uniform velocity co in a positive 
direction, as indicated by the arrow. The function 

= re’^^ (16) 

therefore represents a uniform circular motion in which the 
angle co radians is described in a unit time. 

The angle co described per unit time is called the angular velocity 
of the revolution. 
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For the radius OP to move through an angle 2'ir radians {i,e., 
once around) requires a time T such that 


or 


2 'it = 02T, 

T — 2tt/o). 


(17) 

(18) 


T given by (18) is the period of revolution. 

46. The Addition of Complex Quantities, and the Summation 
of Vectors. — Returning now to general elementary considera- 
tions, let us suppose that we have two complex quantities 


2^1 = Ui + hij 


and 


= a2 + h2j. 

By direct algebraic addition their sum z is seen to be 
z = Zi Z 2 = a 2 (bi + & 2 )i- 


(19) 


( 20 ) 


From this it is seen that the geometrical representation of 
z, which is the sum of the complex quantities zi and Z 2 , is ob- 





Fig. 5. — Addition of vectors. 

tained by laying off ai + a 2 on the axis of reals, giving the point 
Xj Fig. 5, then at a: a length bi + 62 must be laid off in the direc- 
tion of the axis of imaginaries. This brings us to the point P. 
The vector OP is Zj the sum of zi and Z 2 - 

If now through the points M and N respectively we draw the 
vertical line MS and the horizontal line NS, and join the inter- 
section point S with 0 and P, we see that OS and SP are in 
magnitude and direction equivalent to zi and Z 2 respectively. 

Therefore, the geometrical sum of two vectors zi and Z 2 is 
obtained by putting Zz on the end of zi, and joining the beginning 
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of zi with the end of The same result is obtained if Zi is 
put on end of z^j as shown by dotted lines in Fig. 5. The sum is 
again the vector OP and is now obtained by joining the beginning 
of the dotted Zi to the end of the dotted 

In like manner, the vector z is the sum of the vectors zi, Z2, 
^^3, 2:4, Zsj in Fig. 6. The vector sum of Zi, Z2, . . . Zs is independ- 
ent of the order of the addition of terms. For example, if the 
order zi, Zs, Z2, 2:3, Z4 be taken the construction in Fig. 7 is obtained, 
which has the same sum as that obtained in Fig. 6. 




Fig. 6. — Addition of five vectors. Fig. 7. — Addition of same 

vectors in different order. 

46. The Multiplication of Complex Quantities, and the Geo- 
metrical Representation of the Product. — Given 


2i = ai + feij 

(21) 

Z 2 = "f" 

n = 

(22) 

+ 

11 

94 

<Pi = tan~^ 


Ul 

bo 

(23) 

<P2 = tan-^ — . 

a2 



Let it be required to find the product of Zi and Z2. We shall 
annunciate the rule in advance of proof. 

Rule, — The product of two complex quantities Zi and Z2 K^as we 
shall immediately prove) is a new complex quantity represented by a 
length riT2 and making an angle <pi -f- (p2 with the positive axis of 
reals. That is, the result of multiplying together of two complex 
quantities is obtained by multiplying their magnitudes and adding 
their angles. 
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Two proofs of this proposition follow: 

Exponential Proof , — Put zi and Z2 into their exponential forms 

zi = 

Z2 = r2€^^; 

whence by direct multiplication 

2x252 = + (24) 

The product has, therefore, the product of ri and r2 for its 
magnitude, and the sum of the angles <pi and ^2 for its angle. 

Alternative Proof . — The convenience of the use of the ex- 
ponential function in operations involving multiplication is 
evident from the preceding paragraph. Let us compare with it 
the more involved process of direct multiplication of the algebraic 
form of the complex quantities. 

Writing 

Zi = ai + hij, 

Z2 = a 2 A- 

and taking the product, we have 

Z1Z2 == aia 2 — 6162 + + U2&i)i. (25) 

Now as in equations (7) and (8) 

ai = ri cos (pi, 61 = ri sin (pi. 

~ ^2 cos <p 2 , 1)2 — f 2 sin (p 2 . 

These values introduced into equation (25) give 

Z1Z2 = rir2{(cos <pi cos <P2 ~ sin <pi sin <p2) + 

j{cos <pi sin <P2 + cos (p2 sin (pi) j 

= rir2 {cos(^i + <P2) + j sin (<pi + <p2) } (26) 

This equation compared with (9) shows that the product of 
Zi and 252 has the product of their magnitudes for a magnitude, 
and the sum of their angles for an angle. 

47. Division of Complex Quantities. 

Rule. — Divide the magnitudes and subtract the angles. 

Proof . — Using the exponential forms given just above equation 
(24), we have 

= h 

Z 2 r 2 
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Example . — Divide by o + bj. 


whence 




a + b>J Va^ + 


tan-1 (b/a)] 


(27) 


48. To Raise a Complex Quantity to the nth Power. 

Rule. — Raise the magnitude to the nth power and take n times 
the angle. 

Proof . — 

^ == (28) 

Example . — 

(a + bjr = ( (29) 


49. To Extract the nth Root of a Complex Quantity. 

Rule. — Take the nth root of the magnitude and Hh of the angle. 
Proof . — 

(30) 


60. Integration by the Use of Exponentials. — ^As an example 
of the use of the above principles let it be required to inte- 
grate €®' cos (cot + ip) with respect to t. 

Let the abbreviation r.p. be an abbreviation for the words 
real part of. 

By equation (13) 

cos (cot + (p) = r.p. 

whence 

y'e"' cos(cot + <p)dt = r.p.y'e"'+^‘^“'+^>dt ( 31 ) 


= r.p. 


r.p 


a + jco 
1 


Aa+juOt+jip 
^ 7 

by direct integration, 

iai-jo3)t-+-j<f>—j tan-i- 


.p. c 

Va^ + 

by (27), 
‘‘cos (o}t <f> — 

"s/a^ + co^ 


61. Caution Regarding Use of Antitangents. — In the use of 

antitangents of ratios such as occur in the preceding problem, it is 

4 
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important carefully to attend to the signs of quantities occurring 
in the ratios, for 

tan“^ i-o)/a) = ”-tan~* (w/a), (32) 

tan”^ (a)/-~a) = tt — tan*”* (w/a), (33) 

{ — o)/ — a) = tt + tari"“^ io>/a). * (34) 

62. Problems. — In the following prohh^ns j = y/ — l;a, b, r 
and ip arc real quantities. 

Abbreviations: r.p. = “real part/' i.p. = “imaginary part." 
Find r.p. and i.p. of 
1 . 


2. «L+ ''■JvV. 


at + btj 




ai “h hij 


express result in terms of antitangents. 


/ a% -f* 1)1 j 

4. Integrate 

Bin(tat 4 * <p)dL 

Prove 

5. « J, 

C5. 

7. » - 1, 

8 . « 1 . 

9. Using exponentials prove that 
sin Xdx ^ — cos a;. 

10. Show that 

J* cos® iddl is not equal to r.p. 


(IITAF'l’KIl V 


CIRCUIT CONTAINING RESISTANCE, SELF WW«' 
TANCE, CAPACITY, AND A SINUSOIDAL 
IMPRESSED ELECTROMOTIVE FORCE 

63. Sketch of Method. If u citruif. Fij,' {, «•»,},} lu-j . ;? r , n- 
a resistance It, self induefnnci* 1. nml ;i ju • r d 
impressed upon it a .siniisoiiijil o.ni.f.. K dii th.- s. j,*i„ 
equation for th<^ eurnuif in fiic (’iroiiit i>> 

A’ sin ut. l'^‘ i Hi I , 

ul ( ' ^ ’ 



For reference let us write down the e.(it„t,r»M 


The complete solution of f 1 1 j.« 

(a) the complete Bolutton of (2) i,!„m 

(b) any particular solution of (/) 

tions of the second order Thi i* ” 

two arbitral consJtandtv 

(1) and found to have twoarirrL ^‘*“'*'* 

W reduce the righthand «d. - 

M/ Ml mm mill 
Si 
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arbitrary conHtants; (h) nnlnwH thi* right-hand sidi* of (i) 
left-hand side; tli<*ndnn% Hinet* the righf-luiiid nicie of (1) and (2) 
is hornogeneouH and of tht‘ firnt fh*gree (liiif*ar) tin* sum of (a) 
and (6) redtuatn thc^ right-hand nich? «>f (I) U> tlie h*ft -hand side and 
eontaiiiB two arl>itrary (aniHtniits. Huh huui in, Ihctrefore the 
cornpkste intc*gral of (I). 

W(‘ hav(^ alnaidy found (h) the eoinplete integral of (2) in 
('hapter II, ecpiaiion fl7); naniely, 


A I# I ■ A sc 


hi 


( 3 ) 


where ki and h hav(» the values given in ef|UiitionH (i) and (ii) 
at th(‘ beginning of Chapter II, and /t| and /C are two arbitrary 
cormtantH. 

54. The Particular Solution of (1). It remniim only to find a 
particular Holutioii of (I). To find this let us replace* 

E sin mi by Kt 

solve, and take l/j times the imaginary {>art nf the result. 

This substitute equation is 




+ m 4 


(4) 


Of thiH (‘quation w(‘ nccti only a latrticular Holutioii. This is 
seen to Im! of the form 

i't (5) 

as may b(i 8<‘<;n by direct milislitution in f l), giviup; 

AV"* *s 4 Jt 4 fL\t (6) 

which is the condition nndetr which (.*>) is a solution of (4), 
This condition (6) rediitajs to 


E _ 

K 4 jC/zw -• 


(7) 


Sulwtitution of (7) in (5) pves for the ntqjiircd particular 
solution of (4) 

./ AV“* 

u a. _ V 1 
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Adopting the usual nofatiari, let uh wrift' i: 

X — Lw , • 

( iiS 

This quantity AT is called fhc Rrartnutr *<( thr 
In terms of A" the* <lcrioininafor of iHi hri'iiiui - 




/i+J( Loj ' I 

( OJ 


. D f jX 

\ /P f 


lit 


. A 

u 


( 4 ) 


The last step is taken liy the laethudM *4 ( 'hniih-i l\ 
Substituting (10) in (H), wt* tiave, thv imihi'nhn 






IS . 


V'/P I 

To obtain from this the* corre’«»|HUif|jng |wirf|ri|h-ir 
(1), we need only take the iiiiiiginary |iiiri #4 d., aind e 

by j, obtaining 

E r 

sill ^ ^1 




E 

Vli^ + A’ 

Equation (12) given a value of the rurnui i| ih^i ^ 
solution of the diffifrential (I). 

66. The General Solution of fi). ' W,. n,„y ..i.*,,,,, 
jneral solution, or compli>t,. inp-gml, i,f rij f.y u,,. 

of (12) and (d). If wo indioftt,. tho mrn nt In- i, 

. E , 

-f. X* '*«**•' f- A f**"*, I j:i 

EqvMion (13) in the complete mtluthm nf (I i. Tke uitm-rei 
exception that ariHen in the miiml erne in whrk ip - }/ I ' 

«/ 

In (13) Ai and are arbitrarg mnnhinlM. awl 

I 


kt 
kf s 


• jip I 


I I :: 
J •l+'J « 
life. 


\ifA lx:’ 

Fonn.— For so^puriwi^*i„^****”* Soluiion i«t# 

exponential terms of ( 13 ) into 
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This can be doiKi by lett ing 


I 1 H" 

(15) 

““ ■ VLf- 41A’ 

Uq — R / 21 

(IB) 

=: — ri jj 4» 

A'u - — (k) — jm- 

(17) 


With this notatrion (equat ion (3) ia'C-nincH 


jjj = <-««<(/li(coH udt + j win wo« — i sin wot)} 

= €“'«'[ (/1 1 + +j(Ai - ds) sinojii/!. (18) 


If now in (IK) we let 

J(A,-A,) 

Bin h = :;y[Ai+AA^+ lit/i, ~ 

and _ 

h « vrii+^>)*+ \j(A, ' A,}\^ 

wo obtain 

tj = /o<~ “•'sin (uj 4 4'ti^- (19) 

In equation (19) h anti are new arbitrary constantH which 
are to 1 k! de.tonnined by the initial conditions of the problem. 
Equation (19) is u iMU'fect erjuivalent <if (3;, and afk-r the deter- 
mination of the arlatrary eonslatits gives correct results whether 
is equal to, less than, or greater than \L/(' ; that is, whether 
Wo is zero, nail, or imaginary. Only, however, when tin* angular 
velocity Wo of free oscillation of tht* circuit is real <loes the solution 
remain pcritKlic. If w© is zero or imaginary (19) go<*s over into 
the exponential, or hypcjrlmlic, f«>rm, which is non-p<!riodic. 

If we add equation (19) to (12) we ol>tain the complete ex- 
pression in the transfornred asfject; to wit, 




tiirr' 


/r 


d- /©< *** sinCwot -4- 


( 20 ) 


Equation (20) is the complek exj/rmnioH for the current in the 
circuit containing resistance, ml/4ndudanee and capacity, and 
an impressed sinusoidal e.m^. This equation is alternative to 
(13). The impressed e.mj. has angular velocity w, wkik m k 
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the angular velocity of free OHeiltoiion tf ih*- t I m H :♦#. 
/o and \^o are arbitrary condantH to h*' d*frrm\ur4 bu i 

conditions. 

57. The Quantity Constituting the Charge of the Conrlrn^irr, 

In equation (20) is givcui an ox‘pr**-^,4ui hir fhi’ 
in the circuit iindcu* the* acfiiui <♦!' an nnpr# ^.ril ! u * :.:i I 

To obtain q th(^ quantity of clertrieify tauiHtit of tL. ^ ,4 

the condenscir al« any finic* t, it only f*j forio ^hr 

integral 

q = fidt 


— E/us 

+ .V 


r(is 



tan 


'i) 


■faVLC 




tan 




68. Determination of the Arbitrary Con?it«nf« whfM thi? E. ME. 
is Impressed on a Circuit without Current or Char^ii, i i,. 
reader who is not immediately inli-iv-i.-ri m fh.- ,.i 

these constants may omit this ar»<l ihr t„M 
the reading at tlu; seefion on the 
In equations (20) and (21) two nrhitr.Htv f. ^ 

occur. These an; to Ik* determined for e,u h ei*r,j,. oo.t.K ,,' 
by the use of the initial (:«ndi{ion.s. 

,, Kcnera! irniKjne the lamdition that l ~ n wl,, ,. 

the initial current and charge are zero, for the. »o}.l,.« ih.i.. •!„ 
dynamo impressing the e.m.f. (A sin «f) i. thrown ,ni„ n,, 

at a random time this will not f„. t},,. . J 

case the initial charge and riirrpiit art* -y r' 

tions nrr Iji*.- rrindi 


If now, for abbreviations, we let 
r _ A 


V/P + A'» 


te » oif - tim“* 


and 


.V 


toi- «fi ~ tar I 

n 




5() 
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equations (20) an<I (21) l>(*tunn' 

/ f m\ (p I f 

and 

o s= — ^ (*()s if I^y/lAX sin -f ^ss f' tan 
w 

where it is to Ih^ no(ie<»d fluif ip U n function of l!tc liiiit* /. 

The initial (tondilions (22) intnMlm’cd into (21) arid i.2,i) |riv(* 

0 “= / sin set -f- /nt I (2(]) 

and 

0 = — eoH <pi fu\/L(' « sin (uJi -t Ian ^ 

(j) ' (in* 


(24) 


CtJir 

fill- 


), (2.-5) 


■ Eliminating /« Indwecm these two er|Uittions hy tran.-posing the 
first term of c^ueh (‘(juutitm to tlie Icfl-hami sidi* arsd dividing 
(27) by (26), we obtain 


cot (pi 

CO 


sin 


-f in f- fan 
sin (mJi f iu^- 


iOu 

(iu 


whence 



mi sin (iOnfi 


"b iiP f «;.i eoH 'f in} 

sin icoJi "f- in'i 


- aJJ' + coJA* cot Iwlifi 4- iuh (28) 


COt(Wfjb 4“ ini 


I 


. rot Pt 


riii 

Wii 


4“ iW,#* 

mm: 


rot 


mn 


We may now nw; the Keneral triKonoinctrie n hitioii 


sin 3 ! = , ^ , ami from the prei’j’ciiitK i titjatiitn ohlain 

V 1 + cot’j: 

fdn(udt + M^ , , , , P tmy). 

Jl 4. j«"! + ' (29) 


Now the quantity P, ticfineci u« equal to tlie initidh* term 
of ( 29 ) is compl(!t<!ly givtm in t«Tm« of the eotixfiiiitH of the 
the circuits (a» and uo), th<* angular velocity of tiic* impressed 
e.m.f. (w), and the time at which the e.m.f. is iiripreNstjd [com- 
prised in <pi defined in ( 23 )). 
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To determine the two constants of integration, we have by (29) 
^j/Q = sin“^P — o)oth 

and by (29) and (26) 

h = sin (pi. 

Substituting these constants into (20) we have, by (23), 

E f . ( ^ .X) 

% = Sin ~ taU"' } 

Vr'^ + x'^1 i 

- sin {wo(« - tx) + sin-iP}] • (30) 

Equation (30) gives the complete value of the current i when the 
e,m,f. is impressed at a time h upon a circuit without current or 
charge. In this equation <pi and P have the values given in (23) 
and (29). In the expression for z, t is greater than which is the 
time at which the e.mf. E sin cct was thrown into the circuit. 

59. Condition That Makes the Transient Term in (30) Zero. — 
The term involving the exponential in (30) is called the transient 
term. 

One method of making this transient term zero is to let t 
be infinite. We shall consider this in the next section. 

Another method of making the transient term zero is to make 

= 0. (31) 

Let it be noted that, if sin tpx = 0, cot pi = infinite, and by 
(29) P = 0, so that we require to make a special investigation. 

In view of (29) we may write 

sin (pi / • 2 if ^0^ A' ^ 0 ^ Uo . 1 ^ 

— ~ \ + cos <pi sin (pi [ • (32) 

P \ cocoo Wo J 


Setting the radical equal to zero and expanding it, we obtain 

{sinVi + 


ao^ + COo^ - I ^0^ 


cosVi — — sin <Pi cosv?i} = 0, 


Wo , ^ 

which divided by a common factor gives 

» 2ao . ao^ -t- wo^ 

tan^i^i tan (pi= ^ • 

w ■ w^ 
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Solving this quadratic, we get 


X ^0 ± joio 

tan <pi — 

CO 

(33) 


Note that this equation can be satisfied by real values of (pi 
only provided the constants of the circuit are such that coq is 
itself zero or imaginary; that is, only for a non-oscillatory circuit. 
Replacing (pi by its value from (23) and coo by its value from (15), 
we obtain 

tan - tan-^l) = i | _ |. + (34) 

Under this condition the complete current becomes 

1 = — y==M========: sin (oit — tan""^ — V (35) 

VR^ + X^ \ , R/ 

Equation (34) gives the time ti at which the sinusoidal e.m.f, 
may be impressed without any transient term in the resulting cur- 
rent, and (35) is the resulting current The condition (32) can 
he fulfilled only provided coo is imaginary, that is, only provided the 
constants of the circuit are such as to make it a non-oscillatory 
circuit {ix,, R^>4,L/C). 

60 . Results in the Steady State. — Apart from the method 
outlined in the preceding section for making the transient term 
in the current equation zero, it is seen that this transient term 
in each case is multiplied by an exponential factor with an expo- 
nent that approaches minus infinity with increase of time. If 
the time is sufficiently long after the application of the sinusoidal 
e.na.f., the transient term becomes negligible. 

The state of things after the transient term has become prac- 
tically zero is called the steady state, and the solution for the 
steady state is called the steady state solution. 

In the steady state, after the transient term has become 
practically zero, it is seen from (20) and (21) that the current 
and quantity are given by the equations 

2 — qIxi (cat — tan""^ — ^ , (36) 

VR^ + X^ \ RJ^ 

q s- ~ cos (o)t — tan~^ (37) 

^ VR^ + X^ \ R)^ ^ ^ 
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in which 

E sin (jut — tiic‘ iinpr<‘R^f*d und 

X = Z/co — l/Co) = tiu* n^artitncr af (:ih) 

E, L, and C = the resistance, irifluetanee, aiel eapattify 
nf tlu‘ cin’iiit. 

Equations (36) and (37) f//re ihv vnlniN af thr rurrml i ural fhr. 
quantity of electricity q caustituting thi rharqi nf thi' vtinfirnm-r ttl 
the time t, under the action of a nintitmdni cjnJJi i*?/ tchick 
has been in application sufficivntUj long to permit thr ri4oiiiiahmrni 
of a steady state. 

Some of the characterislies of tin* sfeady-j^tiife IImw of etirroiif 
will be discusBed in the n<‘xt (!haptc»r on KIiTtririd io 

Simple Circuits. 
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ELECTRICAL RESONANCE IN A SIMPLE CIRCUIT 


61. Wave Length, Actual and Conventional. — We have seen 
in Chapter II that an electrical circuit containing capacity and 
self -inductance, if the resistance is not too great, has a characteris- 
tic period of oscillation. We shall show in subsequent chapters, 
treating MaxwelPs Electromagnetic Theory that, with certain 
forms of these circuits, energy is radiated into surrounding space 
in the form of electromagnetic waves. 

If a circuit of period T radiates waves, the wave length X 
of the waves radiated is related to the period T by the equation 

X = cT, (1) 

where 

X = wave length, 

and 

c = velocity of propagation of the waves. 


This relation follows from the elementary consideration that 
of two successive positive wave crests one is emitted at a time 
T seconds later than the other. The first, in the time T, travels 
a distance cTj so that the first crest is a distance cT ahead of the 
second; hence the distance between these two successive positive 
v/ave crests, which is the wave length, is X = cT. 

In free space, we shall show from Maxwelhs Theory, that c, 
the velocity of the waves in free space is the velocity of light; 
that is, c = 3 X 10^® centimeters per second. If it is required to 
obtain the wave length in meters, as is usual in radiotelegrapHc 
practice, and if T is in seconds, the velocity of propagation must 
be expressed in meters per second; that is 

c = 3 X 10® meters per second. (2) 


In the case of an actual radiation of electric waves into space, 
the wave length X is the actual distance between adjacent posi- 
tions of similar phase in the emitted wave system. 

It has become customary in radiotelegraphic practice to specify 

60 



c„.p. VII RumNAXCK IS sninv: rnirrrr ,u 

tlip ocriod ot all IxTiaJia ■■l-alri.'. .'irPailP ill I-™'" Hn' w»v,. 
lengths comisixn.Ji.iB In l>n™i'l» "f 

fc cirnnits happ.m tl. I-' nt nU'-l. fni-«i » ' V 

an insignifinai.t an.mint nf nli™K.V a» .■l,l.|■ll.■t.■.l■ll'■ H - 

to attrilmtn n„nv,.|,li<«,i.lly ..si-llli.li.i v .■i.viiM n v.-uvn 

length X HaiisfyiiiK IIk’- , .. *■ , 

Although we hav(> m.t yet taken up the inatt-r ,.l i-U-ru-i. 
magnetic radiation, it is off.*n an a.lvat.tage f., r.-Mults in 

terms of wave lengths us well as in terms nf is-rm.i s. nml In us,-, 
in experimental investigations with fliese eireuHs. appmaHiH euli- 
brated in wave lengths. 

62. Mean. Square Current and Amplitude of Current in a 
Circuit Containing Resistance, Self-inductance, fttul Capacity, 
and a Sinusoidal E.M.F. The eireuil upon whieh the e.iu.f. i.s 



Fio, !.'■ C'irftini miitftlrilfti? ** m.i. 

imprciBsed wc nhall an (.‘irtniii II. nr ii-h ihr 

Circuit. The (Miii. maybe* itnpn*HHed byn sii t!ir nriaiit 

(see Fig. 1), or it may be imprei^mi by indiiriiitii frraii ii f 'irtaiit 
I (Fig. 2), containing pf*r.sislcnt. .HiimHuidul ifsirft, |♦rflv^#!l*^l 

the Circuit 1 ho far fr<jm the (Ircaiii 1 1 flint ilir of 

Circuit II in clianging the ciirnail ifi Carraiit I m nrg!iicit4*‘, Hio 
subject of these reactioiiH wil! la* taken up in Cluijifrrw Vff iiiitl 
VIII, but the reae.tionH will li«*rf* \n* eoii-mitrwi 
Let the e.rn.f. impressed on I I h* 

r H mi (»i) 

Let the resistance, indueyiance iind ciijiiieity of i.ti** reeei%''itig 
circuit (Circuit II) l>e in thf 

let the capacity in oiif ar imm* dimrHi- m:f 

that there is no distribiibai capneity. 
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Then, after a steady state is reached, the current in II, desig- 
nated by i, is, by (36), Chapter V, 

i = — 7 =£=z= sin (oiit — tan"i (4) 

Vr^ + x^ \ ’ 

where 

X = Lotii — l/(7coi. (5) 

Since many types of measuring instruments, when placed at A 
in series in Circuit II, indicate the average square of the current or 
else the square root of the mean square current (R.M.S. current), 
let us obtain the value of these quantities. First let 

y = sin + ip) 




Fig. 2. — ^Arrangement for inducing sinusoidal e.ra.f. in II, ii 1 is far enough away 
and is traversed by a sinusoidal current. 


and note that the time average of a quantity during the interval 
from 0 to is obtained by integrating the quantity with respect 
to t from 0 to and dividing the integral by t'. 

According to this principle the time average of y^j which we 
shall indicate by 


y 2 = mean square value of y, 
+ (p)dt 

\ 

1 r [ 1 — cos 2(wt -j- <p) 

-J'Jo 1 ^ 

.Irn*' rsin2(cof-[-<p)i«' 

“fL2Jo L 4<ot' Jo' 




If if is very large compared with the half period of osciUation, or 
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if t' is exactly a whole number of half cycles of y, the second term 
on the right disappears, and 

? = 1/2 ^ (7) 

Equation (7) gives the mean square value of taken over n half 
cycles or over any time long in comparison with the period of y, 
where 

y = sin (cat + <p), (8) 

Returning now to an investigation of (4) let us note that the 
time average of the sine term is 1/2, so that 




( 9 ) 


where P is the mean square (time average of the square) of 
the current in II. 

If now we look back at the value of the impressed e.m.f. 
(.3), we see that the time average of the square of the e.m.f. to 
be designated by E^ is 

= XV2, (10) 


which may replace the numerator in (9) giving 


P = 


£2 


( 10 ) 


Instead of using the mean square value of E and /, as in equa- 
tion (10), we may as an alternative operation express the ampli- 
tude of I in terms of the amplitude of E, in the same form of 
equation; namely, by (4), making the sine term unity, 


P = 


E^ 

WT~x^' 


( 11 ) 


Equation (10) gives the mean square value of current , in 
terms of the mean square value of impressed e.m.f,, E^, in the steady 
state. Equation (11) gives the corresponding equation for the am- 
plitude I of current in terms of the amplitude E of e.m.f. 

63* Condition for Steady-state Current-resonance in a Simple 
Circuit Containing a Sinusoidal Impressed E.M.F. — The steady- 
state current resonance condition is defined as the relation be- 
tween the constants of the circuit and the frequency of the 
impressed e.m.f. for which the mean square current or current 
amplitude is a maximum, when the amplitude of the e.m.f. is 
constant. 
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By (10) anci (M) it is HC‘(‘n that this roialilioii is 

( 12 ) 

that is, hy (f)) 

LC l/w,". (13) 

By taking 27r timers tin* squan* root af hofli 8i«|f‘.s nf (13) 
obtain for the* oinrcnt-n'sonant'f* <‘uijt!if imi 


wh(‘r(^ 


\lTr\/lJ' Ti, 

Ti - "lirfuji — period nf iiiipr«*>si‘r| rjn.f 


(14) 


Note that in (Mj whih* the riglo-barel ^idc* is tie- pca’ind of the 
inipr(‘HH(‘{l (‘.lai,, tie* i<‘fl-liand side, !»y lAh;, 1 1ia|iif*r II, is the 
undamped period of the rerviidfoj eireuit f C*ir«’uit, III ho we may 
con(5lud(‘ that 

The cAindition for a maximum meoo miumr current or the, emh 
dition for a vuiximnm amptiiude of current in the steady ntak 
which condition we have ealted the (Xirrerd^rrHonnnce ('omlitum^ n 
that the Undamped l*eriod of the {tereieiny Uirind \not the actual 
free jieriod) Iw equal to the aetual period Ti of the impremnt €,mf, 

64:, Steady-state Value of Current at Current-resonaEce.— 
At (nimuit-resonanec* in the steady Hfitfi* flie eiirrent in olitained 
by H(:*tting X 0 in (10) or fll), and f*xtniefing Itie m|tiare root 
This giv(?H 

K 

/nm« (15) 

whern I and K arn cithiT amplitiiric vuIucm «*r .‘•(inure root of 
numn-Hquan* valucK (H.M.K. valm-Hi. 

By r«f(‘n!nc(! to (4) it will Ih^ aeon tha) llie ariKle l»y which 
th« cummt Ihkm la-hind the itnpreKwd e.iii.f. af eurrenl-reKonancc 
is zero, ainccs X * 0. 

Hence, also, at currerit-rewaianee, l»y lU). l4j, atal (12), we 
have 

i - 0/7^ (16) 

where i and e are in«tantan('OUH v»hien. 

In the steady state at ctirrcrd-rmonance the relation of current 
to impressed c-m/. is Ohm's Laie. 

In this condition the indurtim re,artn>tee Imi and the. capaeity, 
reactance —IfCui are nurmrimUy eipud to meh other ntul opposite 
in sign and are sometimes said to mutralize etteh other. 



c„.,. V.1 JiKow.vr/.; /.V siMi'U: rinn n 

66 RatlootCurrentinlhe GmeralCase toCurr««t «tC..rront- 
resonance.-Ia't a.- 

obtaining i 

y/(siiyi . . 


Pu 


} ir 


This equation is equally tnie whi-lher / ' atal / are the 
squares of the ainpliiu<l.-s of eunvnt ..r the meu»-M,.n»re volue,. 
since the ratio of ainpiitu.ies s.piare.l aial the nitn. of t),e fni.e 
average of the squares of iastanlaneou^ valuer are tla- saii.e. 
If in (17), we replace A' hy its value from we ohtair. 


1 


lyu)t ' 

IP 


where 


/v/%. 


1 

/ ’’ ! ' 

* * nm % 


(IHI 


f 


Equation (18) w the rqmii(m to n n-htmnncr t'urrr of rurrmf 
square against the circuit ndjmimrnt^u 

We can apply (18) to sjmdjir cmm in n^hich iUiJrtmi rh-mmia 
of the system are variabk. If shnll diMcmp i n n a urh rmru . 

66. Resonance Curve of Relative Current Sifuare with ii 
Fixed Impressed E.M.F. and Variation of Cipicily in lliti Receive 
ing Circuit — Refcirring to Fi|^. I or Fi||. 2. W'r hnv*^ flir 

circuit II, with conHtantH L, /th and t\ t\%v rm-mmi rimut, 
Impresi^ed upon Circuit II in ii ^tiiniwidiil iMfii* vidiir 


c - K mtf 


in which wi is the angular vi*kieity of unprrMHrri rjiii, \\p Mfiiilt 
now suppose,^ that wj and E arc kept riiii.Ht.iMit, and iv*- Mind! 
compute the relative current Kcpiarr in tlu' I'rcriviiig lariUiif wlirii 
the condenser t' of tiic* rcatriving circuit given %’ariiiUH vnliira. 
The fundamental caiuiifion of the m gi%aoi in iHi, iiiifl 

we shall merely trarmfonri this cf|uiition ifito n fftriii 
wavelengths and decrmiicntH iiiHtcinl of iriciurtiiiirr^n,. ciipiirif 
resistances, and angular vdofdtif's. 

Regarding the decrement, we have defined in Iii2i of f liiifilrr 
II a quantity 

!(T 

d - mi l 

in which d is the logaritlimic dfcrernfiit r t'Vil.- *»f n l•irc-l»^l 

5 
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whoHO jxu’iod of free ofX’illntioii is 7', anii wiiosc n‘sistanc(; and 
inductaiKu; uro H and L. 

Now jK*ri(Kl <»f fna- (willat inn nf a circuit is exactly given 
in (r>6), of Chapter II. 'i'lus period is given ujjproxirnately 
in (58), Chapter 11; iiuniely 

r 'iWir ( 21 ) 


Although (21) is otdy an ujiproxiniale value of the free p<‘riod 
of oscillation of the circuit, if is the exact value of the i'nrlamped 
Period of the (Hrc.uH. 

We shall, acctordingly define a new iogarifhniic ilecrement, 
indicated by 5, with t he exact eiiualion 


/rix\//.c 

•>/ 


( 22 ) 


and shall designate this riecreinent h na the Imitirithmir demment 
•per undanqml period of the eirrnit. 

Since wc are going to v;uy C in rite priwnt article, 5 as defined 
in (22) is a viiriahle. la‘f u.s fix our attention on one particular 
value of 5, nanitdy the vtdtie of 5 wlien C has the Vidiie to give a 
rnaxirtmin vtdue. of y, and de.signate this value of 5 as 5o. Now 
by (18) for a inaximmn of y, it i.s seen that 

(23) 

where 

f'o » value of C that makes y a maximum. 


Prom (22) and (23). wc have 


where 

So 


IVln wll 

■St I 


(24) 


logarithmic decrement {ht umiantpt^d period at 
current-reBonance. 


liet us next examine the question of wavelengths. The 
period of the impressed c.rn.f. Ti (say) is related to wi by the 
equation 

Ti » 2)r/w, (25) 

According to equation (1) the wavelength Xt of the impressed 
e.m.f. is 

X| » cT™! 2rc/w, (26) 
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It we call the period ot the eirc.dl T, the w,tvel,.„„ih „t the 

circuit X is ^ (27) 


where 


C = velocity of propuKiilirtri <if llt<' 

T = free pcii’iod of oscillation of tlic circuit . 


Since T is not exactly givi-n l-y (211 
period of the circuit is exactly Kivcn ity 
undamped wavelength of the circuit ns 


I, wliilr t!ii* iindnin|H‘tl 
fill, tlffiiH* thr 

thf‘ h (tf thi* 



Fig. 3. — Curves of relative eufftist Vi<, h*r viirittiiii 

vai««w . 


undamped period, and indieatf* iiridiiinfMal wirvrlriigjh liy 
a Greek capital Lambda A, 

A . f'irVLr* (2H) 


In -general when the circuits havi* lit'rreriiertf^ A ncit 
differ appreciably from X, Imi wdifii ihf* iirr 

we should find it inaccurate* to repliuu* A by L 
If now we substitute (24), (21)), and C2H| into ft Si, fibtiiiii 


1 + 


m 


(29) 


Equaiion (29) gives the value of retfUire squ/ire-fufteni y, m 
defined in (19), in terns of the umktmjml umekn^ffn A of the re- 
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cciviny t'h'cuit, for a JU't'd rulin' of tin irnvi It uijlh K\ of thr impremed 
e.m.f. 

67. Sample Curves of Relative Current for Fixed Impressed 
E.M.F. and Variation of the Capacity of the Receiving Circuit— 
If wc extract the .s(iiiHre roof, of f'iitl \vc have 



Equalion (30) is true whether I and I mat, "fd ampliUuk palm or 
R.M,8, Values. , 
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Figures 3, 4, 5, and 6 contain plots of equation (30) for differ- 
ent values of So- These curves were traced from blue prints 



Pig. 5. — Same as Fig. 3, but with different values of 5o and different horizontal 

scale. 



kindly supplied to me by Mr. J. Martin, Expert Radio Aide of the 
U. S. Navy. 
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68. Determination of Decrement from Relative Current Square 
with Fixed E.M.F. and Variation of C. — From (29) we may 
obtain 


in which 


5o 


+ TT { 1 — Xl^/A 



(31) 


y = /V/Vax. 

Xi = wavelength of impressed e.m.f., and 
A = undamped wavelength of the circuit. 


By plotting a curve of y vs. Xi VA^, we may compute a value of 
5o for every value of A. All of the values of 5o so obtained should 
agree within the limits of accuracy of the measurements. It 
is apparent that this accuracy is not very great, but fortunately 
it is not generally of importance to know $o with great accuracy. 

69. Approximate Method of Rapidly Determining 5o. — As 
an approximate method of determining 6o, let A' and A" = the 
two values of A at which y has the value a.nd let A" > A', 
then by (31) 

5o = 7r(l-XiVA"2) and 
ao = -7r(l-XiVA'2). 

Adding these equations and dividing by 2, we may take the 
following steps 


^0 


ttXi^ 

li 

2 

lA'!> 


<"2 


2 

= ... (A"2 __ ^'2) 

2a'2a"2 ^ ^ 

ttXi^ (A" + A') JA" - A' 


2A^"2 


Xi 


We may now introduce approximations as follows: 
Let 

A'A" = Xi^, 

and 

A' + A" = 2Xi approximately, 

then 


(32) 

(33) 


&o = ir{ 


fA" - A' 


Xi 


, approximately. (34) 


To the same degree of approximation So = d. 
We may state this result in the following rule. 
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70. Rule for Approximate Determination of Logarithmic 
Decrement d of a Circuit with Variable Capacity. 'Pit ohtuiti 
the logarithmic decrement of a ciri'uit, iiNprern iipim it m, 
damped e.m.f. of constant amplitude and /rt iim nn/, tulr the 
ference of the two wavelength afljiistments of tin eiri’iiit (hut ijire a 
mean square current equal to half the maximum inenu mfuare 
current, divide this difference, hy the irurelemjth inljm.tmt nt i,f (}„. 
circuit that gives a maximum mean square earn nt, nutl multijily 
the quotient byte. This gives 5„ irhirh is appraximatelg ti, 

71. Problem. — For pmcticf' i( w rc<’otiinii-r«ii'<i fh.-if the n.juliT 
apply this rule to the ciirvc.s of Fig.M. .'1,4, aiid (\, fi.if mu f hat flu- 
ordinates of the.se curve.s are f lu- .square roof.s of y. nttd lluif f<,r y 
to fall to a half value, the .sciuan- roof «)f y fallf. fo ,7f)7 
maximum value.* 

78. Deteimination of Decrement by Impre.s.sing an Undamped 
E.M.F. of Fixed Amplitude and Variable Frequency on a Circuit 
of Fixed Inductance, Capacity and Resistance, Th»- slnrtitiu: 
point for thi.s paragraph i.s f he general erpi.-ifioii * iHi. 

The decrement piu’ uiulamp<-(i {a-riful of flie fixed firrsnf ja 
given in (22), from which W(i ohfjiin 

A* rPIA' 

IP" t,p- im 

This substituted into (18j gives 






Now introducing the- wavelength value 
we obtain 


y 


I 

^ + 5^ X,»j 1 


,V ■ 


s given ill i’Jiif ,„„j fog, 

cm 


1 + 


1 

X|^' 


5* A*!X,’ 
This last equation, solved for 8 givm 

. ± ’rXi AV'Xi® - 1 


'i 


(m 


to wUch the «i8„ i, ^ ^ ^ 

Ab»«» of »Mlo™ nomborod 7S to 77 la. „ .lo,M..„,. 
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Equation (38j qives the drrrt ifirnt h prr u.Hdiiaiprd period of 
the fixed circuit upon irhivh iniprvuHrd on id mmiani 

amplitude and of iramlenuth ki. The nntinmjml ’warelength of 
the fixed circuit is A defined hij (28). 

79. Approximate Method for Rapidly Determining 5 wifli 
Fixed Circuit and Variable Impressed Angular Velocity.-— 
Analogously to th<‘ cim* of fixod v.ntJ. aud variahL* cireint as 
approximatf‘ly trcatral in Art. 69. we tuny fnstf upinrmiumielvthe 
case of fixed circuit with a variahh^ f^'ccfucury of iiupresHinl iMa.f. 


Let X'l and X"i iiniaeSHed waviioiiKt hs at which p has 

half the ifiaxiutuia 


then by (38), if X"i > X',. we have 


and 


3 


ttXLi A" 

A ^ h'r 



a 


TtSd/ A^ 
A 



(39) 


(40) 


Adding these two etiimlhms, dividing liy 2. iind fiuicdtig, we 
ol)tain 


a 


TT 

2 


iS'i 


Xb 


A 


I 


(41) 


Equation (4 1 j u exact. 

Now X^'i is gr(»at(*r than A and Xb in lem thmt A. so that if 
X'^ and X'l are not too far apart, ftair j)rodiiet is approximately 
equal to so that (41) reduc«»H to 


a « TT 





, ii|>|)roxiniiilel>% 


d, iipproximiitely. (42) 


This result may \m stated in the following rule. 

80* Rule for Approximate Detena-ifialioii of Logarithmic Dec- 
rement d, witih Circuit Fixed and Frequency of Impressed E.M X 
Varied.— To obtain the Umarithmic decmmmt ef a circuit of fmd 
comiankf imjmm upem it ancm.f, of fixed ampliimk imrmbkm 
to frequency. Take the diffiTcmc of the iim tm.prmMml 
thM produce a nmm^quarc mmmt equal fa half the frmxmum 
mmn-Bquare curterU^ dimde thm differenm by the fmmtlcf0h that 
givee a mmmum man-eqmre currenl, und multiply tlm qtMM 
byr. 
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THE FREE OSCILLATION OF TWO COUPLED RESIST » 

Ageless circuits, periods and WAVELENcnns^ 


81. Differential Equations for Inductively Coupled System 
of Two Circuits.— If we have two (hreuit'^, hi Hu. L with 
the inductano(‘H of the tw<» eireuit>i la’ur eiioindi ft^ 

permit currents flowin|;i: in on(‘ fd the einuiitH te irehirf eh^etro* 
motive forces of appnau’ufjle vahies in tiie otlier eirmht^ fin* 
circuits are said to be coupled. 



In the illustration the coiiplioK in by fiiiitiiiil jiiiii 1^ 

said to be inductive^ coupling;. 

In setting up tlui difTc‘r(uitijiI c»qinitiorif^ both rirrnif« will In* 
assumed to have inductance, capiicity, iind The 

electromotive forceps imprcHHcd nfmn flie frotti ivifluail 

is supposed to be zero. 

The following is a partial lint of rpt**rnmm u* im ilip 

free oscillation of two ('ouplcd circuitu: 

Lord Rayleigh, “Theory of J, vm Ch»il|rr* 4, k. Akad, 

d. ITm. z. Wien^ Febniary and Ctet^iber, IWi#; li Ualininr, /Irr,, 

May and June, 1895; V. Bjerkm^, IVmi, Ann,^ p. PJI, iHlifi* til»rrlirck, 
Wied. Ann,, 55, p. 625, 1895; Dfuniilip foal Eoliil^efe. irird. Ann..^ fiT^ p, 
731, 1896; M. Wien, WimL Ann,, fll, p. 151, 1897, mtd .Ann d, 
p. 686, 1902; Drude, Ann, d, Phyn,, L% p, M% HUM; II. Jolirli. d, 

drahilos. Tekg,, 2, p. 251, 1909; Ckilieri, BuL Bu. wf .%mdmd*. k ii. f4l,: 
1909. 
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Indepcmdcnt of tho method of setting uji the currcMts in the 
system, the current ii flowing in tin- (‘irenit I induees an electro- 
motive force (Circuit If, and likewii-e the current ij 

flowing in Circuit If indintcH an elect romf»tive force in 


Circuit I, when; 

M ~ mutual iriduetanee between the I wo circuits. 
Consefiuently the dilTerenlial (‘(luations btr the currents in tho 


two circuits are 




dfj 


dfs , „ .• , ./ ' 




f'= 


M 


(Ii i 

lie 


U) 

(2) 


where 

LijIiuCi » reHj'KHitively ami ca- 

parity of Cin'uif I, 

L%i lit} f's ^ correnponcliiiK viiliieH for C"ir«’tiif IL 

82 J DiflEerential Equations for a Direct Coupled System of 
Two Circuits.--— In t.hr iiahirfjvrly roupln! .Hy’Mf.r‘fii clrneriW 


H 



Fio. 2 .— Tw<i fiirmiit-fi I mrifl II lif ttii 

above the two coils Li and Li, which acted inultially upon each 
other, had no part of their metallic circiiila in cotimion. The 
mutual action between them wu« by im-arw of the tranaforraer 
with separate and distinct primary and wtaimlary coils. 

Circuits are also often conncctial by an aulfc-fransfonner, 
as in Fig. 2, where the two circuits have a metidlic part //» in 
common. This connection is called a direct conncc.lion or direct 
' rhis article » tiomwhat confusing and may tie oinift«>i! nl ficit rmwiit®. 
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coupling. It will now be shown that this system leads to a set 
of differential equations that under certain conditions are the 
same as the equations for the inductively coupled system. 

For the sake of generality we may suppose that certain coils 
of the system, as U and L", have no mutual action upon each 
other or upon other parts of the system, while other coils, as 
L'q and L"o do have mutual induction. 

Let M = the mutual inductance between these two coils^ 
L'o and L"o, 

M' = the mutual inductance between L'^ and U "o, where 
U "o is the part of the coil L"o which is not common to L'o. 

Let 

Li = L' + L'o, 

Ri — R' + Rof 

L 2 = L" + L"o - L" + L'o + L'"o + 2ilf', 
i ?2 == R" + Ro +R' " 0 . 

Then as before Li and L 2 are the total self-inductances of the 
Circuits I and II respectively, and Ri and R 2 are the total 
resistances, and M the total mutual inductance. 

Now taking the counter e.m.f.’s around the two circuits, noting 
that the coil L'o is traversed by a current ii — ^ 2 , we have 

L' + R'ii + h Rq{h — • ^ 2 ) + L'o ^ (ii — h) 

-M'f-O, (4) 

+ i'. I (., - i.) + M' f + «' I (i, - - 0 (6) 

Equations (4) and (5) are the differential equations for the 
currents i\ and i^ in the two circuits respectively when the two 
circuits are connected by having mutual inductance ^ and part of a 
coil in common. 

Introducing the values of Li, Ri and R 2 from (3), we obtain 
from (4) and (5) 
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Now 

M' +L'o = M (8) 


as may be seen by the following considerations. M is the mag- 
netic flux linkage common to L'o and L"o for a unit current in L'o, 
which is the linkage with itself (=I/'o) plus the linkage withLo" 
( = M0. 

Substituting (8) in (6) and (7) we have 

Li^ + Riu + = 

+ R,h. ( 10 ) 


Equations (9) and (10) are the differential equations for the 
currents ii and i^ in the two circuits respectively, when the two dr-^ 
cuits are direct coupled. Ro is the resistance of the element common 
to the two circuits. 

It is seen that these two equations are identical with those (1) 
and (2) for the inductively coupled circuits, provided the resistance 
of that part of the coil common to the two circuits is negligible. 

It is evident that various other methods of coupling^ the cir- 
cuits together may be employed; for example, they may be 
connected together by having a condenser in common, but 
we shall at present confine our attention to the two types of 
coupling here illustrated, and shall proceed to treat the special 
case in which all the resistances of the two circuits are negligible. 

We shall describe both types of circuits here illustrated as 
magnetically coupled. 

83. Differential Equations for Two Magnetically Coupled 
Circuits of Negligible Resistances. — If all of the resistances of 
the two circuits are negligible, the equations (1) and (2) for the 
inductively coupled circuits and the equations (9) and (10) for 
the direct coupled circuits reduce to the form 



Siidt 

Cl 



( 11 ) 


r di2 , S'^2dt 



( 12 ) 


These are the differential equations in the resistanceless case of 
two magnetically coupled circuits. 

^ See subsequent chapters. 
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84 Steps toward a Solution of (lit **'<1 ' ^ 1 

equations (11) and (12) air M. Ir s..!v..d h-h .hiiuIi.-um-uus. 1 1... 
eUmination of one of the fs fro... those two •■‘I'*-*’'*"' '^1' 
homogeneous linear diff.urntial e<i.iation of tl.e tou, , oi.i.-r 
in the other i and its derivat iv.-.s. '1 he solution, at. , h.-ieioie, 

additive, and the complete .solution must eoutam four ami only 

four arbitrary const ants. . , , 

Instead of performing the elimination it .s sm.ph-. and more 

instructive to solve by insiiectioii by a.ssuimiiK 

ii ,lc*h fb'J) 

/j = /?«“. (IM 

That these values are .solutions is seen by a direct rtb.Htilnf ion 
of them in equations (11) and ( 12), giving 


A 


H { L-ik + 


('■Jc : 


MHk, 

MAk. 


The product of these two e.piat ions gives 


+ (Ik !' i + (Ik 




(b't) 

(Iti) 

117) 


which is independent of A ami H. 

Equation (17) in a relation that mmt In mtinjivii Ini k, m nrdrr 
that (13) and (14) may Im a HinmlUimuHn nydfui t»f .n/n* s 
fying (11) and (12). 

86. Expression of (17) in Terms of Angular Velocities of the 
Separate Circuits. — Let us now write 

I Li(\, tIK) 

(tfs* - i ft Pi 


It is .seen that, since the resistniH'es are negligilde, wi and w? 
are the angular velocities of free oscillation of the two rirej|si,»»of 
the system respectively, wlmti each is alom* .Hiid uninfluenced by 
the other. (Cf Arts. 8 and 16). 

If now we divide (17) by LikL^k, we obtain 


wr 

1 i 


k' 


im 


'The steps of this proeew* arc given in Art. 9S tc'iow, 
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where 


LiLi 


(21) 


The quantity r is called the coefficient of coupling of the circuits. 
Equation (20) may be solved as a quadratic in It is some- 
what more direct to our purpose to solve (20) for the reciprocal 
of k rather than for k itself. 

For this purpose, let us perform the indicated multiplication in 
(20) and divide the result by coi 2 co 2 ^ obtaining 



- 1 
Oil‘^Cj02^ ’ 


(22) 


Completing the square and solving we obtain 


(23) 


Since r, by the physics of the problem, is less than unity, it ii 
seen that the quantity under the main radical is negative whether 
the plus or the minus be used before the second radical, since the 
original circuits are oscillatory. Whence, fc is a pure imaginary 
quantity, and there are seen to be four different values of k 
consistent with (23). 

These four values may be written 

ki = jo)' (say), h = ico"(say), 
kz = - jo)', A:4 == “iw", 

where w' and co" are given by the following relation, somewhat 
simplified from (23), 



= +J^(-2+A) + 


^ “ w (A - — y +-T^ 

C \ 2\(j0i^ CO 2 V 2 \ \o)i^ 0)2^J 


[25) 

(26) 


Taking the products of (25) and (26) and taking the recip- 
rocal of the result, we find that 




. ( 27 ) 


C01CO2 
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which used as a multiplier of (25) and (26) gives 



In seeking for a solution of our original differential equations 
( 11 ) and ( 12 ) we have now found four solutions, one correspond- 
ing to each value of Ic. These solutions are of the form of (13) 
and (14), and for each of the four solutions for ii we have a 
different arbitrary constant. Similarly for each of the four 
solutions for 12 we have a separate arbitrary constant, but there 
are some relations among these constants. 

Taking the sum of the four solutions for and likewise for 12 , 
we obtain 

i, = + A^e^^^ (30) 

4 . j 52 €*^^ + (31) 

Equal''' ons (30) and (31) are the co'mplete solutions of the differ- 
ential equations ( 11 ) and ( 12 ). In these solutions the several k’s 
are given by (24) taken in connection 'with (28) and (29). The 
four and the four B^s are arbitrary, except that each B is related 
to the corresponding A by a relation of the form of (16) and (15). 
The two relations (16) and (15) are not, however, independent since 
their product was used in determining the ¥s. 

86. Determination of the Periods of the Magnetically Coupled 
Pair of Resistanceless Circuits. — ^Let us leave for the present the 
question of the values of the arbitrary constants A and B, which 
are to be obtained from the initial conditions, and return to an 
examination of the ¥s, which may be used to give us the period 
or periods of the resulting oscillations that occur in the coupled 
system. 

Since the- ¥s are all imaginary quantities with the values given 
in (24), we may transform^ the equations for ii and i 2 (namely, 
(30) and (31)) into the trigonometric forms 

ii = 1\ sin {ot)'t + (p^i) + I'\ siu -b (32) 

'^2 ~ T 2 sin 4 " ^^ 2 ) “b I^\ sin {o/^t “b ^^^ 2 ) (3^) 

^Such a transformation is analyzed in Chapter IX, Art. 102, 
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where the four 7’s and the four are constants derivable from 
the A’s and or from the initial conditions. 

Fixing our attention upon the o)' and co", it is to he seen that both 
currents are doubly periodic, and that the two periods of the current 
ii in Circuit I are the same as the two periods of the current in 
the Circuit II. These two periods may he obtained from the corre- 
sponding angular velocities o)' and oj". 

Let these two periods be T' and T", which are related to the 
corresponding angular velocities by the equations 

T' = 27r/co' (34) 

r' = 27r/co" (35) 

Therefore, if we multiply equations (25) and (26) through by 
27r, and recall that the periods Ti and T 2 of the two circuits 
when alone are 

Ti = (36) 

= 27r/w2 (37) 

we obtain 

r = + -n/ ^ + - tA ^ (38) 

r" = + ^ ^ + T2^) - ^ ^ (ri^ - 2 (39) 

These two equations may be written in a different form as 
follows : 

r = i ^ + T2^ + 2TiT^ + 

I ^ _ 2TiTi (40^ 

T" = I Ti^ + T.j + 2T1T2 vr~i^ - 

I ^ - 2T,T^ (41) 

That (40) and (41) are respectively identical with (38) and 
(39) may be shown by squaring and extracting the square root 
of (40) and (41), by which operation we arrive at (38) and (39). 

The equations (38) and (39), or the alternative equations (40) 
and (41), give the two periods T' and T" of the doubly periodic 
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oscillation that occurs in the primary circuit of the coupled system. 
The same two periods occur also in the secondary circuit of the 
coupled system. These equations are exact only provided the 
resistances are negligible in their effects on the periods. 

87. Determination of the Wavelengths of the Magnetically 
Coupled Pair of Resistanceless Circuits. — To obtain the result- 
ing wavelengths in the coupled system, it is only necessary to 
multiply the periods by the velocity of light, and employ the 
relations 


= cT' X" = cT" 

Xi = cT I X 2 = cT^ 


(42) 


These values substituted into (38), (39), (40) and (41) give 


y = (Xi^ + X22) + iV(X?^ X2")' + ( 43 ) 

X" = (Xi2 + Xj^) - i VCXi^ - X22)2 + 4 t2Xi%2 (44) 

or the alternative results 

X' = iXxi^ + + 2 x 1 X 2 Vi - + 

i VXi2 + Xs^ - 2 X 1 X 2 Vl - r2 (45) 

y = ^Xxi^ + X 2 ^ + 2X1X2 \/i — — 

iXXi" + Xj^ - 2X1X2 Vl - ( 46 ) 


Equations (43) and (44), or the alternative equations (45) and 
(46), give the two wavelengths X' and X" of the doubly periodic 
oscillation that occurs in the primary circuit and also in the secondary 
circuit of the coupled system^ provided the resistances are negligible 
in their effects on the resulting wavelengths.'^ 

88. Graphical Method of Finding X' and X". — The equations 
given in the preceding section permit the calculation of X' and X" 
when Xi, X 2 , and t are given. 

When great accuracy is not required, the following graphical 
method may be employed. In Fig. 3, lay off AB equal to Xi 

^ For experimental tests of these equations see Piekce, Physical Review, 
24, p. 152, 1907; also “Principles of Wireless Telegraphy,” p. 228, McGraw- 
Hill, 1910. 
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and BD also equal to Xi and in the same straight line with AB. 
At the point B draw the line BC making with BD an angle 
whose sine is r. Make the length of BC equal to X 2 , then draw 
AC and DC. Call the lengths of AC and BC, b and a respectively. 
Then half the sum of b and a is the required wavelength X', 
and half their difference is the required wavelength X". 

This may be readily proved as follows: 

Since 

sin 6 = r, 

cos 6 = Vl - t2. 

By the geometrical proposition concerning the square of the 
side of a triangle opposite to an obtuse or an acute angle 



Fig. 3. — Showing geometrical construction for obtaining resultant wavelengths. 


= Xi^ + Xa^ + 2 X 1 X 2 cos e = Xi^ + Xj^ + 2 \ik 2 Vl-r^\ 
a2 = Xi® + Xg^ - 2 X 1 X 2 cos 0 = Xi^ + X 2 =* - 2 XiX 2 \/ 1 -t 2 J ^ ^ 

whence, from (45) and (46) 

X' = 




x" = 


(48) 

(49) 


Exactly similar construction may be employed to give T' 
and T", if all the X’s are replaced by the corresponding T’s. 

89. Simple Relations Among Wavelengths or Periods in 
a Magnetically Coupled Pair of Resistanceless Circuits. — ^By 
taking the sum of the squares of (38) and (39) and likewise 
the sum of the squares of (43) and (44), we obtain 

f'i + r'2 = Ti^ + !^2^ (50) 

X'^ + X''^* = Xi^ + Xa*. (51) 
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Also, by taking the products of the same two pairs of equations, 
we obtain 

T'T" = TiTiVl - 

XV' = XiXaVl - 

(53) 

90. Special Cases of the Coupled System of Negligible 

Resistances. — 

Case /. Isochronism. — If the two circuits have the sanui 
period when each is alone, 

^1 = X 2 = X (say) 

and 

Ti = T (say) 

(54) 

(55) ; 

then equations (43), (44), (38), and (39) give 

1 

s 

T' = rVl+r T" = tVi - r 

(5f>) ' 

y = XVl + r X" = X Vl - r 

(57) i 

Case II, Negligible Coupling. — Whether the circuits nr(} iso- 
chronous or not, if r is sufiiciently small so that terms involving 
it in (38) to (43) are negligible, these equations give 

r = Ti T" = Ti 

(58) 1 

II 

. »-« 

11 

(50) j 

As to how small r must be in order to be negligible 
upon the relative values of Xi and X 2 . 

If Xi = X 2 , then by (57), to be negligible 

1 

depcvruls 

■ 

r/2 < < 1 

(00) 

where < < means ^^is negligible in comparison with/' 

If, on the other hand, Xi and X 2 are sufficiently different to make* 


(01) 

we may expand the inner radical of (43) into 


, 2t2Xi%2 , 1 

2(Xi + . . .)> 

so that by (43) 

X _ Xi^l + 

1 

1 

1 

1 

1 

L 
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whence 

provided 


X' = Xx, 



(62) 


To decide whether or not the coefficient of coupling r is negli- 
gible so as to permit the use of the simplified values of wavelength 
and period given in (58) and (59) we first see if r satisfies (62). 
If it does notj then we require that it must satisfy (60) in order to be 
negligible for the system of resistanceless circuits. 

The effects of the resistances on these relations will he given in a 
subsequent chapter. 

CASE III. Perfect Coupling . — If the coefficient of coupling 
r is equal to unity, the coupling is said to be perfect. Putting 

= 1 in (40), (41), (45), and (46), we obtain 

T = VtJ+Y?, T"' = 0 (63) 

X' = -b X2^ — 0 (64) 


CASE IV. Coupling Nearly Perfect . — Still assuming that 
the resistances of the two coupled circuits are zero, it is interest- 
ing to examine the values of the resulting wavelengths when r 
is nearly equal to unity; that is, when the coupling is nearly 
perfect. To do this let 


2XiX2\/i — 

Xi^ + x;^ 


(65) 


then (45) becomes 


V = IVXi" + { Vl + a + Vl - a) (66) 


with a similar equation for X". 

Expanding the square root terms by the binomial theorem, 
we obtain 

X' = VxTT V (67) 

X" = aVXi^ + X 2 S provided (68) 


ays << 1, where 


a has the value given in (65) . 

In the present chapter there have been laid down the funda- 
mental differential equations for the free oscillation of two 
coupled circuits, and the differential equations in the special 
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case of negligible resistances in the circuits. General solutions 
of the resistanceless case have been obtained, and these solutions 
have been analyzed with reference to periods and wavelengths 
of the resultant oscillations. 

In the next chapter, the discussion of the resistanceless case 
will be continued with special reference to the amplitudes of the 
oscillations under given initial conditions. 

In later chapters analysis will be given in the cases where the 
resistances are not negligible. 



CHAPTER VIII 


THE FREE OSCILLATIONS OF TWO COUPLED RESTS'^ 
ANCELESS CIRCUITS. AMPLITUDES^ 

91. General Considerations. — In the determination of 
amplitudes in the case of the free oscillations of two couple 
resistanceless circuits, the result will depend upon the irxxt>J 
conditions assumed. Two sets of conditions will be tal«^ 
corresponding to I. Discharge of a Condenser in the Prim^^ 
Circuit (Circuit I), II. Discharge of an Inductance. Tb^ 
will be given different major headings. 

I. DISCHARGE OF A CONDENSER Ci 


92. Determination of Amplitudes in Case of the Dischar] 
of the Primary Condenser with Resistanceless Circuits. — bli- 
the initial conditions in this particular case be that the conde 



left-hand diagram, state at any time t, 

ser Cl in Fig. 1 is initially charged with a quantity of electrici 
Q and allowed to discharge. 

Let us measure time from the instant at which the dischar 
begins. Then the initial conditions are 

When t = 0, = 0, §i = Q = CiE\ 

H = 0, §2 = 0 I ^ 

1 See references at beginning of Chapter VII, and also particularly 
Leon Chaffee, Amplitude Relations in Coupled Circuits, Proc. Jn 
Radio Engineers, 4, p. 283, 1916. Professor Chaffee^s paper contains m 
experimental verifications. 
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In Chapter Vll, equations (.30) and (31), we have found the 
general solutions for current in the form 


i, = (2) 

*2 = Bie^'‘+ 7^/=' + (3) 


To the end that we ma.y be able to introduce the initial con- 
dition in Qi and c/a we must obtain tlu^ (Kpiations for these quanti- 
ties by integrating (2) and (3) wjth respect to t. 

This integration gives 

g, = y'iidl = " (4) 

ga = J'i'/ll. — e*'* + £^'’' + t''** (5) 


Now the several Ic’h of thew* eciuations are known from Chapter 
VII, equation (24) to be in the resi.HtatHH'leHK case 


h'l ~ ju', kx — 1 

/fa = ~joi', ki = — jV'J 


Furthermore, from Chapter VII, tajuation (16) we know that 
any B is related to the corresponding A by an equation of the 
form 


B 

A 


Mk 


LJe -b 


1 

Cik 


sss 


M 

Li 


k^ + 0)2* 


(7) 


in which the last term is obtained by replacing I/L 2 C 2 by C 02 *. 

In using this equation we must give, B, A, and k the same sub- 
script. Doing this and replaeing the subscripted k by its value 
from (6) we obtain tluj systcmi of equations 


= h. 

Ai Ai 

il = 

As At 


K 

Li 

M 

1/ 




O)'* — W2* 
,./'3 


Co"* — «2* 


= X (say) 
- F(say) 


( 8 ) 


in which X and Y are abbreviations for the ejuantities set im- 
mediately before them in (8). 

Now introducing our initial conditions (1) into (2), (3), (4) 
and (5) and making use of the equations (6) and (8), we obtain 

0 = + As + At + At • from (2) (9) 
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0 = X{Ai + ^.' 2 ) + Y{Az + Ai) from (3) and ( 8 ) (10) 

from (4) and ( 6 ) (11) 


Q = A3 - Ai 


JOi 

0 , 


YUz- Ad 


30) jca 

Eqiiafcians (9) and (10) give by elimination 


from (5), ( 6 ) and ( 8 ) (12) 



(Z - F) (Ai + A 2 ) = 0 

(13) 


(Z - F) (Aa + A 4 ) = 0 

(14) 

while equations ( 11 ) and ( 12 ) give by elimination 



QY = (Z F) 

(IS'i 


QZ = (Z - F) 

(16) 

Unless X = 

F, (13) and (14) give 



II 

•1 

c* 

il 

1 

(17) 

and these values substituted into (15) and (16) give 



II 

1 

II 

^ J>. 

(18) 

and 




. , ico"QZ 

^*~2 {X-Y) 

(19) 


This derivation of the constants Ai, A 2 , Az and A 4 is valid 
unless X ^ Y. By a comparison of ( 11 ) with ( 12 ) it is seen 
that X cannot equal F unless both are zero. If both are zero, 
( 8 ) shows that M is zero. If M is zero the Circuit TI will have no 
current in it, and the Circuit I will be a single circuit with a 
condenser discharge in it satisfying the conditions given in 
Chapter II. 

93. Periodic Equations for the Currents. — With these values 
of the A^s and with proper values of the fc^s from ( 6 ) introduced 
into ( 2 ) we obtain 


_ -joi'QY - 6- , JO) v-A e~ ■ - f - - 

u X - Y 2 X -Y ^ 2 ^ 

If we introduce j as a factor in the denominators of the ex- 
ponential factors they become sines, and we have 

Q 


w't _ 




'll 


X - Y 


{co'F sin 03 ' t — a)"x sin co"<} 


( 21 ) 
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In like manner using the values of the B’s, as given in (8), we 
obtain 

{ co' sin w't - w" sin o)"t} (22) 

As a step toward replacing X and Y by their values, let us 
note from (8) that 

1 M 1 

A — 


whence 


l 7 1 - 0.270,'= L . 1 - 
M 


X 


In like manner from (8) 
F = 


^2= 

U - T 


r/2 


M 


r2= 


u Ti^ - r"= 
From these values of X and F , we obtain 
F - T'= 

X - Y ~ r'= - r"= 
X - T"= 


(23) 

(24) 

(25) 

(26) 


y y/2 

. Further, if we replace T' and T" by their values from Chapter 
Vil equations (38) and (39) we obtain 


F 1 


1 

X-Y 2 

— JL ~~ 

1 1 

f 4r=rx=T2= 


1 ^ 

+ (y^2 _ 

X 1 

1 

1 

X-Y 2. 

.-r J- 

/ 4T=rx=:r2^ 



(Ti= - r2=“)7 


(27) 

(28) 


Introducing these values into (21) we obtain 




2 




1 + ; 
+ 


4r=ri=r2^ 


+ 1 


0 )' sin o>'t 


ri= - Ti^Y ] 


. + "• ] 

co" sin aj"i 

/ A:T^Ti^TY 

+ (ri= - Fs!')'' 

_ 


(29) 


Let us next determine 1%, which can be done by multiplying 
the equation (23) by (25) obtaining 
XY M 


Y Li r= - r"= 


( 30 ) 
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which by (38) and (39) ( diapt cr V 1 1 

^ M 'IV 

Li a/(7’,= - Trr + !r"7’,-'7',-= 

This introduced into (22) gives 
MQ IV 


^2 


Li VTr - 7’,-)“ + 


.ir-Tr'I'V ^’'‘“"^H31) 


EquaiiouH (29) and (21) give, (he eaiapteie esprenmam for the 
currents in the tteo dreuiis of the f oirpietl sg.strfn haring iiegligible 
resutaue£8 and excited by dmharghaj at the litne t ^ ^ 0 the con- 
denser Ci with an initud charge if 


94, Relative Amplitudes of Current in the Coupled System 
of INTegligible Resistances Excited by a Condenser Discharge,— 
If we write the eqtiatioriH for ii iind respc»c9iv<*ly in the form 


ii = /'i sin sin (32) 

/^2 sin f- sin (33) 


it is Heen that the ratios of arnplitudeH for the Hinne frecfuency 
in the difTer(‘nt cireuitH may In* written. lH(»e (21) arui (22). J 


d/ TT- y/c., rri\ 

f'l ■ “ Li 7V - 7''” ’’ Vr, 7’,» 7"’ 

= y 

/"| Li Tr - T"' ' v'f*; Tr - 7’"^ 


(34) 


(35) 


Also it is Been that tint ratio of aiiiplitiidi*^ of flie two diffeitmt 
frequencies in the same (drcuit are for primary ami nommhty 
respectively 


T'l 

-«"A' 

~rx -^riTv 


(36) 


c-'K " 

T'Y r"{T.T 

T'A 

r'i 

<j)" 

r 


(37) 

I'i " 

«— as ««. 

W 

tptt 



Equation {Z4) given the ratio of mnpliiude of lurretd in the me- 
ondary circuit to that in the primary cirtail for the ffeguency 
Equation (35) givm a Mimilar ratio of arnpltimlm for the frequmey 
Equation (36) givm the ratio of amptiiiitk of currmt of fte- 
quency T" to the amplitwk of current of freqmmen T* in the sam 
(primary) circuit. Eqmiim (37) in a dniilm nUm fm the lec- 
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ondary circuit. Thc-'^v- criualiou.s hold fur l>o /#’. di =. /i.r .» 

of the -piimary condowrr irith i.doiiirli .i.': nrrrut . 


II. DISCHARGE OF AN INDNCTANt'E 


96. Determination of Amplitude.s when the Cotipird Syiirm 
of Negligible Resistances is Excited by the Dijiclmr^e f4 th*’ 
Primary Inductance. — ti.s now (h-ti'i-tiiiiii' tin- w-iuOxn .4 ih. 
resistancolcKS coupled circuit prolilciii w hen I in' . <51 |f<.f i.,i! 
is produced by sciidiiiK a steady curreitf thruiiyh »1« ii»-bj. h»u. «• 
of Circuit I, and tlu'ii i.solating it jim dune in tin- biiA/«u • % 
citation procea.s of ( 'linpler 1 1 . 

The differential e(|nation.s are the same ii,h in fh»- prul.I.Di 
already treated and giv<; tiu-refore the same freijii. rn ie i a ' !.. if..re 
The amplitudes, howc-ver, which are determined le. the mitia! 
conditions will now be dilTerenl fmtn lh<eie «.f the |aevi.,ii.^ 
sections. 

If we measure time from (he instant of r^oiatum' tie- eijii. n« 11. 
the primary inductanee, the initial eondilioim are »■, htlhmo 


if 


" ' f • } 


By compariBon with thi» ocftiiitiariB (if) f<i i |2i if will 
that these initial conditiofiH n*f|ti!re 

I ^ Ai i- i- A i 4 1 r 

0 « X(At + At) + VIA^ f 4^1 f- 

d, . 1 ,, 


0 


.\'(d, -- d.,t r</t, ^ 4,1 


Elimination among tlxw* eriuathma gives 

Y/ 

2( r - X) 

As * 4 s « , t ' ^ 

2 {A- }'.( 


-^1 » At 


The several B’s have th(. Marne ratio r. n 
A-8 m i. tho con*n„r d«c.|,„„. 
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These constants substituted into equations (2) and (3) give, 
after trigonometric transformation as before, the results 

11 = ^ {F cosoj'j? — X cos co^'t] (45) 

— TXY 

12 = X -Y 


By comparison of these equations for current in this case of 
inductance excitation with the corresponding equations for cur- 
rent in the previous problem of capacity excitation, it will be 
seen that equations (45) and (46) take the form 



1 



4cT^Ti^T2^ 


cos 0 )'t + 


[1 1---- 1 


\ [Tx^ - T2^)\ 

cos 0 )"^ 



(47) 


12 = ~ 


m 2V 

1/2 V{Ti^ - T2^y + Ar^T7f? 


[cos co't — cos o)'^t] (48) 


Equations (47) and (48) give respectively the primary and 
secondary current in a coupled system of two circuits of negligible 
resistances^ excited by sending a steady current I through the in- 
ductance of the piimary circuit and isolating it at a time t = 0, 

96. Relative Amplitudes of Current in the Resistanceless 
Coupled System Excited by Isolating a Current in the Primary 
Circuit. — If now in this case we write the expressions for the 
currents in the abbreviated forms 


ii = /'i cos w't + cos 
^2 = * 1^2 cos co't + J "2 cos 
and compare the amplitudes we have 

J ^2 _ Y — ^ Ct. T1T2 

j'x~ ^vc; 


J "2 

y VC^ T1T2 

J"x ~ 

- T"^ 

J"x 

- X Tt^- T"^ 

J'x 

Y T2* - T'^ 


( 49 ) 

(50) 

(51) 

(52) 

(53) 

(54) 


Chap. VIII] RESIST ANC KLHHS (TRi ilTS 


Equations (51) to (54) give the rdafire (uniitiiufit fum-nl m 
the resistanceless coupled sgstem af tout ein ud^^ r.r^'did tit 
discharge of an inductance in the pritnnnj einnif, Th»- ,r 

is produced by isolating a constani ciiiretd / in ihr primfirn u 
duciance at i = 0. 

It is to be noted that tivo of the raiim f5l) and 012) art- ihr . 
as in the case of the condenser excitatian^ and iirtt if (hr r#i/5#7 i 
and (54) are different from (he case (f npndrnmr r.r# 

It is also to he noted that cosines appear in the p^r:)rui 
where sines appeared in the case of the other ftmm of r.niPdooi 


CHAPTER IX 


THE FREE OSCILLATION OF TWO INDUCTIVELY 
COUPLED CIRCUITS. PERIODS AND DECRE- 
MENTS. TREATMENT WITHOUT NEG- 
LECTING RESISTANCES! 

97. Differential Equations. — It is proposed to treat in the 
present chapter the theory of the free oscillation of two coupled 
circuits such as are shown diagrammatic ally in Fig. 1. The 
method is similar to that employed in Chapters VII and VIII, 
except that now the resistances are to be retained wherever their 
values are significant. 



Fig. 1. — Diagram of circuits. 


The differential equations are those given in equations (1) 
and (2) of Chapter VII, which are here rewritten with all the 
terms transposed to the left-hand side; namely, 

+ + -0 ( 1 ) 

98. Elimination to Show that the Resulting Equations are 
of the Fourth Order. — Let us eliminate ^2 from the two equations 
and show that the resulting equation in ii is a differential equa- 
tion of the fourth order, 

^ See references at beginning of Chapters VII and VIIL The present 
treatment is more complete than the treatment in the references. 
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First add M times equation (2) to Ay l•qllnfioll 

and differentiate, obtaining 

{L,L, - + yf ' + IhM i f.'' “ ■! 

Add Ri times (1) to (3; and different iati-, 


(LJu^ 


+ + (J? d 

+“cr + c, di 

Add l/Cz times (1) to (4), and differentiate, <di».niniiiK 


y A'J 


('{■ I 

di 


(L1L2 


dH'l , /r r'i I r n \ t t 




+ rV -f '7 I 
^ r\ ’ 




In the same way the elimination cjf /j iriHtoail of h fm i j 
the same equation except that fy is mibHfittif4*d for n 
Equation (5) w a homogeneom linmr di^firtuhal rqmihim o/ 
/Ac fourth order. The urmpUie Holutkm huh fmtr ttththurfj mn-- 
staniSj and any solution that hm four nrbitrnry iimnUmk^ i -j #oiii|ilrir , 
Instead of proceeding directly to a solution of lo| by infiiMitir 
ing an exponential with t in the eKfKmerif, it m iiirrr«* 

convenient to make our snbstitutioriH in (I) and (2,1 m %%im dmw 
in Chapter VII. We shall make no use of Cfi) fiirllier ftiaii to 
note that the complete integral has four arbifrary nuoiffioifi 
99. First Step in the Solution of (1) and C2b bi t !i« 
the treatment of the pair of sirnultanmiis fli imri 

(2) by letting 

ii = 33 ,ij 

I 

These values, substitutcfl into (1) urid ( 2 ), k>v«‘, «iivi«i}«4fi 

by 

A{Lik + R, + f,) .. Miik J- 

h tfc 

and 

B(Lik + Rj + 7^) “ MAk (HI 

Taking the product of (7) and (8), W(. 

(Lrk + + Hi + f.| 5 
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Dividing (9) by LiL^k'^, we obtain, in terms of abbreviations 
next given, the equation 



2ai _ 2 

fc 

(10) 

where, as in previous chapters, 



M 


(11) 

"v/Z/iLa 


" 2Li’ 

R 2 

(12) 

= r\, = 

JuiL>i JLj2^2 

(13) 


Among these abbreviations note that the quantities 0i and 
1^2 are related to the corresponding w and a by the equations 

0^2 + ^^ 2 ^ Q ^2 ^ + ^^2 ( 14 ) 

as may be seen by reference to (viii) at the beginning of Chapter 
II. 

Equation (10) is an equation of the fourth degree that k must 
satisfy, in order for (6) to he solutions of the original differential 
equations. In (10) the quantity r, defined by (11) is called the 
coefficient of coupling of the circuits. The quantities ax and 
are the logarithmic decrements per second, or damping constants, 
of the separate circuits when each is alone and uninfluenced by the 
other. Qi and O2 are the undamped angular velocities of the two 
circuits respectively when they are uninfluenced by each other. 

In equation (14) coi and 0^2 are the free angular velocities of the 
separate circuits. It is seen that the undamped angular veloci- 
ties and O2 are equal to the free angular velocities in those 
cases in which ai^/ 2 o)i^ and a2^/2co2^ are negligible in compari- 
son with unity. 

100, Note on the Constants A and B. — Returning now to 
equation (10), let us designate the four fc's that are roots of (10) 
by fci, k^, kz, and ^4- Then by (6) for each of the there will 
be a corresponding A and B, to which we shall give subscripts 
1, 2, 3, and 4 identical with the respective subscripts of k, ob- 
taining 

il = 12 = ■ 

where 

n = 1, 2, 3, 4. 
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Applying to these solutions the principle of . additivity; ^ we 
shall have as the complete integral of the differential equations 
(1) and (2) the following 




(ir)) 


= 'LAj'* 


and likewise 

H 

•(16) 

where 

n = 1, 2, 3, 4 



The constants An and Bn are arbitrary constants of integration. 
Although there are eight of these constants only the four A^s 
are independent of each other, for each B is related to the cor- 
responding A by an equation of the form of (7) or (8), in which 
we must give A and B either of the common subscripts 1, 2, 3, 4. 
Calling any one of these common subscripts by the generic 
designation n, we have from (7) and (8) 

An (Likn + ^ MBJCn ( 17 ) 

Bn (l^2kn 4“ R 2 4" “ MAn^n (W) 


Either of the relations (17) or (18) may be used to determines 
Bn from An, but if both (17) and (18) are used they give no more 
restriction than one alone, for the two equations are not inde- 
pendent, as their product has been used in determining fc„. 

The eight arbitrary constants are thus reduced to four by 
having four relations among them. These four relations ar(^. 
obtained by giving n successively the values 1, 2, 3, and 4. 

The four arbitrary constants to which the eight are reduced 
are to be determined by the initial conditions in any specific 
problem. We shall postpone the determination of these con- 
stants An and to the next Chapter, and shall proceed in this 
chapter to a discussion of the values of fci, ^ 2 , ^ 3 ? and k^j which ar(‘ 
the roots of the fourth degree equation (10). 

101. Expression of the Roots k as Complex Quantities and 
the Currents as Periodic Functions of the Time. — Expanding 
(10) by multiplying the factors together, we obtain 


j04 ~b a2)k^ 


^ 2 ^ 4 " 4:CLl(l2)k^ 

4- 

, 2((iiQi2^ 4" ci2^i^^k . 
+ ^ — ___ — + 


( 19 ) 
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Let us now write the four values of k that are the roots of (19) 
in the complex forms 

fci = -a' ks = -a" +ico"l 

^2 = —a' — jo)\ ^^4 = —a" — jco" ^ ^ 

They can be written in this form for if any root is a complex 
quantity, the conjugate complex is also a root. Real roots, if 
they exist, must therefore be two or four in number. To cover 
this contingency of real roots it is only necessary to make cu' 
or co", or both, imaginary. The a^s always remain real. 

With the use of these complex roots, equations (15) and (16) 
can be transformed into 

= I\e-^'^ sin Wt + ^'i) + sin WH+cp'\) (21) 

^2 = sin (co'i + cp\) + sin (a;"^ + ^"2) (22) 

as is proved in the next section. 

102. Digression to Prove Validity of the Transformation of 
(16) into (21). — With the values of kx, k 2 , kz, and k^ given in (20) 
we have 

^~a'i(cog _|^ j gin 

e~^'\cos (j)'t — j sin co'^), 
etc., so that (15) can be written 

ix — € (-^1 A' cos -f- j(Ai — A 2 ) sin o)'t} 

’-f- € ^ M(-^3 "f" A4) cos A" j(^ A z — -4 4) sin (23) 

Therefore, 

i, = + cp'x) + sin (oj'H + <p''x) (24) 

provided 

AxA’A 2 ^ Tx sin <p'x, j{Ax - A 2 ) = I'l cos (p\ 

Az + A, = 7'h sin j{Az A,) = F'x cos <p'\\ ^ ^ 

In order for (25) to bq satisfied by real values of Fx and <p\j it is 
seen that Ax + A 2 must be real and .Ai — ^42 must be imaginary; 
that is to say. Ax and A 2 must be in general conjugate complexes. 
This looks like an additional restriction on the arbitrariness of Ax 
and A 2 that we have imposed by the transformation. But, as a 
matter of fact, this limitation is imposed by the equations (15) 


^ — ^ — ju't ^ 
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if we require that the current ii be real and if we assume that 
oj' is real, for this assumption gives at once (23) that rcQUiros 
the conjugate relation of Ai and A2. 

If on the other hand co' is imaginary, let 

co' = —jo3kp where oik is real, then 

cos 0 )' = cosh a)hj and j sin co' = — sinh 

so that, in this case, (23) shows that both Ai and A 2 arc reals. 
With these two A^s real, (25) shows that both I'l and <p'i an^ 
imaginary. This is still consistent with (24), for if w', (p'l and 
J'l are all imaginary, the first term of the right-hand side of (24) 
remains real. 

It is thus seen that the transformation of (15) into (21) is 
correct algebraically and that it does not put any additional 
restriction on fi. 

103. Angular Velocities and Damping Constants. Double 
Periodicity. — Returning to equations (21) and (22), it is seen 
that, if co' and co" are real quantities, the primary current ii 
and the secondary current h is each doubly periodic, with tlu^ two 
angular velocities co' and co", and that each of the oscillations has 
its own damping constant, a' for co' and a" for co". 

Both circuits have the same two angular velocities co' and co", 
and both have the same damping constants a' and a". 

104. Relations Among the Damping Constants, the Angular 
Velocities and the Constants of the Circuits. — We shall now 
make use of the following propositions proved in treatises on the 
Theory of Algebraic Equations: 

If kij k 2 j h, Bind ^4 are the four roots of the fourth degree alge- 
braic equation (19), then 

. I. The sum of the four values of the roots is equal to thci 
negative of the coefiicient of in (19), 

II. The sum of the products of the roots taken two and two 
equals the coefficient of k^j 

III. The sum of the products of the roots taken three at a time* 
is equal to the negative of the coefficient of fc, 

IV. The product of the four roots is equal to the term of (19) 
not involving k. 

By direct computation, using the form (20) of the roots, we 
obtain the following relations: 
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a’ + a" = 


Cil ( I2 
1 - t2 




-{- ^ 2 ^ "4“ 4tt/j(Z2 


1 - r2 


+ a"12'2 = 


0'2(2"2 




1212^2^ 


in which 


1 - t2 

0'2 =, ^/2 4. ^/2 
0"2 = a"2 + 


//2 


(26) 

(27) 

(28) 

(29) 

(30) 

(31) 


The definitions of the other quantities are given in (11), 
(12) and (13). 

The equations (26) to (29) are the exact relations that the 'primed 
quantities, regarded as unkno'wn, hear to the subscripted quantities, 
regarded as known. 

The primed quantities are the resultant damping constants and 
angular velocities in the coupled system, while the subscripted 
quantities are quantities belonging to the circuits I and II respec-- 
lively when each is standing alone and uninfluenced by the other. 

The problem of finding the damping constants and angular 
velocities in the coupled system consists in elimination among 
these equations in such a manner as to obtain each of the primed 
quantities in an equation not involving the other primed quan- 
tities. The equations are sufficient in number for this purpose, 
and the eliminations, though difficult, are effected in the sections 
that follow. 

106. Introduction of Undamped Periods in Place of Undamped 
Angular Velocities. — It is proposed now to modify the relations 
(26) to (29) by introducing periods in the place of angular 
velocities. 


Let 


and 


Ti = 27r/a)i, 
T2 == 2t/co2, 

/Si == 27r/ Oi, 
S 2 ~ 2iTI / Q,2j 


T = 27r/co' 
T" = 2T/a;" 

aS' = 27r/0' 
5" = 27r/0" 


(32) 


(33) 


Here Ti and T 2 are the periods of the two circuits, respectively, 
when not coupled; T' and T" are the periods that coexist in each 
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circuit when coupled; while the corresponding are the several 
undamped periods. 

It is often true that the are close approximations to the 
T'b in single oscillatory circuits, but when the circuits are coupled 
the arithmetical differences between the various or T^s 
appear in the equations, and in those cases it is not safe to re- 
place the S^B by T’s without special investigation. 

Returning now to our coefficient equations (26) to (29), 
let us divide (26), (27), and (28) each by (29) and multiply by 


(27r)2 or (27r)^, as required, obtaining, respectively, 

(a' -f- = (ai -f- a^)SAS<A ' (34) 

^ 5^2 + 5^2 _|_ (say) (35) 

a'S'2 + a">S"2 = a^St^ + a^S^^ (36) 

;S'2^//2 Si^S^Kl - t2) (37) 

The z that occurs in (35) has the value 

z = {aia 2 — a'a"(l — r^) } ~~ (38) 


These equations written in terms of undamped periods are the 
equivalents of (26) to (29), which were obtained directly from the 
coefficients of the fourth degree equation (19). They are exact 

The quantity Zj as defined in (38), will he left undetermined 
in the first stages of the eliminations^ but will finally be expressed 
in terms of known quantities, 

106. Combination for Undamped Periods. — We shall now 
form certain combinations of the equations (34) to (38) . The first 
combination is here designated combination for undamped 
periods. 

Let us add twice the square root of (37) to (35) and extract the 
square root; and then let us subtract twice the square root of 
(37) from (35) and extract the square root. By these operations 
we obtain, respectively, 

S' + S" = (39) 

S' - S'' = + ZS 1 S 2 - 2StS2Vr^^ (40) 

In choosing the positive sign before the main radical in (40) we 
are specifying that of the two quantities S' and S" we shall call 
the greater S', 
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Now taking respectively the sum and difference of these two 
equations and dividing by 2, we obtain 

S' = + Si^ + zS,S2 4- 2/SiS2a/1^^ 

+ + zSiSi — 2<SifS2\/l — 

S" = 2 '^Si^ + S2^ + ZS 1 S 2 + 2/8152^^1 — 

- + S2^ + zSiS2 - 2;SlS2Vf 


Equations (41) and (42) are the values of the undamped periods 
in the coupled system. They are exact. It will be noticed, however, 
that the expressions involve z and hence a' and a". We shall later 
show how to obtain z in terms of known quantities. 

107. Combinatioa for Damping Relations. — Returning now to 
the equations (34) to (37) let us, first, subtract 1/5'^ times (34) 
from (36) ; second, subtract 1//S"^ times (34) from (36). Dividing 
the differences obtained by S' 2 — S"^ we have 


a' = 


a 


ff 


“b 0282 ^ — (cti 4" ^^ 2 ) 
ciiSi^ “h <^2^2^ — i^ai 4" U 2 ) 




S'2 

(43) 

8x^82^ 


S»2 

(44) 


S'2 - >S"2 


Expanding these equations by replacing and S"^ by their 
values from (41) and (42), we obtain 

4“ 82 ^ 4- ^^ 1 ^ 2 ) — 4" a 2 S 2 ^) 

' — I ^2 __ 

“ - 2(1 - V(/Si* + /Si® + zSiS2y - 4/S7-s?Ti"^T2) ' 

(45) 

, on + ^2^ + ZS 1 S 2 ) — (fli/Si* + a2S2“) 

„>i Qi + gg I 2(1 — tQ 

2(1 - r*) \/(Si" + + zSiSiY - iSi^Si^ (1^2) 

(46) 

Equations (43) and (44), or the alternative equations (46) and 
(46), are exact relations for the damping constants a' and a" of the 
two oscillations in the coupled system. It will be noted j however ^ 
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that z involves a' and a", so that these quantities have not yet been 
completely isolated. 

Before entering upon a determination of z, let us write out 
still another form of expression for the damping constants, ob- 
tained directly from the definition (38) of which by transposi- 
tion gives 

, „ aia2 T^z 

a a 


We have also from (34) and (37) by division 


a' + a" = 


ai + a2 
1 - * 


Now taking four times the first of these equations from the 
square of the second, and extracting the square root, we obtain 

/ _ ^ . / (ai + ^2)^ _ 4aia2 , , 

\ (1 — r^)2 1 — S 1 S 2 (1 ~ T^) 

In order to determine which sign to use before this radical it 
is necessary to determine from an independent examination of 
(45) and (46) whether a' is greater than or less than a". It 
will be noted that if 


(ai + 02) ( Si ^ + 82'^ + ^aSi^ 2 ) 

2(1 -r2) 


!> ajSi^ “4" aoS^" 


(47) 


then a' <a", and we must use the minus sign before the radical 
above. Under this condition, elimination between the equation 
for a' + a" and that for a' — a" gives 


, ^ 1 ai -f a2 _ 1 K ai + a2)^ 

2 1 ~ t 2 2 V (1 - r2)2 

n" = ^ + ^ 9. I 1 / (<^i + ^ 2)^ 

2 1 - t2 2 \ (1 - t2)2 


4a]a2 

1 - r2 


4aia2 

1 - r2 


+ (48) 

^SiSi (1 - r“) ^ ^ 


4x^2 


StS2 (1 - t2) 


(49) 


In using these equations (48) and (49) it is to he especially noted 
that if the inequality (47) is not fulfilled the signs before the radicals 
in (48) and (49) are to be interchanged. This rule of signs is 
based also on the stipulation that of the two quantities S' and S" 
the greater is designaied S'. 

Having now obtained a variety of expressions for the deter- 
mination of S'j S", a'j and a", we shall next obtain an explicit 
equation for z in terms of known quantities. 
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108. Equation for z in Terms of Known Quantities. — We shall 
now obtain an equation for z in terms of known quantities. 

Since z involves the product of a' and a", let us form this product 
by multiplying (45) by (46). In performing this multiplication 
we shall use the temporary abbreviation 

D = (Si^ + ^2^ + zSiS^y - 4;Si 2.S2'(1 ~ r2), 

which expanded gives 

D = (Si^ ~ S2y + 2SiS2z(Sy + S2^) + z^Si^Sy + 4.t^Si^S2^ (50) 

Proceeding now to take the product of (45) and (46), and 
clearing the result of fractions, we obtain 

a'a"D(l - t2) = -(aiSx^ + aa^s')' + AaiS^ + CI 2 S 2 V 
+ (ui + a2) (^iaSi^ + <22^82^) (Sy + aS2^) 

— ((Zl + Cl 2 )^SyS 2 ^ zSiS 2 iCil + CI 2 ) 

(aiSy + ^22^2^), 

whence 

a'a"D(l - r2) = T^iaiSy + a 2 S 2 ^y 

4“ zSiS2{o>ySi^ + ciia2S2^ "b GiCi2Si^ + cl2^S2^) 

“h uia2(ASi^ 4“ aS2^ — 2aSi^aS2^). 

Now let us subtract aia 2 D from the left-hand side of this 
equation, and from the right-hand side this same quantity with 
D replaced by its value from (50), and note that the difference 
obtained for the left-hand side is —ZTr^D/SiS 2 by (38). We thus 
obtain 

— — = r‘^(^aiSy — a2S2^y + 2:Si/S2 (ai — a2) — a2S2^) 

Abl02 

— z^aia2Si‘^Sy. 

Replacing D by its value from (50) and collecting terms we 
obtain 

^ 5, f 2 (aSi^ + >^2^) aia 28 iS 2 \ 

SiS^ 1 

1 

, T\ai 5 i^ — a 2 S 2 ^y _ „ 


( 51 ) 
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If we introduce the abbreviations 

X = S 2 /S 1 J 5 l = CLlSly 

equation (51) becomes 

+ Az^ + Bz + C = 0 


where 


A 

B 


- 


7r“ 

4t2 + 


82 — (I2S2 


81 ^ + 82 




C = - 25i5i) 

\ X J 


(52) 

(53) 


(54) 


Equation (53), in which Aj B, and C have the values given in 
(54), gives the value of z in terms of known constants of the circuits. 
In these equations, x, 81 and 82 have the values given in (52). 

It is to he borne in mind in using these equations that if ai and 02 
are independent of Si and S 2 then Si and S 2 are dependent on Si 
and S 2 and may he dependent on x. 

109. If the Original Circuits Are Oscillatory when Each is 
Alone, All the Real Roots of (53) Are Negative.— As a step toward 
fixing the limits of z, we shall show that all the real roots of (53) 
are negative provided each of the two original circuits is oscilla- 
tory when it is alone and uninfluenced by the other circuit. 

If the original circuits are both oscillatory, 


5i/27r < 1, and 82 / < 1 (55) 


To prove that the real roots of (53) are negative it is only 
necessary to show that the coefficients A, B, and C are all positive. 

Since x 1 /x, where x is positive cannot be less than 2, it is 
seen that condition (55) makes A positive. 

It is seen also that always C is positive, since it is a perfect 
square. 

The remaining coefficient B is more diflicult to treat, but may 
also be shown to be positive under the limitations (55) as follows : 

Taking B from (54) add and subtract 25i62/7r^ obtaining 


- ^ - S' 


+ 4t^ -h 


+ 82 ^ 


25i52 



The last parenthetical expression may be written in the form 



and, nincc* x in it in 


By taking ihr* prraliirt *ii ^ fiipl i*-; if^.r 

expmBHion within thr hriir^ in ihr *^'t|i}.iii|i(in H i”' 

and liamte H in fK>Btt^v♦^ 

We hntm thim pnmrfl ihni, if rnrh **f Hw :■ v■‘o^ 

laJUrty when dundim nl(m*\ nU n/ ^ 

iion (fhl) are pmiiit¥\ ami thnt in mn..fr#/iirfirr rsM if rr.nl uihutM 
of z are rwgaiive. 

Wn nhall n<*xt. Ix» iihir u% ii^^ign rrrf.jiit^ "ftp' -'Viiliir^ tif 

z, that will ainiplify ihi^ rid**nla!i«tti k 4 this^ 

110. Detamiliiitkii of the Liiiiifi Hit ¥«ltit nf # fur Cmiplf-i 
Circuits Oscilklory when Atone. In ihr pi* 1.: «r 

have Hhowri thiii z in nraiilH^*- j.fr*»vi*to4 

arc* oficiHiitnry when alniie, Wr- r^in liiiiii«s‘- 

of the viiliif* cif z by %mrv *^hii{ile 
To I'M^gin, let m fake the liriginal drinntiwii *4 r,- 
multiply liolh <if tliiit itiiiftiinn hv iiii4 iifift 1% t* 
by ito vitliie from (37.1* fil-^tiiitiiiit 

t ' 

Let U8 now iniike Uat? of l.b*^ nl«*«l»r?»!r g**itrtabjr.»!!<4. »h#il for 

any two «»1 quantities x ami y 


then by thk relation alone 

aV'S'W'* € 




10(5 KLKi'THU n.<! I IJ.Ml>> 

(x—l)^/'r.. (JroiipiriK tlu'^ Iji'-t i< nit wi’Si <-'*> 
the fourth term witii ihf fhir-i, w.- m,'.? uo 

.. 1^7 !„h, / 

" - • .t ' . / ^ J • 

The only term or fjietor in thi'* iJ 

mRH i.H f h(r expri'H'iion wiiliin th>- !<r;i> i Itij’ ; 
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Replacing the right-hand side of (60) by its value from (36) 
we have 


‘ 4 

This quantity substituted into (59) gives 

^2 ~~ 


StS^z J 


47r2 


(61) 

(62) 


Let us recall that z is negative, and let us divide both sides of 
(62) by S 1 S 2 , and make use of the abbreviations 

X == S2/ Si, di = diSi, 82 ~ U 2 aSi 2 ; ( 03 ) 

then we obtain 

0 y z J ~ ( vrr 

4:7r^ 


The inequality (64) gives the limits of the value of z, provided 
the original circuits are oscillatory when not coupled. 

111. Reduction of the Cubic Equation for z to a Quadratic 
Equation over an Important Range of Constants. — In equation 
(53) we have given a cubic equation for the determination of 
Zj and we have shown that z is negative, and that it has the 
limiting values specified by the inequality (64), provided the 
original circuits are oscillatory, that is, provided 


In the cubic equation 


47r^ 


< 1 


+ Bz + C 


0 


(65) 


the terms and Bz are the only negative terms. It thus appears 
that we can neglect z^ provided it is negligible in comparison with 
the other negative term Bz; that is, provided 


< < B 


( 66 ) 


and this proposition can be tested by making use of the limiting 
value of z from (64) and comparing this limiting value when 
squared with B from (54). 

It is to be noted that when x is unity the maximum possible 
value of is of the order of (5i — 52)^/167r^, while the order of 
is 4 t 2 + (5i — 52)V7r^ so that z^ is negligible in comparison 
with B, provided 


IGtt^ 


<< 1 


(67) 
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We thus see in a general way that is likely to be negligible 
in comparison with B. A careful examination of the possible 
values of and B over the whole possible range of constants of the 
circuits, shows that occasions may arise in which (66) is not ful- 
filled, so that we then require the whole cubic to determine z. 

In cases, on the other hand, in which is negligible in com- 
parison with B, the cubic reduces to the quadratic 

Az^ + Bz + C = 0 (68) 

of which the solution is 

B 

^ ~ 2A 

In this solution we have chosen the minus sign before the 
radical, because this gives the smaller absolute value of z as is 
required by the condition that z^he negligible. The question of 
this sign is investigated in certain of the special cases treated 
below, but has not been given any extended general investigation. 

We may sum up regarding z as follows: z is exactly given by 
the cubic equation (53). Whenever z is so small that its square is 
negligible in comparison with the coefficient B, as is often the case, 
the value of z is given with sufficient accuracy by (69). Even if 
the whole cubic must be used in determining z, the calculations 
may be facilitated by making a preliminary approximate calculation 
of z by (69). 

We have now solved completely the problem of determining 
the damping constants and periods of the coupled system. 

We shall now proceed to a numerical treatment of certain 
important special cases, and as a result of the calculations we shall 
have our attention called to important simplifications that some- 
times arise. 

The special cases to be investigated are as follows: 

Case I. The Quasi Isochronous System, 

Case II. The General Case with Numerical Constants, and 
Case III. The Loose-coupled System. 

CASE 1. THE QUASI ISOCHRONOUS SYSTEM 

112. The Equations for z in the Quasi Isochronous System. 

We shall now limit the discussion to the case in which the original 
two circuits have nearly the same free periods Ti and T^- In- 
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.sti-ii.l uf ii.H,siuiiinK 7’. ..xncfly to T.„ it is siitiph-r to ussutiio 
the luicJ.'uajK'ci jH'riotls (-(jual; tiiut is 


•''I E., . S (say) (70) 

VVc >han f-all (his (}»• oast- of quasi isochronism. 

To avoiii ooiitiiiuitlly writing ccrtuin aoniliiiuitions of iSt and 
<*■;, Wo shall list- the following alihro vial ions, 

■■■ ^l{)n 

47r’- 

I lilirrflif* rcinclif if>n cif (|uaHi i^fK’hroniHin the <|uanfJl icss (l(‘fin{‘(i 

lli X>li bfH’C .It Ilf* 


(71) 


X 1, A 4(1 -- v), H - 4(r^ + u), 4r'7i (72) 

I III* nitiir* (53) fur in t he is(K4ir(inouH (aisc*, laaainH'H 

-f' 4:^CI v) -f 4^fr^ 4- a) 4 4r^a “■ 0 (73) 

Tliii4 fnrtuTh inta 

ir - 4ri 4 (z 4 \ z) r. i) (74) 

Fr(«ii fliiH fartfiriH} form w«» cnri inaki* a (iiHiajvca'y of a ih‘W 
flirt ill rrgiiril to fhr lioiif of z, Wr hnvo alr(*a<ly nliown in iho 
g«*firriil itir ri^latioti (tri), wliioh in tho iHorhronouH cniHo 
(f^iiirr X » I) b<*r0frir« 

0 ^ - a (75) 

Ttiin irirr|iiiility niiiy othrrwiHo wriitni io tJir forto 


z < Cl, aiid z 4 > Cl (7il) 

Tliifi flirt itpplirci to (74) hHowh that ihr firnt ii^rin of that 
f*i|tifiliiiii i« rirgiitivr or isrro, aiicj thrrrforr thr lii«t tiaan iouhI, \m 
|K:»4iii%^r or b.i itiaki* tiir Htini j5rro. W<* Imvi* juni nhown in 
(7111 iliiil ofif* of till! fiirlori^ (z 4* u) of tin* lant f-rnn ih pomitJvr or 
srro, iiiiii tif*firr thr ciitirr fartor of that tcTm in poHitivr or 
irrci; tlwit i% 

z + T^ ^ 0 (77) 

Ttiia rrsiill in iiiii»rtiirit in drti^riiiiriing thr Hij^nn and ilir limiting 

¥aiiii!» of impmmuMm to follow. 

Wi! ifiall now rxiiiniiir tlir rondition iiiidrr whirli thr cmbio 
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equation for z reduces to a quadratic. This condition as stated 
in (66) may be written 

<< B, 

which in the isochronous case, by (72), becomes 

^2 < < 4(,.2 4. (78) 

Now by (75) and (77), 

z^ < and also 
so that (78) is met if 

either << 4:(t^ + u) or < < 4(7^ + u) (79) 

Either of the alternative conditions of (79) is sufficient to 
reduce the cubic to the quadratic. If the first of the alter- 
natives is met if 

<< 8u; that is — < < 1 (80) 

If r^<Uj the second alternative of (79) is met if 

“g<<l (81) 


We have then the result that the quadralic relation is sufficient 
to determine z in any case of quasi isochronism in which r^/S is 
negligible in comparison with unity or in which (5i — 52)V32 t^ 
is negligible in comparison with unity. The latter of these alter-- 
natives is true for oscillatory circuits even when they are very highly 
damped. The exact degree of damping is easily determined in a 
specific case. 

Let us now write out the simplified value of z for the isochro- 
nous system. This is done by replacing the coefficients A, B, 
and C in (69) by their values from (72), and gives 


z = 


7^^ A- u 


1 — ^ 

L 4t^u(1 — v) 

1 ^ 

' ■ (r^ + uy j 


A- u ^ j{T^ — 2^)2 4. 4t^uv 

2(1 -v)’^ V 4(r=“yF"^ 


(82) 


Let us now make a digression to prove the correctness of the 
signs before the radicals in (82), since this matter was passed 
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iivf‘r wifliMiit ifiiifli in tlu* Hf:at(*m(*ntH following (fMI). 

fill* fill* of (82), transpoHing i})(‘ finst t(‘rrn 

of till* riglil-to’tiid niflo to I ho loft-hand .side, and ooIUading ierniH 
oV'or a rimiiiion dononiinafur, wo hav(* 

- rl I” t" f u 

2(1 

whoro ii II toin|Kiniry abhrovialion for i.lu^ radical I'hc 
iiiiiiiorafor of tfio li*fl-«fiiinii o.an la* r<*groupc‘d giving 

(z d-' T") 4* (z + n) — 22 V ,, 

2(1 /d 

Xow !iy iTtf) and ill) it ih m*ori that all tlu* t.(»nnH of the* ntimora- 
lor aro {>oHilivf% mo tliat tho radie^al li nnint la* poHitivo (in the*. 
Moriiini form c4 CH2)), provided v is lows thaii unity; tha-i in, 
jirovidod tlio etrigiiiid cirouifH are oHedllatory. H(‘nc(* the* cor- 
roof iioMM of ffio H'igiiM given to tho radicala in (82). 

/« Hw rmt in which Si ' S^ 8 the qumUiiy z in exactly 

yirrn % (73l, or (74). In alt ctmvH in which the condition (80)^ 
nr Ihr mmiHom fH||, Lh fulfilled z in given vnlh mifiicmd accumey 
by f'H2|. For iheHC iMochroPimm eircuiUf (82) in of alnmt univemtl 
appliffihiliig. 

ft mug Iw- rmied ainOf if the original eirauitn are Hcparatcly oedl- 
Inimy, ilmi the almotute tmbtr of z in Imn than u and, lem than r* 
ft mi iimi z in negatar, an in Hhanm Ip/ (7i\) and (77). 

113. The Equations for Undamped Periods and Damping 
Constants iii the Quasi Isochronous Ckcuits.-- -With ilu* original 
rirc'iiilM mqiiiriilidy tuiwai to tho sainr* wndionped pendodH ho that 

8 1 8, 

llso ocitiiilitiiiM ( 41 ) mid (42) for the* «ndainrM‘<l {M*riodH of tho 
cciiiplral on iMiitg HCftiarocl givi* 

m S^ I 2 4 . j ^ ! 

f j /, ( 

^'"3 B 1 1 + 2 ■" 4" z + ^ ( 

For thi* (lantping oonatants we shall use the equations (4S) 
iifitl 149), but we shall first (‘Xamine the eriterion (47) m to tluf 
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sign to use before the radicals in (48) and (49). In the case of 
isochronism, the criterion (47) reduces to 


(ai + a 2)(2 + ^) 
2(1 ~ r^) 


> Ul + 


which reduces to 


z + 2r^ > 0 . 


By (77) this condition is always fulfilled with oscillatory cir- 
cuits, and, therefore, by the note following (48) and (49) the 
signs in these two equations are correct for this case. 

These two equations (48) and (49), by the isochronous con- 
dition Si = S 2 — Sy reduce to 


where 


- 1' - 

(84) 

- 2(1 - ^2) {1 1- Vl - e} 

(85) 

_ (1 ~ t^){4.v — z) 

4:V A- u 

(86) 


in the system of two circuits that are separately tuned to the same 
undamped periodSy the resultant undamped periods when the cir- 
cuits are coupled together and allowed to oscillate freely are given 
by the equations (83) , and the resultant damping constants are given 
by (84) and (85) in terms of 6 defined by (86). The values of 
u and V are defined in (71). z is given by (73*) and is usually 
given with sufficient accuracy by (82) . 

114. Application to Two Numerical Cases of Quasi Isochronism* 
As the first special case of quasi isochronism, let us take the 
following numerical values. 

Let 

5i = O-Stt, 52 = O.lx 


In this case the values of u and v become 

u = 0.01, V — 0.0075, 4t; + w = 0.04 
With these numerical values (82) becomes 
-i- 0.01 


(87) 


( 88 ) 


== — 


1.985 


J 1 

1 0.0397r* 

1 ^ 

1 (r2 + 0.01)^ 


Chap. IX] 


THE FREE OSCILLATION 


113 


In this numerical case (84) and (85), on multiplying both 
sides by S/'k, become 

— = li - (89) 

T i — 

and 

— = ^^,{1 + ( 90 ) 

TT 1 — 



Tig. 2. — Quantities proportional to resultant damping constants plotted 
against coefficient of coupling r in special case in which 5i == O.Stt, 62 = O.lx, 
and /Si = Sz = /S. 

where 

(1-0(0.03-2) 

g _ ^ 91 ) 

Computations were made for various values of r. The method 
of making the computations consists in first determining z by 
the use of the equation following (88) and then computing a'/S/ir 
and a'^S/'TT by the use of (89), (90) and (91). The' values of 
S'/S and S"/S may be computed directly from (83). 

g 
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-Computed Values of Damping Constants Undamped Periods 
of the Quasi Isochronous System of Two Circuits with 
Various Values of r. Given ^2 O.Itt 


r 

r2 

z 

n"S_ 

IT 

a'S 

ir 

.S" 

.S 


.S'" 

.s’ 

S' 

.f . 

,S'" 

1 

0 .0000 

0 .0000 

-- 0.00000 

0 .300 

0 .100 

1 .0000 

1 

0000 

I 000 

I (500 

0 .0278 

0.00077 

-0.00077 

0 .296 

0.104 

1 .0002 

0 

U90 J 

0 986 

I 01 I 

0 .0578 

0.00334 

-0.00333 

0 .283 

0.118 

1 .0011 

0 


0 97.3 

i .025 

0 .0802 

0 .00646 

-0.00630 

0 .2(54 

0 139 

1 .0037 

0 


0 965 

i 034 

0.092 

0 .00842 

-0.00810 

0.249 

0.15.1 

1 .(K)71 

0 


0 957 

1 ((3(5 

0.101 

0 .0103 

-0.00922 

0,237 

0.167 

1 .0143 

0 


0 965 

1 033 

0.109 

0.0119 

-0.00961 

0.232 

0.173 

1 0216 

0 

u7;n 

0 970 

I 02<( 

0.121 

0.0146 

-0 .00980 

0 .232 

0 175 

1 0323 

0 

0(521 

(» 976 

J 025 

0.187 

0.0348 

-0.00996 

0.246 

0 168 

I ,0735 1 

0 

0 151 

0 984 

1 fU4 

0.200 

0.040Q 

-0.01000 

().25{) 

0 167 

1 .OHIO 

u 

1MH55 

0 98(5 

1 012 

0.300 

0.0900 

-0.01000 

0.286 

: 0 154 

1 , 130 : 

0 

HtlHl : 

(( 990 

1 007 

0.400 

0 . 1600 

-0,01000 

0 333 ! 

I 0,143 

1 . 176 1 

0 

779»» ' 

0 993 

i 005 

0.500 

0.2500 

-0.01000 

0.400 

0.133 

1 .219 ; 

f) 

7107 

0 9*.I5 

I mm 

0.600 

0.3600 

-0.01000, 

0.500 

0.125 

1 .260 

' u 

nxui 

0 99(5 

1 (H52 

0.700 

0.4900 

-0.01000 

0.667 

i 0 118 

1,299 

1 

5497 

0 996 

I 002 

0.800 

0.6400 

-0.01000 

1 .000 

j 0.113 

1 .337 1 


,4 487 

0 997 ^ 

1 {«»'2 

0.900 

0.8100 

-0.01000 

2.000 

0 105 

1,374 

i 

3172 ; 

; (» 99H ■■ 

1 OOi 

1.000 

1.000 

-0.01000 

in fin. | 

i 0 100 

1 414 ’ 

0 

CMKKI 

I (MKI 

i (.100 


Table IL — Computed Values of Damping Constants and Undamped Period* 
of the Quasi Isochronous System of Circuits with Various Values of r. 
Given 5 | = O.OSw, §2 = O.Olir 


r 

r2 


n'S 

a'5S' 

S' 

S'' 

I S' 

S'* 




X 

X 

s 

S 

:.S V-J .|. y 

s V J 

0.000 

0.000000 

-0 .000000000 

0 OlOOO 

0 03000 

1 mm) 

I CM.88.1 

1 CMHH* 

i mum 

0.001 

0.000001 

-O.OOOOOKKK) 

0 01005 

0 02995 

1 mm) 

1 (MJCIU 

0 9995 

I (KMI5 

0.002 

0.000004 

-0.000003999 

0 01020 

0 02980 

i (KMm 

1 m«Mi 

0 f»9f»f| 

1 0010 

0.004 

0.000016 

-0 .000015996 

0.01083 

0 02917 

1 0(KK) 

0 , 

Cl 9989 

1 0019 

0.006 

0.000036 

-0 .00003598 

0 01200 

0,02800 

1 ocmi 

<.l 9999 

0 9979 

1 0029 

0.008 

0 .000064 

-0.00006394 

0 ,01390 

0.02(501 

1 txmi 

<1 16*99 

0 9969 

I mm) 

0.010 

0.000100 

-0.00009974 

0.01940 

0 .02057 

1 orw)2 

0 9997 

0 l.»95:i 

1 9047 

0.012 

0 .000144 

-0.00009997 

0.01996 

0 .02024 

l (K)31 

n , 9f»ll4 

0,9979 

1 0026 

0.015 

0.000225 

-0.00009999 

0.01970 

0 020;$0 

1 (K)53 

(1 9944 

0 IHI7H 

t .W1i7 

0.020 

0 .000400 

-0 .00010000 

0.01960 

0 02041 

1 CK)84 

f» .Wl t 

0 9984 

1 .9011 

0.030 

0 .000900 

-0.00010000 

0,01941 

0 02061 

1 .014 ; 

0.9H55 

i 0 9989 ^ 

i 1 mioo 

0.040 

0.001600 

-0.00010000 

0.01923 1 

0 02083 

jl .019 i 

Q Amu 

0 mmi 

. I 9004 

0.050 

0.002500 

-0.00010000 

1 .01905 ! 

0 02105 

11.024 > 

Cl 9750 

, 0 !»99:i 

; 1 (MI92 

0.1 

0.01 

-0.00010000 

0.0181S 

0 .02222 

ll.,048 1 

« 9487 > 

I 0 mim 

1 9000 

0.2 

0.04 

-0.00010000 

0.01666 

0 .02600 

1,.096 

<l,.8943 . 

; 0 !H*f*7 

' 9 99fl!i 

0.3 

0.09 

-0.00010000 

0.0153S 

0 .02866 

1, 140 

0 mm ; 

’ 0 9997 

, 9 mim 

0.4 

0.16 

-0 .00010000 

0.01437 

0 .03333 

1.1S3 

0 7744 ■ 

0 9998 

' 9 IHIfiT 

0.5 

0.25 

-0.00010000 

0.01333 

0 04000 

1 .224 

0,7088 ; 

0 9998 . 

9 99911 

0.6 

0.30 

-0.00010000 

0.01260 

0 .06000 

1.264 

0 min 1 

0 mmn 

^ 9 Willi 

0.7 

0.49 

-0.000 10000 

0.01176 

0 Mmr 

:i ,303 

B:m74 j 

0 mmn 

' 9 99firi 

0.8 

0.64 

~0 .OOOIOOOO 

O.OUU 

0.10000 

:i .341 

0 . 4408 

9 9f*98 ; 

0 

0.9 

0.81 

-0.00010000 

0.01062 

0,20000 

i 1.378 

0 

9 9999 I 

9 9P7H 

1.0 

1.00 

-0.00010000 

0.01000 

inSn. 

jl.414 1 

0 funm i 

I fXMlO 

' 1 
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l“iil4?’ I r$nklnUis !hi‘ tif tlir imlrulah’on with viirifMi.s 

viiliii'H fit T, Hir-Nf ur«* |}h)tfrtl in tint rJirvns ( 4 ‘ 1 ‘hgM. 2 

aiifl 5 . 

n nf till* iHoclu'tniouH Hy.sft‘rn, \vv ha,vi‘ 

t’ii||||li|lrii iJii' i'a.Nj- ill whii'ii 

4i tl.lKk, ^2 iWlrr f92j 



*1. H* siiMt S*" t iti joju^rinl In 

:|| - ^5 -- iiJr. S, - S. 

'i'hf* in tliin fiwM* iin* r*‘«'nrili‘d in Tnbic II iinil Httmi' of tin* 

«j?iiifi<:iini vnluw jin* iilmliHi in I’‘iKH, 4 nml o. Altlicninii tin* 
mill* in Fign. 4 nml w 4ilHi«ri*nt from thi* wnlo in Fign. 2 ainl 3, 
it in f«i<n lliitt thr vtm‘ witli tin* <li'rri>mi*rifn givi*n in f!>2j Inw 
gpftoriil obaratsUTWtiiw in nomtimn witli f.h«* ciij4<* witli thi* liirgnr 
«l»*fri*nH?nfcH givpii in WjUfttinn (H7), 

lift. DiscuMiOQ of the Results in the Numericsl Cases of 
Isochronous Circuit, with Derjvatiion of Limiting Value* of z, 
Ortsin nigniftcwifc fMt* itro apparent frtini 'rahlcH I anti II, 
twiinpilwl ff>r the two wt« of ap«>Kific values of tin* cb’crenient*. 
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One of these facts is thatfor small values of z is approximately 
equal to — t®. This may be derived theoretically from the cubic 
equation (74) for z, which by transposition of the first term to the 

right and division by a + m gives 
^ , , z^{iv - z) 


If z is to become approximately — the second term ^ 
right-hand side must be small, and the equation must still be 



approximately 

giving 

z — 


correct when z in the fraction is replaced by t , 

ji approximately. (93) 

‘ 4(w — T^) 


Now by (77) z -|- t* must be positive, so that (93) can be 
employed only when t* is less than u, and since the fraction of (93) 
was obtained by replacing z by -t», it is seen that for (93) to be 
applicable the fraction in (93) must be small in comparison with 
unity. If these conditions are fulfilled z becomes approximately 
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equal to 

In symbols, these statements may be written as 

follows: 

If < u, and if -/j — '[) < < i 

4:{u — r^) 

(94) 

then 

2 = — T2 

(95) 



T 


Fig. 5. — Same as Fig. 3, except that Si = 0.03 t, S 2 = O.OItt, and scale is changed 

With the quasi isochronous system of circuits, and under the 
conditions expressed in (94) z may be equated to as given in 
(95). In subsequent sections we shall designate the case in which 
(94) and (95) are fulfilled as the r-case. 

Another fact apparent from Tables I and II is that with in- 
creasing values of r, z approaches in each case a definite limit; and 
this definite limit in each case is seen to he —u. 
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This result may also be established analytically, as follows: 
Transposing the first term of (74) to the right, and dividing the 
resulting equation by + 2 ;, we obtain 


z- = ~u + 


Z^{4:V — z) 
4(T2;+7y’ 


which reduces to u provided the last term is negligible and 
positive. In detail, let us replace zhy ’-u in the last term, 
obtaining 

ui4cv + u) ' 


Z == —‘U j 1 — 


4(r2 


•, approximately. 


(96) 


But, since z + u m positive by (76), this can only be true 
provided u is less than r^, and since we have replaced zhy —u, 
we must require also that the last term in (96) be negligible. 
In symbols, we have 


If 

then 


{h - hY 


z— —u = 


47r2 


(97) 

(98) 


The last step of (98) is by the definition of u given in (71). 

With the quasi isochronous system of circuits, and under the 
conditions expressed in (97), z may he equated to —u. In subse- 
quent sections we shall designate this case as the u-case. 

116. Simplified Equations for the Damping Constants and 
Periods in the u-Case and the r-Case of Isochronous Circuits. 
In the ^^case and the r-case as described in the preceding section, 
z reduces to very simple values, and the damping constants and 
undamped periods may be also expressed in simplified form. We 
shall take the two cases in order beginning with the t^-case. 

117. The u-Case.— Equations (97) and (98) give the relations 
of the constants in the w-case. Replacing u and’?; by their values 
from (71) and (72), we obtain 

If 


(^1 - 52)^ 


47r2 


< r^, and if 


(^ 1 ^ - 52^^ 
647r4 


<< ^ 


then 


ihjzJill 


(99) 


(^1 - hY 
4t^ 


z = 


( 100 ) 


t ’ ll 41*. I \ 
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Ilitriit'iliriiii^ f!lr 


// 


ti into (Hti) wv (ihtain 


! 


aii«i t'Kai hi'f’druf 

4 a. 


.find a' 


(um 


(li + Ha 

2c 1 4 r)* 2n t) 

!*mlrr ihr mmliiiouM ,mi fftrih in (AH)}, or in (ihhrrvintvd Jorni in. 
f!l7u ripioliOH 1 1 Cl 1 1 ijivvH thr dam pirn} ronHinniM in I hr inorhronom 
Hjpkm iif mfii^miieullif muplrd eirruifn. Thin wr hntr mlird 
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To obtain the damping constants in this case, let us substitute 
(107) into (86), obtaining 

(1 ~t^)(4z; + t0 ^ 

4:V + U 

which substituted into (84) and (85) gives 


a" = 


ai 

± 

az I 

2(1 

— 


ai 

+ _ 

a2 f 

2(1 

— 


ai 

+_ 

a2 1 

2(1 

— 

"^1 

ai 

+ 

at f 

2(1 

— 

r^)l 


4 

4^ 


— -f” + 4:VT^ 

4:V + V' 

, approximately, (1^^) 


- t2 


+ U 


1 + 

1 + V - 


- t2 


4r^ 


4y + u 

, approximately. 


(109) 


lAo A- u I 

In the T-case of isochronous circuits ^ as specified in (106), equa-^ 
tions (108) and (109) give the damping constants in the coupled 
system. In the values marked ^^approximately'' we have neglected 
a quantity twice as large as that specified as negligible in (106). 
The values of u and v are given in (71) . 

Taking up next the undamped periods in this r-case and re- 
placing zhy in (83), we obtain 

= S\ and 8"2=S2(1 - r^) (110) 

These results may be inaccurate, since in (83) the radical 
involves the sum of z and and also involves We can obtain 
a closer approximation by employing for z equation (93), giving 

+ t2) 


Z + t2 = 


4(w 




Now adding to this z^/4 = t'‘/4, approximately, we have 

I 2 1 t/A + u) 

, + + ,V4 . 


This inserted into (83) gives 
/S'2 = 1 


2 ”*■ 2 


S//2 = s* 


kx 

\U 

- l! ^ f 
2 2 Vi 


m + u 


Av u\ 
w — rM 


( 111 ) 

( 112 ) 


Equations (111) and (112) give the values of the undamped 
periods {squared) for the two isochronous circuits in the T-case, 
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ItO. Summary of Ee««lt» witii Ae Quasi Isochronous System 
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Under this same condition of small with however, a some- 
what larger possible value of reference to the Tables I and II, 
and to the curves of Figs. 3 and 5, and to the analysis of the 
preceding section, shows that substantially 

S' = S" = S. 


For larger values of r-, such as are specified in (99) and desig- 
nated the 14-case, a' and a" are given by (101); namely 


a' 


dl -}- Ci2 

2(1 + r) 


and a" = 


dl “1“ (I 2 

2(r-“7)‘ 


Referring to Tables I and II, and to Figs. 2 and 4, it is seen 
that this latter condition is attained for values of r greater than 
about twice the values of r at which the a' curve and the 
curve come nearest together to form a neck in the figures. 

For this same range, of values of r, in which r is greater than 
twice the value at which the neck is formed by the a' and a" 
curves, S' and S" are given by (102) and* (103), and in the special 
case of small values of u (that is, small values of (5i--52)V47r^) 
these quantities are approximately given by (104), which is 

= >SVr+7, and S" = SVl^- 


For values of r intermediate between those values that give 
the simplified expressions for damping constants and periods, 
the exact expressions involving z must be employed. 


CASE n. THE GENERAL CASE WITH NUMERICAL COEFFICIENTS 

121. Statement. — If we take the general case of two mag- 
netically coupled circuits, such as are shown in Fig. 1, and sup- 
pose that the two separate circuits, when each is standing alone 
have the undamped periods Si and S 2 and the damping constants 
Oi and a 2 , the equations (41) and (42) specify the values of the 
undamped periods that coexist in both of the circuits when they 
are coupled together with a coefficient of coupling r. The 
equations (45) and (46) give the damping factors in the two 
oscillations of the coupled system. 

Both of these pairs of equations involve a quantity z. The 
exact value of z is given by the cubic equation (53) which has 
coefficients A, B, and C defined in (54). If we know the coeffi- 
cient of coupling T, the decrements Si and 82 of the original cir- 
cuits, and Xf which is the ratio of S 2 to Si, we can compute z 


ClIM', IV' 
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1^ Computation of z in the General Case of Two Magnetic 
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where, as m (63) . 

a; = S 2 /Si (114) 

The coeflS.cients A, B, and C of (54), in this numerical case, 
become 

^ = 1.97a; + | (115) 

£ = 4t 2 + ^ + 0.98a;2 _ j 94 ( 116 ) 

C = r^ (0.01a;3 + ^ - 0.06a; ^ (117) 


The quantity is given four values; namely, 0.1, 0.01, 0.025, 
and 0.001. 

The first computation consisted in determining 0 . For this 
purpose the reduced equation (82), or (69), has been sufficient for 
all values of the computation, except for two values that are 
indicated in the table, where it was found necessary to use the 
cubic (53) instead of the reduced equation. 

The results for z are given in Table III, and are plotted in the 
curves of Fig. 6. 


Table III. — Computed Values of the Correction Factor z in the Special Case 
in Which 5i = 0.3 t, a 2 Si — O.Itt for the General Case with 
S 2 /S 1 ==x, and with Four Different Values of 


X =» S 2 //S 1 

Values of — z ior 

t 2 = 0.001 

t 2 = 0.01 

r2 = 0.025 

r 2 « 0.1 

0.76923 

0.000231 

0.002113 

0.004587 

0.011006 

0.83333 

0.0003287 

0.002892 

0.006250 

0.012031 

0.90909 

0.0006382 

0.005264 

0.009028 

0.012031 

0.95238 

0.0008865 

0.007436 

0.010424 

0.011313 

0.96154 

0.0009358 

0.008066 

O.OIO 6 I 91 

0.011104 

0.97087 

0.0009728 

0.008687 

0.010641 

0.010858 

0.98039 

0.0010013 

0.010108 

0.010568 

0.010592 

0.99010 

0.0009760 

0.0101651 

0.010314 

0.010302 

1.00 ' 

0.0009991 

0.009203 

0.009950 

0.009991 

1.01 

0.0009659 

0.008009 

0.009478 

0.009648 

1.02 

0.0009160 

0.007245 

0.008945 

0.009325 

1.03 

0.0008499 

0.006410 

0.008175 

0.008978 

1.04 

i 0.0007794 

0.006053 

0.007792 

1 0.008622 

1.05 

1 0.0007147 

1 0.005206 

0.007214 

1 0.008403 

1.10 

0.0003955 

0.002891 

0.004750 

0.006529 

1.20 

0.0001199 

0.000997 

0.001967 

0.003683 

1.30 

0.0000419 

0.000382 

0.000816 

0.001882 


^ In computing these two values all the terms of the cubic equation (53) 
were used. 
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123. Computation of S' and S" in the General Case with 
Numerical Constants. — Having computed the values of —z 
recorded in Table III, we shall next make numerical computations 
of /S' and /S". For this purpose, we shall divide both sides of 
(41) and (42) by Si, and replace S 2 /S 1 by x, obtaining 

S' 1 / == 

= 2 V 1 + + xz + 2xVl - 

+ 2 Vl + — 2x'\/l — (118) 

>S" 1 / 7=^ 

^ = 2 *^1 + + 2a; V 1 - 

~ 2 ^1 + 2a; -v/l — (119) 

Using the values of x, —z, and given in Table III, the values 
recorded in Tables IV, V, VI and VII in the columns marked 
S' /Si and S"/Si were obtained. These values are plotted in 
Figs. 7 to 10. 

For comparison, to show the effect of the damping constants in 
modifying the periods, there is recorded in parentheses after 
each value of S' /Si and S"/ Si the value obtained by regarding 
z as zero. In Fig. 8 the dotted curve is a graph of values 
obtained by neglecting z, while the continuous line curve is the 
graph of true values with z considered. 

124. Computation of a' and a" in the General Case with 
Numerical Constants. — ^Continuing with the same set of special 
values, we have next computed the values of ratios expressing 
a' and a" in terms of known quantities. 

For the formulation of this problem, let us first examine the 
equation (47), which is used to determine the algebraic signs of 
certain damping constant equations to be employed. Dividing 
both sides of the inequality (47) by Si, and replacing S 2 /S 1 
by X, we obtain 

+ - gj)g+ _ ^ !- + ?g) > + a,S^x^ (120) 

Replacing aiSi by its special value O.Stt, and 02/81 by its 
special value O.lx, we obtain 

0.2(1 + + xz) > (1 ~r2)(0.3 + O.lx^) (121) 

as the criterion for determining the signs in (48) and (49), which 
we are going to employ. If (121) is fulfilled, the signs in (48) 
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and (49) are correct. We shall next examine (48) and (49) 
with a view to using them in the present numerical case. 

Multiplying (48) through by Si/w, and replacing aiSi by O.Stt 
and a^Si by O.lir, we obtain 


a'Si _ 0.2 _ 1 I 0.16 _ 4(0.03 ) 4:Z 

TT 1 — 2 \ (1 — r^)^ 1 — a;(l — r^) 

0.2 , , 

~ I ~ — <p\ 


where 


(1 - r^) 
^ 0.04 



In like manner, from (49) we obtain 


a"Si 

TT 


{1 + Vi-<p] 


( 122 ) 


(123) 


In using these equations it is to he borne in mind that, if (121) 
is not fulfilled, the signs before the radicals in (122) and (123) are 
to be interchanged, 

126. Criterion Values. — ^Applying the criterion inequality 
(121) to the present numerical cases it is found that the signs 
given in (122) and (123) are correct for all values of x greater 
than a certain limiting value for each value of r^. These limit- 
ing values are as follows: 



Limiting value of x. Signs in (122) and (123) 
are correct for x greater than 

0.001 

0.999 

0.010 

0.987 

0.025 

0.961 

0.100 

0.805 


Keeping these criterion values in mind, equations (122) and 
(123) were used in computation of the values of a'Sifr and 
a">Si/T recorded in Tables IV to VII, and plotted in the curves 
of Figs. 11 to 14. 

126 . Examination of Results in the General Case with Nu- 
merical Constants. — The results contained in Tables III to VII 
will now be examined. The given constants used in the computa- 
tion of these tables are 5i = 0.37r, a^Si = O.Itt, while the coeffi- 
cient of coupling had four different values whose squares are 
r2 = 0.001, = 0.01, = 0.025, = 0.1. 
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127. Examination of z. — Table III contains values of — for 
various values of x {^S^/SI)^ and for the four different values of 
T^. These results are plotted in Fig. 6. It will be seen that in 
each case —z has a maximum. 

For the two smaller values of {Le., for = 0.001 and = 
0.01) the maximum value of —z is approximately equal to 
and this maximum value occurs at a value of a; a little less 
than unity. 

For the two larger values of the maximum value of --; 2 : is 
much smaller than and occurs at a value of x considerably 
different from unity. 

128. Examination of the Undamped Periods. — ^The values of 
the undamped periods, in the form of their ratios to Si, are given 
in Tables IV to VII, for different values of x (^ 82 / Si) and for the 
different values of t\ Each of the tables corresponds to a 
particular value of r^. 

In these tables the quantities in parentheses are the values 
that are' obtained if we consider z to be zero, while the values 
not in parentheses are the values obtained by giving z its proper 
value, and taking account of its effect on the resultant periods. 

A comparison of the values not in parentheses with those in 
parentheses shows the amount of the error that would be made 
in this numerical case of rather large damping if z were entirely 
neglected. The effect of the z differs with the coefficient of 
coupling T and with the ratio x of the undamped periods of the 
original circuits. 

From Table IV, in which = 0.001, it is seen that the effect 
of z is inappreciable for large and for small value of x (that is, 
for values in which the original circuits are widely out of syn- 
chronism), but at rr = 1 (i.e., with the circuits synchronous) the 
effect of z in this case is to modify the computed periods by about 
1 per cent. 

From Table V, in which r® = 0.01, it is seen that at x = 0.98 
the effect of z is to modify the computed values by about 4 
per cent. In this case also, the effect of z is hardly appreciable 
for large and for small values of x. 

Table VI, with = 0.025, shows that the effect of z is to modify 
the computed periods by about 2 per cent, for x in the neighbor- 
hood of 1, with this effect decreasing toward the small values 
of X and almost inappreciable at the large values of x. 

Similarly, Table VII, for = 0.1, shows that the effect of z 
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Table IV. — Computed Values Involving Damping Constants and Un- 
damped Periods in the General Case with Various Values of x = S2/S1. 
Given 5i = O.Stt, aaSi = O.Itt and = 0.001 


Values in parentheses are values obtained by regarding 2 as negligible. 


a; = Si/ Si 

a'Si/ir 

a"<Si/7r 

S'/Si 

S"/Si 

0.76923 

0.3000 

0.1004 

1.0007 (1.0009) 

0.7683 (0.7682) 

0.8333'> 

0.2999 

0.1005 

1.0006 (1.0010) 

0.8324 (0.8320) 

0.90909 

0.2980 

0.1024 

1.0007 (1.0022) 

0.9080 (0.9066) 

0.95238 

0.2969 

0.1035 

1.0005 (1.0046) 

0.9514 (0.9476) 

i 0.96154 

0.2966 

0.1038 

1.0001 (1.0053) 

0.9609 (0.9559) 

0.97087 

0.2966 

0.1039 

1.0000 (1.0067) 

0.9705 (0.9639) 

0.98039 

0.2966 

0.1039 

0.9992 (1.0083) 

0.9807 (0.9718) 

0.99010 

0.2966 

0.1038 

1.0003 (1.0114) 

0.9893 (0.9784) 

i 1.00 

0.1039 

0.2965 

0.9987 (1.0038) 

0.9972 (0.9938) 

1.01 

0.1037 

0.2967 

1.0072 (1.0104) 

1.0023 (0.9977) 

1.02 

0.1034 

0.2970 

1.0136 (1.0160) 

1.0059 (1.0037) 

; 1.03 

0.1030 

0.2974 

1.0199 (1.0218) 

1.0096 (1.0079) 

isl' 1.04 

0.1029 

0.2978 

1.0270 (1.0285) 

1.0136 (1.0128) 

1, 1.05 

0.1025 

9.2981 

1.0332 (1.0343) 

1.0163, a . 0154^ 

1.10 

0.1007 

0.2997 

1.1014 (1.1025) 

0.9982 (0.9973) 

^ 1.20 

0.0994 

0.3010 

1.2013 (1.2014) 

0.9986 (0.9983) 

1 1-30 

0.0990 

0.3014 

1.3009 (1.3009) 

0.9988 (0.9987) 

|: 

Table V. — Same as Table IV, Except That 

' = 0.01 

a; “ Si/ Si 

a' S i/tt 

a"Si/ir 

S'/Si 

S^'/Si 

1 , 0.76923 

0.2900 

0.1141 

1.0052 (1.0077) 

0.7614 (0.7610) 

;■ 1 0.83333 

0.2857 

0.1183 

1.0071 (1.0105) 

0.8233 (0.8205) 

0.90909 

0.2705 

0.1336 

1.0089 (1.0194) 

0.8966 (0.8874) 

, 0.95238 

0.2532 

0.1508 

1.0087 (1.0294) 

0.9395 (0.9205) 

! 0.96154 

0.2472 

0.1569 

1.0073 (1.0322) 

0.9499 (0.9270) 

^ 0.97087 

0.2404 

0.1637 

1.0065 (1.0307) 

0.9599 (0.9327) 

■ 0.98039 

0.2116 

0. 1925 

0.9960 (1.0395) 

0.9795 (0.9386) 

0.99010 

0.1923 

0.2118 

0.9925 (1.0439) 

0.9925 (0.9437) 

; ' 1.00 

0.1672 

0.2368 

1.0121 (1.0489) 

0.9831 (0.9487) 

i 1.01 

0.1520 

0.2520 

r .0260 (1.0644) 

0.9794 (0.9532) 

;; 1.02 

0.1443 

0.2598 

1.0363 (1.0604) 

0.9793 (0.9572) 

I- 1.03 

0.1370 

0.2670 

1.0470 (1.0667) 

0.9788 (0.9607) 

1 1.04 

0.1340 

0.2701 

1.0559 (1.0716) 

0.9801 (0.9668) 

i : 1.05 

0.1279 

0.2762 

1.0666 (1.0808) 

0.9796 (0.9666) 

i Tiii 1.10 

0.1134 

0.2907 

1.1152 (1.1212) 

0.9815 (0.9762) 

1 1.20 

0.1037 

0.3003 

1.2094 (1.2109) 

0.9879 (0.9867) 

■ ;J 1.30 

0.1006 

0.3031 

1.3086 (1.3091) 

0.9884 (0.9881) 
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Table VI. — Same as Table IV, Except That = 0.026 


11 

a'Si/r 

a'^Si/v 

S'/Si 

S'VSi 

0.76923 

0.2766 

0.1336 

1.0079 (1.0168) 

0.7538 (0.7470) 

0.83333 

0.2653 

0.1450 

1.0175 (1.0242) 

0.8087 (0.7983) 

0.90909 

0.2386 

0.1716 

1.0263 (1.0404) 

0.8747 (0.8630) 

0.95238 

0.2142 

0.1960 

1.0358 (1.0542) 

0.9080 (0.8920) 

0.96154 

0.2051 

0.2051 

1.0399 (1.0579) 

0.9154 (0.8975) 

0.97087 

0.1969 

0.2123 

1.0422 (1.0619) 

0.9198 (0.9028) 

0.98039 

0.1892 

0.2210 

1.0464 (1.0651) 

0.9252 (0.9068) 

0.99010 

0.1802 

0.2300 

1.0512 (1.0711) 

0.9293 (0.9128) 

1.00 

0.1719 

0.2383 

1.0573 (1.0762) 

0.9339 (0.9176) 

1.01 

0.1640 

0.2463 

1.0639 (1.0818) 

0.9375 (0.9219) 

1.02 

0.1570 

0.2532 

1.0708 (1.0876) 

0.9405 (0.9260) 

1.03 . 

0.1488 

0.2615 

1.0787 (1.0937) 

0.9429 (0.9298) 

1.04 

0.1449 

0.2653 

1.0861 (1.1014) 

0.9457 (0.9346) 

1.05 

0.1399 

0.2704 

1.0941 (1.1069) 

0.9477 (0.9367) 

1.10 

0.1222 

0.2881 

1.1362 (1.1437) 

0.9559 (0.9465) 

1.20 

0.1070 

0.3033 

1.2265 (1.2291) 

0.9662 (0.9642) 

1.30 

.0.1019 

0.3084 

1.3208 (1.3217) 

0.0719 (0.9713) 


Table VII.— 

Same as Table IV, Except That = 0. 1 

X Si/ Si 

a'Si/ir 

a" Sx/v 

S'/Si 

S'VSi 

0.76923 

0.2346 

0.2098 

1.0481 (1.0552) 

0.6963 (0.6916) 

0.83333 

0.2139 

0.2304 

1.0570 (1.0732) 

0.7502 (0.7262) 

0.90909 

0.1855 

0.2589 

1.0917 (1.1013) 

0.7901 (0.7833) 

0.95238 

0.1688 

0.2756 

1.1116 (1.1218) 

0.8128 (0.8052) 

0.96154 

0.1655 

0.2790 

1.1162 (1.1263) 

0.8172 (0.8099) 

0.97087 

0.1620 

0.2824 

1.1213 (1.1312) 

0.8214 (0.8142) 

0.98039 

0.1586 

0.2858 

1.1266 (1.1363) 

0.8256 (0.8186) 

0.99010 

0.1552 

0.2892 

1.1322 (1.1417) 

0.8297 (0.8227) 

1.00 

0.1519 

0.2926 

1.1381 (1.1473) 

0.8336 (0.8269) 

1.01 

0.1485 

0,2960 

1.1441 (1.1531) 

0.8375 (0.8310) 

1.02 

0.1455 

0.2990 

1.1504 (1.1591) 

0.8412 (0.8349) 

1.03 

0.1424 

0.3020 

1.1569 (1.1653) 

0.8447 (0.8386) 

1.04 

0.1395 

0.3049 

1.1633 (1.1715) 

0.8481 (0.8423) 

1.05 

0.1376 

0.3068 

1.1701 (1.1779) 

0.8514 (0.8457) 

1.10 

0.1250 

0.3195 

1.2045 (1.2106) 

0.8643 (0.8599) 

1.20 

0.1127 

0.3317 

1.2847 (1.2875) 

0.8863 (0.8836) 

1.30 

0.1020 

0.3424 

1.3702 (1.3718) 

0.9001 (0.8991) 
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on the periods is small for large values of x. The effect of z is 
about 1 per cent, on computed periods for values of x between 
about 0.95 and 1.02. For small values of xthe effect of 2 is smaller 
than in the neighborhood of a; = 1, but is still considerable for 
the smallest value of x used in the computations. 

It will be interesting to compare the effect of Zj which is the 
effect of the damping constants, on the resultant undamped 
periods S' and S", with the effect of the damping constants on 
the original periods Ti and T 2 of the circuits if not coupled. 

Let us note that for any oscillatory single circuit the undamped 
period and the free period have respectively the values 

= 27^/^2, T = 2t/w = (124) 

whence 

I = Vl - = Vl - a^sy4:ir^ = Vl - aV4^ (125) 

= 1 — approximately 

Using the values of di pertaining to this numerical example 
(O.Stt), we have 

= 1 - 0.011, 

while if were zero Si would be equal to Ti, so that the effect 
of the damping in this circuit alone is to modify its period by 
about 1 per cent. For the other circuit with the decrement ^ 2 , 
which is smaller, the effect would be less. 

It appears, therefore, that in the coupled system, the effect of 
the decrements in modifying the periods is as much as four times 
as great as with a single circuit standing alone (compare Table 
V). 

Let us rrfer now to the curves of Figs. 7 to 10. In these 
curves S' /Si and S"/Si are plotted as ordinates and x ( = 
is plotted as abscissas. We have adhered to the convention that 
of the two quantities S' and S"j the greater shall be designated 
S'. In Figs. 7 and 8, for = 0.001 and = 0.01 respectively, 
the curves consist of two lines that cross; and the upper part of 
each of these lines has been designated S' /Si and the lower part 
S"/Si to conform to the convention that S'>S". In Figs. 
9 and 10, which are for 0.025 and = 0.01 respectively, the 
two curves do not cross or touch, and the curves for >SV>Siand 
S"/Si are widely separated. The curves in these cases of the 
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larger coefficients of coupling are very similar in character to the 
corresponding period curves in which the resistances were con- 
sidered to be zero, as in the dotted curves of Fig. 8. The values 
in the present cases, as given in Tables VI and VII, in which the 
decrements are rather large, differ by as much as 2 per cent, 
from the values obtained by neglecting the resistances. 

A criterion can be obtained theoretically that will determine 
in any particular case whether the curves of S' and S" meet, as in 
Figs. 7 and 8, or do not meet, as in Figs. 9 and 10, but this in- 
vestigation is here omitted. 

129. Examination of Damping Constants. — Tables IV to VII 
contain values of a'Si/Tr and a"Si/Tr for various values of x 
( = 82 / 81 ) and for four values of r^, as indicated in the headings 
to the tables. Here, as always, a' is the damping constant in 
the coupled system belonging to the undamped period 8 '^ which 
is the larger of the resultant undamped periods, and a" is the 
damping constant in the coupled system belonging to /S", which 
is the smaller of the resultant undamped periods. 

Curves corresponding to these damping constants are plotted in 
Figs. 11 to 14, with x as abscissae, and with a'Si/'K and a'^Si/w as 
ordinates. 

In Fig. 11, which is for the case of = 0.001, it is seen that 
for a range of x extending nearly up to a; = 1, is approxi- 

mately equal to 0.3 (which is the value of aiASi/7r = di/ir = 0.3 in 
this numerical case). The same quantity is approximately 
equal to 0.1 (that is, approximately equal to a2Si/7r) for a range 
of X extending from x = 1 on up to the largest value of x given. 
The curve of a"Si/T does the same thing over a reversed pair 
of ranges. 

We may express this result as follows: 

In this special case of = 0.001, we see that 
L If X < 0.99, 

a' = ai and a" = a 2 , approximately^ 

11. Ifx > 1 , 

a' = a 2 and a'' = ai, approximately, 

III. Between x = 0.99 and x = 1, a' and a" undergo transition, 

IV. Atx — 0.995 the damping constants a' and a" are equal. 

These simple relations are incident to the looseness of the coupling 
in this case. 

The curves of Fig. 12 show that with the larger coefficient of 
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coupling (with = 0.01) the region of transition is spread out so 
that it embraces practically the whole plotted range of x. The 
intersection point in this case is at about x = 0.987. 

With still larger coefficients of coupling (with = 0.025 and 
= 0.1), the curves of Figs. 13 and 14 show that the inter- 
secting points are still further shifted toward the smaller values of 
X. These points appear at rc = 0.961 and x = 0.805 respectively, 
as has been previously determined. 

m. THE LOOSE COUPLED SYSTEM 

130. Determination of the Oscillation Constants Whenr = 0. 

We can best obtain the result in this case by letting = 0 in 
the original fourth degree equation (10), which then factors into 

“j~ 2iCLik -f" = 0, or 

k^ -|“ 2(i2k -j-* Qi2^ = 0, 

whence replacing either 12^ by + co^, we have 
k^ + 2aik + ai^ = — coi^, or 
k^ ~f“ “I- = — 032^^ 

Extracting the square roots we have 

k — —di ± or 
k ~ — <22 i jo)2- 

From the definitions of k given in (20) we see that 

a' = ai, or d 2 , a" = a2, or di (126) 

cc' = wi, orco2, co" =co2, or o;i (127) 

By a combination of these equations we obtain also 

>8 ' = aSi, or ^2, >8 " = a 82, or a 8 i (128) 

The ambiguity of these values can be removed by use of the 
convention that a 8' is greater than >8", so that 

if Si > >82, a' = di, co' = coi, aS' = a8i 
a" = a2, co" = C02, a8" == A82 

if a8i < A82, a' = a2, co' = C 02 , a8' = A82 
== di, co" = coi, a8" = a8i 


(129) 

(130) 


while 
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For convenience we may also here write the values of the 
periods and wavelengths, as follows; 

if Si > S 2 , r = Ti, T" = T 2 , - Xi, X" = X 2 (131) 

while 

if Si < S 2 , r = T 2 , T" = Ti, X' - X 2 , X" = Xi (132) 

Equations (129) to (132) give the values of the oscillation con- 
stants of the coupled system in terms of the values of the constants 
of the system not coupled, provided is effectually zero. 

The next Chapter will treat of the amplitudes in the system 
of two magnetically coupled circuits. 


CHAPTER X 


AMPLITUDE AND MEAN SQUARE CURRENT IN THE 
INDUCTIVELY COUPLED SYSTEM OF TWO CIRCUITS 

131. Continuatioa of Preceding Chapter. — In the preceding 
chapter the discussion was confined mainly to the periods and 
damping constants of the coupled system of two circuits related 
as shown in Fig. 1 of Chapter IX. 

However, in equations (15) and (16) we have given the general 
expressions for the currents ii and in the two circuits respec- 
tively in the form 

ii 

We have found that the four k^s, ki, fcs, h and ^ 4 , are the four 
roots of a fourth degree algebraic equation, (19) Chapter IX, 
and that these roots may be written as two pairs of conjugate 
imaginary quantities as follows: 

ki = —a' +iw', kz = -a" + jco", 

kz — '—a' —joo'j ^4 = '“Ct" — jo;". 

In the preceding chapter the discussion of these roots was 
entered into at length. We propose now to return to the matter 
of the amplitudes of the primary and secondary currents, for 
two sets of initial conditions based on two modes of exciting the 
oscillation. These two methods are first, Excitation by Discharg-- 
ing the Primary Condenser and, second, Excitation by Discharging 
the Primary Inductance. These titles will constitute the major 
headings of the material of the present Chapter. 

EXCITATION BY DISCHARGING THE PRIMARY CONDENSER 

132. Initial Conditions with Ci Initially Charged and Allowed 
to Discharge. — If the primary condenser Ci is supposed to be 
initially charged with a quantity of electricity Qi, while the 
secondary condenser is initially uncharged, and if the currents 
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where n = 1, 2, 3, 4 


( 1 ) 

( 2 ) 
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If we next take equation ( 6 ), and divide it by kn, we shall have 
four equations, corresponding respectively to n = 1, 2, 3, and 4. 
If now we add these four equations, we obtain 

i 

tv n iVn C / 1 A/71 tl>n 

which in view of (5) and (10) reduces to 


LiQi - CiRr^Qx + ^ 


0 . 


This, by transposition, gives 


2p = Ci^Ri^Qi - LtC.Qt 


( 12 ) 


A corresponding treatment of the four equations compre' 
hended in equation (7) gives 

-,Bt> 


2p = MCiQi 


(13) 


134. Summary of These Results. — With excitation of the 
system by discharging the primary condenser initially charged 
with a quantity Qi of electricity, the four -4^s and the four jB^s 


were found to satisfy the following group 

of equations 

1 ! 

o 

SB, = 0 

An ^ 


V = 

tv n 

0 

II 

1 

= - C^R^Q^, 

0 

II 

2^3 = Ci^Ri^Qi - L^CiQr, 

2 g = MC,Q, 

136. Determination of the Values of Bi, B 2 , B 3 , and 


(H) 


The values of the several B’s may be determined by solving the 
four simultaneous B-equations of (14). Bi is thus found to be 
given by the determinant equations 


Bi 


1 1 

J. 

ki hi 
1 1 


1 1 

J. JL 

kz ^4 
1 1 


ki^ kz^ fc4^i 

Ji J. J: JLI 

ki^ ki^ ks^ k/ 


= -MCiQi 


1 

ki 

1 


1 

kz 

1 


1 

1 

k, 

1 


ki^ kz^ kA 


( 15 ) 
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Subtracting the first column of the left-hand determinant from 
each of the other columns, and casting out the first row and 


ki 

kP 

_1_ 

ki^ 


column, we obtain 





Bi 

1 _ 

1 

JL _ 

1 

1 


ko 

ki 

kz 

ki 

^4 


1 

1 

1 

1 

1 




kz^ 




1 _ 

1 

1 _ 

1 

1 


^2^ 

kP 

kz^ 

ki^ 

k^ 

Factoring we obtain 





r> /I 1 \ /I 

1 \ 

/I 

1 \ 



(fc2 kj (fcs ■ 

k) 

(fc4 

'k)^ 




L+L 


L + L 

kz ki 


L + 


+ 


J_ + J_ 


+ ■ 


Jczkl k-p 


1 

1 

ki 

2 

ki 


fci 


(16) 


2 kiki + 


The determinant of this last expression may be simplified 
by subtracting 1/ki times the second row from the third row, 
and l/ki times the first row from the second, giving for the determi- 
nant factor alone 

1 1 1 

L 1- L 

^2 kz k 4 

_L i_ Jl. 

^ 2 ^ kz^ 


This determinant is to be multiplied by the factors before the 
multiplication sign in (16) and equated to the right-hand side 
of (15), and gives as the resultant equation 


^ ikf(72Ql^l^^2^3^4 

^ ~ {ki — k2){ki — fcsXfci — ki) 

In a similar manner we may obtain 

n MC 2,0. 4, 

^ (^2 — ki)(k2 — kz)(k2 — k^ 

P ^MC2Q\k?^k'Jc2k4, 

* (*3 - ki){kz - k2){h2 - ki) 

n _ MC^Qiki^k-JCikz 

. {hi- ki){ki - k2){ki - fcs) 


(17) 

(18) 

(19) 

( 20 ) 
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Here it is seen that with the given set of initial conditions 
the jB’s are completely determined in terms of the values of the 
ft's. The values of ^i, A 2 , A^, and .4.4, can be obtained from 
the corresponding values of the B’s by use of the equations (7). 
We shall, however, not write out the values of the but 
shall continue an investigation of the 

136. Determination of 12 in Trigonometric Form. — If now 
we introduce into the equation for Bi the value immediately 
following equation (2), of the ft's in terms of a's and cu's, and if we 
write, as usual, 

4 . ^ ^//2 + ^// 2 ^ 

we obtain 


JSx = -MC2Q1 

r 0'20"2(~a' + 

12WW' - a' + 7V - co'OHa" ~ a' 


f] 


L2jco'{a" - a' + i(co' - co'T}>" - a' + + co")}- 

Now recalling that a complex quantity may be written in 
the exponential form, with the type 

X+jy= 

and letting 

MC^QiQ'^Q"^ 


H = 
and 


VUa" - ay + [o>' - - a'y + {0=' + 




= 2tan“'^ 


Cl)' co' 

j — tan“i 

rt' rt" 


— a 


CO" , co' + co" 


— — tan~ 


we obtain 


Bi = 


2 >' 


^<pi. 


(22) 


(23) 


(23a) 


If now we treat in the same way, we shall find that £2 

differs from B^ only in that the co' has a different sign. It 
will be seen that this changes the sign of the <pij and also changes 
the sign of the whole quantity, since co' enters as a divisor. 
That is, 


JS 2 = + 


2jco' " 


(24) 


^ TJp to here this chapter follows more or less closely P. Drude, Ann. d. 
Phys., 25, p. 512, 1908. At this point I depart from Drude to avoid an error 
he makes in that on p. 531 in taking a time derivative of his equation (51) 
he overlooks the fact that B is a function of the time. The same error is 
made by Bjerknes before Drude and persists through much of the literature. 
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. A similar treatment of Bs and gives 

^ (26) 

in which 

, Co" , Co' - 0)" , 6)' + co" 

= 2 tan“^ 77 — tan”i + tan“i -77 7 (27) 

— a a — a a — a ^ 

If now we introduce these quantities into equation (2) for 

^ 2 , we shall have 

r — g— y(w'i+(pi) 1 

= j 


2i 

1 

y( 


1 2j 


This equation becomes in trigonometric form 

— 77o'2 //o"2 

= sin (co'^ + ^ 1 ) ~ sin (o)"« + ^ 2 ) (29) 

CO CO 

where H, ^ 1 , and ^2 are defined in equations (22), (23), and (27). 

Equation (29) gives the exact value of the currevt i^ in the secondary 
circuit of the coupled system produced by the discharge of the con- 
denser Cl in the primary circuit. The condenser Ci was initially 
charged with a quantity of electricity Qi. 

137. Integral Effect in Secondary Circuit. — If the secondary 
circuit contains a hot-wire ammeter or other instrument that is 
affected proportionally to the square of the current, it becomes 
important to obtain the value of the time integral of the square 
of the current extended over the time of one complete discharge. 
If we call this integral /, then by direct integration of the square 
of (29), we obtain 

/ =f“i2‘^dt 


= ^ * — I ^ 

Uco'V ^ 4co"V' 

+ 4^2 cos ( 2^1 - tan 

+ |;y 75 cos { 2 <p 2 - tan-1— 


Term No. 
( 1 ) 




COS -tan 1-^^-,—— j 


"" L V(a' + a"y + ("' - 

i(<.x + <^2-tan ir(^qr^)j 

A- a"y+ W + <^''y 


(5) (30) 
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The terms of this equation are numbered for future reference. 

Equation (30) is exact. It gives the integral of the square of the 
secondary current produced by the discharge of a condenser in the 
primary circuit, in terms of the resultant damping constants and 
angular velocities. 

We shall next abandon strict accuracy and see how to replace 
equation (30) by an approximation suitable for calculation in 
certain important cases. 

138. Approximate Treatment of the Integral Effect with 
Neglect of a^ in Comparison with — As an approximation 
to the value of J, let us first neglect all of the squares of the a’s 
and the product of two a’s in comparison with the squares of the 
co's or in comparison with the product of two co^s, except where 
there appears differences of the squares of the oj’s. 

The term marked (1), within the brace of (30), is of the order 
ajV2a. The coefficients, within the brace, of the trigonometric 
quantities that occur in the other terms have order as follows: 


Table of Order of Coefficients of the Trigonometric Quantities in Various 

Terms of (30) 


Term No. 

Order 

Order relative to the order 
of term (1) 

(2) 

co/i 

(Xf2oi3 

(3) 

«/4 

af2co 

(4) 

cJ‘/2a'- 

1 

(5) 

cof2 

a/co 


We shall next examine the trigonometric quantities by which 
these coefficients are to be multiplied. 

Let us call the trigonometric quantities in terms (2), (3), (4), 
and (5) respectively, F 2 , Fz, F 4 , and Fs. In these trigonometric 
quantities we shall expand the antitangents of those quantities 
known to be large (that is, of the order of co/a) by the well known 
formula 

tan-i = . ■wliere x^>l (31) 

and shall neglect terms of the order of in comparison with 
a/co. 

1 In the extreme case in which (co' — co")^ happens to be negligible in 
comparison with 2 (a' a")^. To cover all contingencies we estimate its 

order as large as it can ever be. 
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This gives 
F2 == sinj^: 

Fz = sinj^: 


2 tan”^ 
2tan""^ 




CO 


// 


2(a" - o') 


o" — o' 
a>' — £<)'' 


(o' a;' + 03 

3o" , 2(fl" - o') 


]■ 


0 '^ '6a" 2{a" - a')l 
a' co" co' + co" j' 

„ r2a' 2a" , 2 (a" — a') . 1 1 

F4 = — cos —r 77-+ - TT “ tan-^ T-TT— 1 7\ ' 

Loj' O)'" co' + 6}" -(a" + a')j 

' co"J‘ 


— sinj^: 


2 tan" 


a" — a' co' + co' 


a' + a" 2 ^ 2 a' 

co' 


Let us now continue our omission of squares or higher powers 
of a/o) in comparison with unity, and expand the above expres- 
sions, with replacement of sin (u/co) by a/co and cos (a/co) by unity. 
This process gives 

rr • Tox 1^' — co"l \‘ 6 a' , 2 (a" — a')l 

P2 = sin 2 tan“^ ~77 > — — H j-r — ~ 

L a — a J L CO co + co J 

F. - -\K- 

L a — a J L CO co + co J 


F,= 


>[ 


cos tan' 




-(a" + aO- 

r2a' 2 a" , 2 (a" - o')-] . fx , “ w" 1 

-7 77 + 7 -: — TT sia tan-^ — k h 

Lctf' CO co' + co" J L — (a" + a')J 




= — sin^; 


2 tan" 


CO 

co' 


a 


+ 


r2a' , 2a" a' + a"n fox i co"l 
L co' co" co' + co"J L a" — a'J 


The cosine terms in the expressions for F^, Fz, and F^ have as 
multipliers quantities of the order of a/co, and since the coeflS- 
cients by which these jP's are to be multiplied in forming J (see 
Table of Coefficients) are of the relative order of a/co, these cosine 
terms will be neglected leaving 


— F^ = F z = 2^2 


sin (2 tan" 


a ~ a 


7) 


2(a" - a')(co' - co") 
(a" - a')2 + (co' - co")2 


10 


(32) 
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The remaining F, Ft, writlen out by the fortnulnn for flu- .sine 
and cosine of an antitangtuit, gives 

CZa' 2a" , 2{n" - a', 


a" + a' 




2a" 2in" 
u" u>' + w' 


iw' ~ w") 


a" + tt' 


0)"} j2(rtV'= 




(321 


■v/ (a" + a')“ + (w' — w"j' 

W + co") 

■s/ia" + a'F + (w' — «"j“ 

If now we introduce those acworal results into (31); and at the 
same time replace the fi’s by co’s, we olduin 

'Irfifs Nn. 

(J) 

(21 

(3) m) 


n 


./'2 


J ^ EH 


03 

■,4o' ■'“4a" 


+ 


^")"r (a'^- a')(w' - O 
2(6)' + a)")L(a" - (•?)“ + («' - <»'’>'■ 


co'6)"(a" + aO - 2iaW'- 




u/ *1“ 


where 


J 

H 


{a" + a'Y^ + iJ 

X 09 




(o)^ + \/ 4“ (caJ^ 


'' 1 1 


ff % 

6) ; 


(3r>) 


Equation (34) /or / given the integral of the nqtmre of the Hi mmlary 
current for a complete discharge umler the. condition that the square 
of each of the damping comtanin a in negligible in amiparimm mih 
the square of the angular velocities w. No other approximatim 
has been made. The result is in terms of the damping constants 
and angular velocities of the coupled system. 

139. Value of the Integral of the Square of the Secondary 
Current for Two Circuits oi Small Damping, N early in Resonance 
and Very Loosely Coupled. — Under the oomiitions given in this 
caption, the expression for the time integral of the square of 
the current in the secondary circuit nnluces to a simple form. 
Assumptions are to be made as follows; 

Assumption I . — The damping constants are Mujjposf'd to la* m 
small that their squares are negligible in cftnipiiriscm with the 
squares of the angular velocities. This assumption is fulfilled 
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by circuits even when the damping constants are large enough 
to cut the amplitude of current to one-half in one oscillation. 
The introduction of this assumption permits the use of equation 
(34) for J. 

Assumption II. — The coefficient of coupling is supposed to be 
so small that we may with close approximation take 

a' = ai, a" = a^j co' = coi, ct)" = ojs 

a' = ai, a" — ai, co' = 0 ) 2 , = ^1 

as in equations (129) and (130), Chapter IX. 

Assumption III. — The two circuits are assumed to be nearly 
in resonance so that 0^2 is nearly equal to cui, and, except in 
difference terms we shall replace coi^, and coia ?2 by a common 
quantity Also we shall assume 

C 02 coi < < 2co (37) 



Referring now to equation (34) it is seen that these assumptions 
make the term marked “Term No. (2) ’’ negligible in comparison 
with the term No. (1), since the quantity in the square bracket 
in No. (2) cannot be greater than 3-'^. 

Also it is seen that in Term No. (3) the term in the numerator 
subtracted from co'w" (a" + o^') is negligible. 

In the remaining terms, making the substitutions called for 
in Assumption II, we obtain from (34) the following simplified 
approximate value of J: 

T = 4-1 4(ai + a2) 

4 Oi a*i {o,\ + (oji — 0 ^ 2 )^ 

where 

H MCxQio^^ 

2'\/(a2 — Ui)^ + (wi — 0^2)^ 

Equation (38) reduces to 

J — -b <^ 2 ) f (ai — + (g^i — 002)^ 1 

4aiU2 (ai “f- ^ 2 )^ “f" (wi — ^ 2 )^ 

Substituting for its value from (39), we obtain 


(38) 

(39) 

(40) 


J = 


16aia2 


Cbi -f" <^2 

(ai + a 2 )^ + (coi — 0)2)^ 


Equation (41) gives the value of J {which is defined as 



( 41 ) 
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in the case of a secondary circuit very loosely coupled to a primary 
circuity when the condenser in the primary is charged with a quantity 
of electricity Q\ and allowed to discharge. The two circuits are 
supposed to have damping constants whose squares are negligible 
in comparison with the squares of the angular velocities^ and the 
circuits are supposed to be not more than 5 or 10 per cent, out of 
resonance. 

The next section shows a method of using (41) to obtain the decre- 
ment of an unknown circuit. 

140. Determination of the Decrement of an Unknown Circuit 
by Measuring the Integral Square Current in .a Secondary 
Circuit Loosely Coupled with the Unknown Circuit. — One of the 
usual methods of measuring the logarithmic decrement di of an 
oscillatory circuit is repeatedly to charge and discharge- the con- 



Wave Meter 



Fig. 1. — For determining decrement of circuit I. Circuit II is a wavemeter 
with variable condenser ( 72 , and a current-measuring instrument at A. 


denser Ci (Fig. 1), or inductance Li of the given circuit, and 
to make wavelength measurements and integral square current 
measurements in a loosely coupled standard secondary circuit 
(II) of small decrement The standard circuit is usually a 
wavemeter, or, if calibrated to read directly in decrements, a 
decremeter. 

The approximate formulas for obtaining decrements by this 
method are derivable from (41). If we call the value of J when 
C 02 = wi the resonant value of J, indicated by Jr, we have from (41) 

16 aia 2 (ai + 


( 42 ) 


Chap. X] AMPLITUDE, MEAN SQUARE CURRENT 149 


By dividing (41) by (42), we obtain 

y = = (ai + gg)^ 

Jr (di + a 2 )^ + (coi — 002)^ 

1 


Let us now recall that 


(ai + d2)‘ 


1 — — 


di = a^T^ = 

and at the same frequency 

d, = a,T^ = 

also 

0J2/W1 = Xr/X, where 

\r == the wavelength setting of the wavemeter at resonance, 
X = its wavelength setting for the reading J. 

In terms of these quantities equation (43) becomes 


whence 


di d2 = i 


{di + (^ 2 ) 

t‘-r) 


tIi - — 

M X 


27r 1 - 


in which that sign before the radical is to be taken that makes 
di + ^2 positive. 

A simple way of applying the formula is as follows: Plot a 
resonance curve of J against X, as is illustrated in Fig. 2. Then 
if we take the two values of X (Xa and ^ say) that give the same 
value of J, and call 

Xa - X& = AX (45) 

we shall have from (44) 

2^^ { 1 - ^} 

di + d, = + 


di d2 == — ■ 
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whence by addition and division ])y 2, 


di + d‘i 


IK K 1 
’'lx,, XJ 



and since KK = Xr^ approximately, we may write 
^ j ttAX I J 

di + ri2 — ^ _ j (4fi) 

That is, to obtain di + 4, we take the width AX of the reHonance 
curve, Fig. 2, in meters wavelength at any height J, dimded by the 
resonant wavelength \r in meters and multiply by tt and by the 
square root of J/ {Jr — J)- 



Fig. 2. — IlluHtrating uqimtlfiri (41)). 


This formula is particularly easy to apply at the point where 
J = Jr/2, for the formula then becorneH 

dy + d, = 

where AXj = the difference of the two wavehmgths that give 
J one-half of its resonance value. 

EXCITATION BY DISCHARGING THE PRIMARY INDUCTANCE 
141. Initial Conditions When the Current is Produced by 
e ischarge of an Inductance in the Primary Circuit, — -As 
as een pointed out in Chapter 11, it is the practice in ma.jQiy 
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electrical measurements and in some small transmitting stations 
to excite the current oscillations by isolating a current in the 
primary inductance and allowing the current to subside. We 
have referred to this method of excitation as excitation by the 
discharge of an inductance. 

The discharge of the inductance is effected in practice by the 
use of an electromagnetically driven interrupter as shown at 
J in Fig. 3, where is illustrated a coupled system operated in 
this way 

A current from the battery B is sent through the inductance 
Li, and when this current has a certain value Ii, which is prac- 
tically steady, the feed current is opened at J, 

We have then the initial conditions 


when t = 0, ii = 1 1 , 

Primary 


12 = 0 
92 = 0 


(48) 




91 a * J 

I 




p 


Secoadary 


Llj< 


liJ 


M 


JFig. 3. 

These conditions, so far as they pertain to a single circuit 
are discussed in Chapter II. 

With these initial conditions, we are now to determine the 
values of An and Bn in the equations 

ii = SA „€*"*, 

By integration of (49) we obtain 


(49) 


= S 


A-n^ 


» 92 = 2 




(50) 


(51) 


Now introducing the initial conditions (48) we obtain 
= h, = 0 

XAn/kn = - ClBlh, XBn/hr. = 0 

142. Manipulation of the Initial Conditions. — To obtain 
further relations concerning A and B, we shall make use of the 
equations (6) and (7). If in (7) we make n successively 1, 2, 3, 4, 
we obtain four equations, which added together give 

UXB. + i 2 ft = MXA,. 
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This equation, by (51), reduces to 

S = MC,h (52) 

rZn 

which is a new equation in terms of 
Let us now take equation (6), multiply each term by fcn, and 
sum up for the four fc’s; and let us perform a similar operation 
on (7). These two operations yield 

= MXBnk^, 

and 

1 r> 

Ij‘{2jBnk.n H~’ R^'^Bn "i" "TT ^ 'TT ~ M^AfJCn* 

C 2 


By (51) these two equations reduce to 

LlSAX = MlBnkn, Ul^Bnkn = M'ZAn'kn (53) 
Solving the two equations of (53) as simultaneous, we obtain 
'LBnkn = 0, SAnfc. = 0 (54) 

Collecting results, so far as concerns B, we have 

'ZBnkn = 0, SJ5n = 0, = 0, 'EBn/kJ = MC 2 I 1 (55) 

It will not be necessar^^ to go through the detail of solving 
these four simultaneous equations, as we can obtain the result 
by a direct comparison of these equations (55) with the corres- 
ponding equations (14) obtained with the condenser-discharge 
method of excitation. If in (55) welet^i = Yi/ki^B^ = ^ 2 /^ 2 , 
etc., equations (55) in terms of Yn will be of the same form as 
(14), with only the Qi of (14) replaced by Ii, 

It thus appears that if we substitute Ii for Qi in the values of 
Bn given in (17) to (20), and divide the result by kn, we shall 
get Bn of the present problem. 

This gives 

MC2liki^k2kzk^ 


Bl = 


(56) 


(^1 ~~ ^2) (^1 ~ kz ) {ki — k ^) 

The other quantities ^ 2 , B 3 , Ba can be obtained from (56) 
by advancing the subscripts of the fc^s. 

In order now to put our result into trigonometric form we may 
take the result (23) of the previous problem, multiply it by /i 
and divide it by QJcij and, since 

ki = OV' 
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obtain for the present Bi 


llHQf — 
El = - TT ^JT r € ^ 


' Sin 


-|“ <Pi — tan ^ “1“ 


On 'D ^ 

2jco ^1 

A similar treatment of the other and their combination 
to form i^, gives 

hH \ ^2' 

U' ' 

^ sin iu''t + <P 2 — tan'i 3^) | • (58) 

In this equation H, <pi and ^2 have the values given in (22), 
(23), and (27) respectively. The H that occurs in (58) is taken 
from the case of condenser-discharge method of excitation and 
contains Qi, but this Qx is eliminated by the Qi of the denominator 
of (58), The Qi has no meaning in the present problem. 

Equation (58) gives the exact value of the current i% in the sec- 
ondary of the coupled system when the system is excited by the dis- 
charge of the primary inductance originally traversed by a current 
Ii. The amplitudes are seen to be absolutely and relatively differ- 
ent from the corresponding amplitudes produced by excitation 
by condenser discharge {compare (29)). The phase of the current 
components is also changed from the previous case. The Qi 
occurring in the demoninator of (58) has no meaning and is elimi- 
nated by a Qi involved in the numerator in H. 

143. Value of the Integral of the Square of the Secondary 
Current in the Coupled System Excited by the Discharge of 
the Primary Inductance. — By making suitable changes in (30) 
we obtain in this case 

j _ ipm f ^//2 

Qi^ 1 4a;' V 4:co"V' 

Q' 

4a;'2 
12 " 

4a;"2 


+ ■ 


cos ^2^1 — 3 tan~^ 


+T^o cos (2<p2 — 3 tan-i 


12 '12' 


cos 




<P 2 — tan”” + tan“^ ^ 


— a‘ 


— a 


tan-- ^ 

~-(a'+a")/ 


V(a' + a") 2 + (co' - co'O" 


cos 


Icpi 4” <^2 ““ tan ^ 4“ 

v a 


tan~ 


-tan' 


-1 ^ 


r" - (g' 4~ a")y 


4“ ^ \ 

'> a")/ 


Via! + a':y + («' + 
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This expression is exact. It gives the integral of the square of the 
secondary current of the coupled system excited by discharging the 
priirmry inductance originally traversed by a current Ii. 

If, now, we neglect the squares of the damping constants in 
comparison with the squares of the angular velocities, this 
equation, by the employment of processes similar to those used 
in deriving (35), reduces to 


ZiWM 1 1 

“ QiM 4a' ^ 4a'' 

sin (2 tan-i^^, — -^7-) 

0 00 V a — a J 

-(a,' - co") 


where 


H = 


(m' - co")^ . 

4co'( 

a'' + a' - 

“ ^ co'a3"(co' + io"y 

(a' + a"y + co"y 

MC^Qicv'W''^ 

(co' + a.")\/(a'^-^aT +"(«' “ 


(60) 

(61) 


Equation (60) gives the integral of the square of the secondary 
currentj in a coupled system^ excited by discharging the primary 
inductance originally traversed by a current /i, in case the squares 
of the damping constants are negligible in comparison with the 
squares of the angular velocities. No other approximation has 
been made. The Qi that occurs in (60) has no meaning, in this 
case, and is eliminated by the Qi occurring in H in (61). 

If next we assume the circuits very loosely coupled and assume 
that they do not depart from synchronism by more than a few 
per cent., and apply the assumptions and methods employed in 
deriving (41), we find 

r ^ M^C2^Ii^O>^ ai + a2 /.O') 

16c^iCi2 (^1 "f" ^ 2 )“ H" (^1 — ^ 2 )^ 

where, as before 

j = i^^dt. 

Equation (62) gives the value of the time integral of the square of 
the secondary current m a coupled system excited by a discharge 
of the primary inductance originally traversed by a current lu 
In obtaining this simplified result the squares of the damping con- 
stants have been neglected in comparison with the squares of the 
angular velocities, and the coefficient of coupling has been assumed 
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to he so small that the damping constants and angular velocities of 
the coupled systems are the same as these constants for the circuits 
uncoupled, as expressed in (36). Also the circuits as supposed 
to he near enough to synchronism to moke (37) applicahle. 

It is seen that the value of J divided by Jr, which is the value 
of J at resonance, reduces approximately to the same value as 
with the condenser-discharge method of excitation (compare 
(41)), so that the method of decrement measurement illustrated in 
Fig. 1 and the text of Art. 140 applies also to the inductance 
method of excitation. 


CHAPTER XI 


THEORY OF TWO COUPLED CIRCUITS UNDER THE AC- 
TION OF AN IMPRESSED SINUSOIDAL ELECTRO- 
MOTIVE FORCE 

In the treatment of two coupled circuits the discussion up to 
the present has been confined to the free oscillation that takes 
place when the system is given a charge and is allowed to dis- 
charge. It is proposed now to treat the two circuits, when one 
of them has operating within it, or upon it, a sinusoidal electro- 
motive force. ^ 



Fig. 1. — Two coupled circuits with impressed o.m.f. 


144. Form of Circuit to Which the Analysis Applies. — The 

form of circuit to which the analysis is to apply exactly is shown 
in Fig. 1, where the circuit I contains a condenser, an inductance 
and a resistance and a source of sinusoidal electromotive force, 
indicated at e. 

Coupled with the circuit I is a secondary circuit II, contain- 
ing also inductance, resistance, and capacity in series with one 
another. 

The constants of the circuits are Li, Ci, Ri for the primary, 

1 This problem without condensers in the circuits was j6xst treated by 
Maxwell, Phil Trans., 155, 1864. With condensers it was treated by 
Bedell & Crehoee, Physical Review, 1, p. 117 and p. 177, 1893 and 2, 
p. 442, 1894. See also Obbrbbck, Wied. Ann., 55, p. 623, 1895; and Pierce, 
Proc. Am. Acad., 46, p. 291, 1911. 
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and L 2 , C 2 , i ?2 for the secondary circuit. M is the mutual in- 
ductance between the two circuits. 

145. The Differential Equations. — ^Let the e.m.f. impressed 
upon the primary be 

e = cos = real part of (1) 

Taking, now, the fall of potential around each of the circuits, 
and equating it to the impressed e.m.f., we obtain the following 
differential equations involving the currents in the two circuits: 

®‘‘‘ + ® 

+ + -0 (3) 

where in equation (2), for simplicity, we have replaced. the actual 
impressed e.m.f., E cos which is a real quantity, by a complex 
quantity 

=. E{<ios (X)t + j sin cat) (4) 

The result is that the solutions that we shall now obtain will 
give complex quantities for the values of ii and 2 * 2 . Of these 
complex values of ii and ^’ 2 , the real components will be the solu- 
tion of the given problem with E cos cat as the impressed e.m.f. 

146. Nature of the Solution. — The complete solution of the 
pair of equations (2) (3) is obtained by adding the particular 
integral to the complementary function. 

The Complementary Function in ii and i 2 is the general solu- 
tion of the system (2) (3) with the right-hand side of (2) replaced 
by zero. This we have obtained in Chapter IX in the form of 
(21) and (22), Art. 101. Such a solution for ii and i^ with the 
arbitrary constants undetermined is to be a part of the solu- 
tion of our present problem. 

The Particular Integral of the pair of equations is any pair of 
values of ii and ^ 2 .that will satisfy the simultaneous equations 
(2) and (3). 

147. Determination of the Particular Integral. — It appears that 
in order to meet the term involving the exponential in jcat on 
the right-hand side of (2), we shall probably need such an ex- 
ponential in our value of ii and h- Let us try setting 

11 = 

12 = 


(5) 

( 6 ) 
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where w is specifically the cj of the impressed e.m.f., and is not 
an unknown quantity to be obtained from the constants of the 
circuits as was the k in the exponentials in kt employed in Chapters 
VIII and IX. 

To see if the assumed solutions are correct, let us substitute 
(5) and (6) in (2) and (3), obtaining 

[Ri+J (Lio) - ^) ) - jMccB] = (7) 

£>•“‘[5 {52+; (L2co - ^') } - = 0 (8) 

In these equations let us designate the Reactances of the separate 
circuits by Xi and X 2 ; that is, let 

(9) 

and 

X 2 = L^o) — (10) 

It is seen that the exponential factors of (7) and (8) divide out; 
and our assumed solutions prove to be correct provided (7) 
and (8) are satisfied. These reduce to 

(i2i+iZi)A (11) 

and 

(iJ2 + jX2)B - jMo^A - 0 (12) 

and completely determine A and as we shall soon show. 

The complex quantities Ri + jXi and R 2 + jX 2 that occur 
in (11) and (12) and, for a given impressed frequency, are con- 
stants of the Circuits I and II, and are usually designated by a 
small z with proper subscript: 

= Ri+jXi (13) 

Z2=R2+jX2 (14) 

These quantities a-re called complex impedances. 

As further abbreviations it is customary to designate the 
magnitudes of zi and by capital Zi and Z 2 defined by 

= VSTTx? (15) 

Zi = V52^ + (16). 

The quantities Zi and Z 2 are called impedances. 
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Returning now to the relations (11) and (12) between A and 
these equations in terms of Zi and Z 2 become 

ziA — jJMooB ~ Ej 
z^B ~ jMcoA = 0, 


whence 


jM(x)A 




where, as an abbreviation, 

z\ =: Zl + — — (19) 

Z2 

In terms of z\, our equations (5) and (6) become 

ia = ^ (20) 

* 1 

Since in (20) the quantity z\ occurs as a divisor of the com- 
plex e.m.f. to give the complex current, we may call z\ the 
apparent complex impedance of the primary drcmt. We may 
analyze z\ into its real and imaginary parts by replacing Zj 
and Z 2 by their values (13) and (14). Then (19) becomes 

Rationalizing the second term, we obtain 


= R'l + jX'i (say), 

where 

R'l = Ri + 


X'l = Xi 


If we should replace z'lj of equation (20) by its value as given 
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in (23), we should see that the current for the primary circuit 
would be the same as it would be if the secondary circuit were 
not present, provided the primary resistance were changed to 
R'l and the primary reactance to X\. These quantities R\ 
and Z'l are called respectively the apparent resistance and 
apparent reactance of the primary circuit. 

It may be noted that the apparent resistance is greater than 
the true resistance; but, since X 2 may be positive, negative or 
zero depending on the relative values of L^oi and C 2 a;, the ap- 
parent reactance may be greater than, equal to, or less than, the 
true reactance of the primary circuit alone. 

If now we introduce a quantity called apparent impedance^ 
indicated by Z'l, and defined by 

Z'l = VR'iHX\^ (26) ! 

and also introduce the abbreviation f 

^'1 = tan-i (27) f 

we may write (23) in the form I 

e'l = ( 28 ) : 

We are going to use this equation in determining the real 
component of ii. 1 

In like manner, for the determination of ^’ 2 , we may employ t 

Z2 = (29) ■ 

and 

j = (30) 

Substituting (28), (29) and (30) into (20) and (21), and taking ? 
the real part of the results, we obtain j 

E 

ii = ^ cos {c^t - <p\) (31) 

MooE / , / . , X2\ i; 

^2 — \ ^ ^ 1 "b ^ (32) ; 

.Equations (31) and (32) are the required particular integrals of 
the differential equations (2) and (3). All of the quantities, entering 
into these expressions are known in terms of the constants of the 
circuits and the amplitude and angular velocity of the impressed 
e,m.f, Z'l and ip\ are defined respectively hy (26) and (27). 
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148. The Complete Solution and the Steady State Solution. — 

As pointed out above, the complete solution of the given differ- 
ential equations is made up of the particular solutions (31) and 
(32) plus the values of ii and ^2 respectively given by equations 
(21) and (22) of Chapter IX. The latter are the values of the 
currents for a free oscillation of the circuits. These currents are 
doubly periodic in general with angular velocities co' and co" 
and damping constants ct' and a" determined by the constants 
of the circuits. Superposed on this doubly periodic free oscilla- 
tion, are the current values given as our particular solutions 
(31) and (32). These particular solutions have the frequency 
of the impressed e.m.f., and are hence called the forced solutions. 

After a sufficient lapse of time the free solution terms, which 
have exponential damping, subside and leave only the terms 
given in (31) and (32). These values of ii and ^2 given by (31) 
and (32) constitute the steady state values of the currents. 

We may note then that the steadystate currents have the fre- 
quency of the impressed e.m.f., and are completely given by (31) 
and (32). Whenever these equations are used as the complete 
values of the currents^ we must make sure that a sufficient time has 
elapsed after the application of the e.m.f. to permit the subsidence 
of the transient terms of the form of those obtained in Chapter IX 
as the free oscillation currents of the system. 

PARTIAL RESONANCE. MAXIMUM AMPLITUDE OF 
SECONDARY CURRENT OBTAINED BY ADJUST- 
MENT OF A SINGLE VARIABLE 

149. Attention to Secondary Current Amplitude. — We shall for 
the present confine our attention to the amplitude of the current 
in the Circuit II, which may be called the secondary circuit, 
since the e.m.f. is applied to the other circuit, Circuit I. 

Both in the case of the sending station and the receiving 
station this secondary current is important; for in the case of a 
sending station the e.m.f. is applied usually to a closed circuit 
coupled with an antenna circuit, so that the secondary circuit 
would be the antenna circuit at the sending station, and we are 
interested in knowing the current in the antenna. At the re- 
ceiving station the e.m.f. may be regarded as impressed on 
the antenna from a distant station, while coupled with the 
receiving antenna is usually a closed circuit actuating the 
detector. This closed circuit would, therefore, be a secondary 
11 
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circmt with reference to the receiving antenna, and we are interested 
in knowing the current received in this secondary circuit. 

We shall here limit the investigation to conditions for produc- 
ing a maximum amplitude of current, in a steady state, in the 
secondary circuit, Circuit II, under the action of a sinusoidal 
e.m.f. in Circuit I. 

150. Definitions of Partial Resonance Relations S and P. — 

When any single element of the system is adjusted to produce 
a maximum secondary current amplitude, while all the other 
elements are kept constant, we shall designate the condition 
as one of Partial Resonance and shall describe the adjusted mem- 
ber- as satisfying 2 i Partial Resonance Relation. 

Two partial resonance relations will now be derived, and will 
be designated S and P, where S means that the secondary is 
adjustable. P means that the primary is adjustable. 

Partial Resonance Relation P will be used to describe the 
adjustment of the primary reactance Xi that will give a maximum 
amplitude of secondary current, when all the other elements 
of the system are kept constant. The result will appear as an 
equation for the determination of Xi. 

Partial Resonance Relation S "^ill designate the adjustment 
of the Secondary reactance X 2 that will give a maximum of 
amplitude of secondary current, when all the other elements 
of the system are kept constant. 

It is evident that these two partial resonance relations are 
determined mathematically by setting severally equal to zero 
the partial derivatives of 1 2 with respect to Xi and X 2 . 

We shall now proceed to determine these partial resonance 
relations. 

161. Determination of Partial Resonance Relation S. — 

Denoting the amplitude of current in the secondary circuit by J 2 , 
we have from (32) 

1 2 - AfcoP/Z2Z'i (33) 

where 


= R2 


+ X2^ 


and 


= (j?i + ^^R^ ^ + (Xi - 


m 


Since in (33) M, cu, and E are to be considered constant, and 
since Z 2 and Z\ are both positive, we may obtain a maximum 
value of 1.2 by determining the condition for a minimum value 


I 
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of the square of the denominator of (33). With X 2 as the 
variable, this is done by setting equal to zero the derivative 
of the square of the denominator of (33) with respect to Xo. 

That is 

Expanding Z\ by (34) and multiplying by J? 2 ^ we obtain 
= Z^^Z^^ + M^CO^ + 2ikf2a,2 ~ X 1 X 2 ) (35) 

Performing the operation indicated by the equation preceding 
(35), we obtain 

0 = 2X2^12 -- 2 M^co^Xi; 

whence our required condition for a maximum amplitude of 
secondary current becomes 

^ (Partial Eesonance Relation S). (36) 

Xi Zi^ 

This equation (36) gives the value that X 2 must have in order to 
give a maximum current in the secondary circuit when all the 
quantities except X 2 are kept constant The relation (36) will 
be called Partial Resonance Relation S. 

162. Partial Resonance Relation P. — Let us now return to the 
general expression (33) for ^ 2 , and suppose that, with any arbi- 
trary fixed values of R\, R 2 , Mj co, and X 2 , it be required to 
determine what adjustment of the Primary Reactance Xi is 
necessary in order to make the secondary current a maximum. 
That is, instead of adjusting the secondary reactance X 2 we 
are going to adjust the primary reactance Xi to give the maximum 
current amplitude in the secondary circuit. 

The result in this case can be obtained by inspection, for 
Z 2 does not involve Xi, In the denominator of *(33) only Z\ 
involves Xi, and we must choose Xi to make Z'l a minimum. 
By (34) it is seen that this is attained by making the expression 
in the last parenthesis in (34) zero; that is 

^ (Partial Resonance Relation P). (37) 

Equation (37) gives Partial Resonance Relation P, which 
determines the value that Xi must have in order for the secondary 
current amplitude to be a maxium for the given fixed values of 
X 21 and Z 2 . 
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163. Note Regarding Effect of Resistances on Partial Reson- 
ance Relations P and S. — In equation (36), Zi contains Ri as one 
of its terms, while in (37) contains i ?2 as one of its terms. 
The resistances do not enter otherwise in these two expressions. 

It is to be noted then that the resistance of the secondary 
circuit has no effect in determining the adjustment that must 
be given to the secondary reactance to make the secondary 
current a maximum; and the resistance of the primary circuit 
has no effect in determining the adjustment that must be given 
to the primary reactance to make the secondary current a 
maximum. 

164. Secondary Current Under Partial Resonance Relation 

S. — Let us obtain next the current amplitude in the secondary 
circuit when the secondary reactance is adjusted to the partial 
resonance relation S, as given in (36). 

To do this let us substitute the value of Z 2 from (36) into (35) 
and extract the square root of (35) to get the denominator of 
(33). In making this substitution Z^^ of the right-hand side of 
(35) must be decomposed into + Z 2 ^, so that the may be 
replaced. When we have made this substitution we shall have 
imposed upon J 2 the condition (resonance relation S) for a maxi- 
mum; therefore we shall write the resulting value of 72 as 
[72maJs. We obtain 

[7 2max. jiS ~ 

MoiE 




-^2^ + 




which reduces to 

[72max.]-Sr ~ 


Mo)E 


R 2 Z 1 + 


MWRi 

Zi 


(38) 


Equation (38) gives the current amplitude in the secondary 
circuit, when for fixed values of the other constants of the circuits, 
X 2 is set at the value to give a maximum secondary current amplitude. 
Expressed otherwise, (38) gives the amplitude of secondary current 
under partial resonance relation S. 

166. Secondary Current Under Partial Resonance Relation P. 
In hke manner, if we substitute (37) into (33) and designate 
the resulting value of 72 by [72max.]pj obtain 

[72max.]p = TToy?©" (39) 


B1Z2 + 
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Equation (39) gives the amplitude of secondary current under 
Partial Resonance Relation P; that is, under the condition that for 
fixed values of the other constants of the circuits, Xi is set at the value 
to give maximum amplitude of secondary current 


n. THE OPTIMUM RESONANCE RELATION 

166. The Optimum Resonance Relation. — Por given values of 
certain constants of the coupled system we have found two 
different adjustments, one of the primary reactance, and the 
other of the secondary reactance, that would give a maximum 
amplitude of secondary current. In order to get the biggest 
possible current in the secondary circuit, it is apparent that we 
should, if possible, satisfy the Partial Resonance Relation S and ^ 
the Partial Resonance Relation P both at the same time. 

It is somewhat more instructive to proceed by another method 
as follows: 

‘ Equation (36) tells us what value we must give to the reactance 
Z 2 , of Circuit II, for a given Xi, Zi, E, M, and o), in order to obtain 
a maximum amplitude of current in Circuit II. 

If now we take a different set of values of these constants 
Xi, Zi, we shall require a different value of X 2 , and shall get 
a different maximum value of secondary current. We may now 
ask ourselves which of these several combinations of adjustments ’ 
will give a maximum of the maxima of secondary current 
amplitude. 

To determine this let us suppose that X 2 is always automatic- 
ally given the value that satisfies resonance relation S, so that 
(38) is kept satisfied, even as we vary Xi, and let us determine 
the value of Xi that under this condition will give a maximum 
of [l2max.]<S* 

This is attained mathematically by setting equal to zero the 
derivative of the denominator of (38) ; that is 


~ JaXi' 


Now by definition 


so 


dZi 

dXx 


— Xi/'s/Bi^ + Ai* = Xi/Zi. 


( 40 ) 
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This put into the second form of (40), gives, after multiplica- 
tion by Zi, 

0 = Xi(R2 - 

From this it follows that one or the other of the following 
equations is the condition of the required maximum of [/ 2 max.]-s; 
to wit: 

Either 
or 

We are now to decide which of these two conditions, (I) or 
(II), is correct for determining the required maximum of [/ 2 maxJ-s* 
Let us first replace Zi^ by its value + Ri^, which, sub- 
stituted into (II), gives 

- R,R,) (IF) (41) 

Equation (II') is equivalent to (II). 

Let us examine two cases. 

Case 1. Let 

M^O)^ < 

In this case the proper resonance relation is (I), for if M^o)^ is 
less than R 1 R 2 , Condition (II') makes Zi imaginary and is there- 
fore unattainable. 

Case II. Let 

> RjR2- 

By substitution of Conditions (I) and (II) severally into (38) 
we find that Condition (I) reduces the denominator of (38) to 

R 1 R 2 + = A (say); 

while Condition (II) reduces this denominator to 

2 Mcjo\/RiR 2 = B(say). 

Now jB is seen to be less than A, because twice the product 
of any two real quantities is less than the sum of their squares. 
Hence in this case Condition (II) gives a larger amplitude of 
secondary current than does (I). 

If = R 1 R 2 J Conditions (I) and (II) reduce to the same 
condition as may be seen by comparing (II') with (I). 

It thus appears that under the limitations of Case I, Condition 


Xi = 0 
R 2 ^ 

Ri Zi^ 


(I) 

(II) 
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(I) gives the largest attainable secondary current; and under the 
limitations of Case II, condition (II) gives the largest attainable 
secondary current; and, if Conditions (I) and (II) 

are both appropriate for giving the largest possible current, in 
the secondary circuit. 

These results have been attained by supposing that, while seek- 
ing the optimum condition, we have kept (36) always satisfied ; 
so (36) must be fulfilled simultaneously with (I) when (I) is 
optimum and simultaneous with (II) when (II) is optimum. 

Combining (36) with (I) and (II) in the two cases we have 
respectively the results following. 

If < RiR2 (42) 

then Xi = 0, and X 2 = 0 (43) 

gives the largest attainable amplitude of secondary current. We 
shall call this system of equations the optimum resonance rela- 
tion at deficient coupling. 

On the other hand, if 

^ (44) 

the combination of (II) with (36) gives 

as the condition for the largest attainable amplitude of secondary 
current. We shall call the system of equations (44) and (45) 
the optimum resonance relation at sufficient coupling. 

In the interest of completion of nomenclature, if 

= R^R2 (46) 

we shall call the coupling critical coupling. Either (43) or (45) 
is the optimum resonance relation at critical coupling, since both 
reduce to the form (43) as may be seen from (41). 

If (42) is fulfilledj. (43) is the condition for maximum amplitude 
of secondary current. If, on the other hand (44) is fulfilled, (45) 
gives this condition. If (46) is fulfilled, (45) and (43) reduce to 
the same value. 

157. Value of Max. Max. Secondary Current Amplitude at 
Deficient Coupling. — The case of deficient coupling is the case in 
which 


< RiR^^ 


(47) 
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Then the appropriate settings of the two circuits for the 
greatest possible amplitude of secondary current is the adjust- 
ment that makes 

Xi = 0 = X 2 ; ( 48 ) 

that is, each circuit is separately adjusted so as to make its 
undamped period equal to the period of the impressed e.m.f. 
I'rom (38) the current obtainable under these conditions is 


h 


max. max. 


MccE 

R1R2 + 


m 


If the circuits are so loosely coupled that < R^R^, then for a 
max. max. secondary current, the circuits should he tuned to satisfy 
(4^ and the current obtained at this adjustment is given by (49). 

The current is seen to decrease with decreasing M, for if we 
1 erentiate (49) with respect to M we obtain a negative quantity 
for all values of M^ca^ less than RiR^. 

168. Value of Max. Max. Secondary Current at Sufficient 
Couphng. — In this case 


> R,R2. (50) 

The appropriate setting of the two circuits for the greatest 
possible secondary current in this case is given by equations (45) 
wmcn are here rewritten 


•^2 _ ^ _ M^CO^ 

X,~Wi~ ^ ( 51 ) 

As an alternative expression, it has been seen that the Condi- 
tion (II ) of equation (41) was equivalent to the Condition (11), 
prece ing (41), which combined with the first part of (40) gives 


= ± - RiRd 

and 

± - RiR,). 


(52) 


Equations (52) are together equivalent to (51) provided both 
radicals zn (52) are given the same sign, 

■ Now from the second part of (51) we obtain 






i ii‘. X 1 1 


TH‘r> ilRi'VITS Fom^EI) 


HH) 


If we .sul-;f (hin qn.'uifily info (.'{f); and <ai,ll the rcHulfanf 
curri'tif antjililndc /•: „„„ we liavo 


/ 


niU\. 


!<: 

'WlUH-i 




If (hr rircuiis are m clcmrhi mu pled as to satJsfn the <mulition far 
sufficient coupling m difinrel laj than in anler ta ahtfn'n a 

7 /ifi/. w/ix. sreandarp eurnnl, the rireuiLH should he tuned la mdisfif 
eoralitions 1.11 1, (U' the epuiealent rifuditians (52), anti the ejirrenf, 
afilainetl at thhi mijustiuent is (jiven bp (53). 

If in wnai ilml in fhn vme nf Huffieituii rnuplirig (lliut in, when 
> Rili-I the valn«‘ <ff tin* 8<Tontiary <nirn*nt (^htaiin^d is 
independent oj the mutual induetanee, 

169. Optimum Resonance Relation Equivalent to Fulfillment 
of Partial Resonance Relations S and P Simultaneously. ■ ■ ■Biloro 
piiHHina lo li furflui’ foimidiTiition of itmx. max. (nnaauif 
tiidoH if is intoroHting fu nof<* that flu* .siunilf nnoous ftilfilhiuaif. 
of Purlin! l{oHomiriri‘ Rolufitm X arnl Purfinl ItoHormnci! lic*Ia(ion 
P romillH in ffio Clptifniim ItoHomirioo Pnlation, 

"fhe Piirfini !ioi»tonnrire Holnfirui iS givers by (HU) In 


A% 

Xt ^ zp* 


(S) 


while the Part ini Itosonnnee given by (37) in 


ATi 

A s 


(n 


Tiiki»K flir prixlurf and thnn fhi* cjiioliaid, nf thnw^ 

two CC|Uli- 

lirni«, wnnhfain 


m 

and 



-Vj’ 

.v,» " 

Ar -Vs’ + i<r nr 

" Ax^ .v,» + //.' nr 

(r>r,) 


Ttn* liini slop ill (55) is tnkon by t ho liiw of dwishtn in flu* ilioory 
of riilio fiiici profMirliofi. 

Tfikirig till.! sriuiirrt rmii of the first imcl lust nm-nhvm of (55) 
ami cofiiiiiiiifig wilti {H) we have the optimum rosoniinoo rein- 
ticiii (51)^ wtiieti is file mma of sufTieimit coupling. 

Mote, however, (H) arid (P) arc attainable Hininltiuicously only 
provided (54) is attftiriaWc, but since by definitions of Zi Zu, 

ZxZt 3 lUiM 
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hence, by (54) (S) and (P) are simultaneously attainable only 
provided 

j P1P2. 

This is not quite correct, because there is another way of 
satisfying (S) and (P) simultaneously without leading to (54), 
and that is by making 

Xi = 0 and Z 2 = 0 (56) 

so that alternative to the optimum resonance relation (55) we 
have (56) as a possible optimum resonance relation. By work 
done above, it was shown that (56) is the actual optimum reso- 
nance relations, provided 

< PiP2* 

We have thus shown that the Optimum Resonance Relation is 
Equivalent to the requirement that the Partial Resonance Relations 
P and S be fulfilled simultaneously. 

Instantaneous Value of Secondary Current and of Primary 
Current at Optimum Resonance. Sufficient Coupling.— Under 
the conditions for optimum resonance for sufficient coupling the 
apparent resistance and the apparent reactance of the primary 
circuit, as given in (24) and (25), reduce to 

R\ = 2Pi, Z'l = 0 (57) 

whence the angle <p\ as defined in (27) reduces to 

<p\ = 0 (58) 

The instantaneous current fi, as given by (31), under these 
conditions reduces to 

_ E cos o)t 

max. max, 2Pi 

This equation gives ike value of the instantaneous current in 
the primary circuit at optimum resonance and sufficient coupling. 
In this equation E cos ot is the impressed e.m.f., and the result is 
jor the steady state. 

Next, to determine the secondary instantaneous current, let 
us take (32), replace its amplitude by (53), and also make d\ = 0, 
as in (58), obtaining 

E cos(^o)t + t/2 — tan""^— ^ 


^2 


max. max. 


2VBiRi 


(60) 
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ThiK iiii'vH the rtilur iff the instunliineotm current in 

the eecffutinnj circuit tit apt i mum refinance with fuijflcicnt couplinip 
in fi Orttiip dui(\ uufh r the actiun uf an cjn,f, PI cun wt hupreewvd 

upufi iiii' itriifutrfi. 


POW'ER EXPENDITURE IN THE COUPLED CIRCUITS 


160. Power Expended in the Primary and Secondary Cir- 
cuits in the Coupled System at Optimum Resonance for Suffi- 
cient Coupling. If wi* multiply flu* inHiatitjuu^ouH (Mu.f. Pi am 
ud Irv i!h‘ iuHtniita,m*uuH priinury <*urn‘iit, (59) at <)j)tiniuiu rc^Hu- 
iiaruM* (sufliuiiuit rouplingl, wa obtain for tin* iiisl antan<‘(»UH jxnvcu* 
Pi Hupplird fo lim primary rirruit 

Pi 2 Hx^ ^ 

If WI* fake fhr tiniu a%a*rngi* of this po\v(*r, ov(*r an integral 
liumlau' of lialf«pf*rioiiH» or ovc*r a timo that in long in (‘onipariHon 
wilfi a half-porioil, ami irrlmato the averngisso obtaimai by /b, tlic^ 
aver.’igi* of fill* numorafor Imrofnea PJ'^/2, 'rius value in tbu mcam 
HCfuarr of r, which umm m|Uaro, w<» may imlkaic. by PTj and obtain 

Ft - hV2Hi ( 02 ) 


Thin iM the nrrrmje puwcrdnpid intu the nyHkm uf dmdiH^. ut. 
upiinmm remffumrr with Huffictcnt wupliny. 

'X«»xt , let lis oKiiinirie t hr power eonvrrfrd into Imat or radiated 
ii« rlrrfric waves from the primary circuit. Thin in the H<iuar(' 
Ilf fhi* current. tiiiicH flic rcHistiincit of ihn circuit. If wc call this 
power Wf* liavo 

UhU icie - m 


ML 


(if wliicli flu* Jivcrit««*, iitiUrutcd by rcpliu'inK p l>.y ((iipital P, 


m 


(/ 


tin 


hPIML 


f(M) 


Kqimiiimn (ft'i) and (CM) giva ragprMmdg the, imtardancouH 
power and the aiwragr, pawr amimrted into hmi in the primary 
circuit ar radiated from it an ekdric wavee, at optimum rcjwnanm 
xrilh Hufficicnl cuupUng. 

Th« tiifTcrcncd lictwiam thts pownr-infHifc iind th(! power eon- 
verUsd in tlie primary circuit is the i«>wer (!ommiua(;af.(Kl to the 
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secondary circuit. By taking ((W) from (GI) and (Gl) from (G2j, 
this is seen to be 

E^coi^^o^t 
Pn = —7,7 — 


and 


4lii 


K^/4Ri 


(m 

Equations (65) and (GO) (jive respectively the imtnnianeoUH 
power .and the average power communicated to the secondary cir- 
cuit at optimum resonance with sufleutiit eouphng These values 
are seen to be the same as the corresjHmdimj quantities converted 
in the primary into heat or reidiated from iL 

Let us now as an indepoiKhnit op(‘rati(>n ralcnilafc* |h(* pf)W«*r 
consumed in the resistance of ihe sc^condary circ'uit. This is 
obtained by multiplying tlu^ squares of th(‘ inst ardaiH*<mH neconrl™ 
ary current (60) ])y the scjcondary resist aruaj /iu2> and giv(»s 
hPmd\o)i — tair ^{'A'’i//^i)] 

^ 4 Hi 


P2 = 


(67) 


of which tlic time average is 

I\ ^E^/4Kt (6HJ 

These equations (67) and ((>8) give the instantaneous power and 
the average power converted into heal or radmUtm in the seeimdary 
circuit. It is seen that the average value is the same as the average 
value of power comniU7iicakd to the secondary from the prmarf/, and 
the same as the average power consumed in the primary. 

A comparison of th(^ instantuneoiis viilnes (fi?) and (65) showii 
that the conversion into hc‘at is not in phase witli the fransfi»r 
from the primary to the secondary. This is not surpriHing fur 
the power, for a part of the time, is stored in the eondcaiser unci 
inductance of the sc^condary circuit. 

As a general conclusion from this inveMigation into pmeer ihc 
important result is ohtairwd thatj with greater than litHtt 

if we adjust the two circuits to such values as to give a max. max. cif 
secondary current^ then mui-half of all the power emninunteated 
to the system through the irn pressed e.m.f. is dissipated in the pri'- 
mary circuit and one-half is dimijmted in thfi mexmduTij eircuU. 

This adjustment is, therefeire, not a vcjry efficient one, in 
general, for communicating power to a coupled sy«ti*ni iifirl 
dissipating it in a secondary haul 

If on the other hand, our problem is the reception of electric 
waves from a distant station by means of a cciuph^d Hystein cif 
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circuits and the affecting of an instrument in the secondary 
circuit, which instrument responds more actively the larger 
the secondary current, this adjustment though not efficient 
may give the maximum of response in the receiving instrument. 
It is to be noted, however, that we have assumed a constant 
amplitude of impressed e.m.f., and if the radiation from the 
receiving antenna affects the resultant impressed e.m.f., a proper 
correction has to be applied. 

We shall next discuss the conditions for maximum efficiency 
of transfer of power to the secondary circuit through the coupled 
system. 

161. Condition for the Transfer of Power to the Secondary 
Circuit with Maximum Efficiency, — We must now go back to our 
original current equations (31) and (32), unmodified by the 
introduction of any resonance relations, and form the expressions 
for the average power expended in the secondary resistance 
and the average power expended in the primary resistance. 

This is done by taking the square of the respective currents 
and multiplying by the respective resistances and averaging as to 
time. If we merely write the ratio of these average power 
values, we obtain 


P2 

Pi ^2'Pi 


(69) 


It is seen that, for a fixed value of M, co, P 2 , and Ri, this 
ratio of the average power expended in the secondary to the 
average power expended in the primary is a- maximum when 
Z 2 , comprised in Z 2 , is zero. That is, 

X 2 = 0 (70) 


Equation (70) is the condition for a maximum efficiency of 
the transfer of power to the secondary circuit. 

Putting (70) into (69), it is seen that at maximum efficiency 

p 1 R 1 R 2 


(71) 


To obtain from this expression the efficiency at maximum 
efficiency it is only necessary to form from (71) the ratio 
P 2 / (Pi + P 2 ). This is done by taking the reciprocal of (71), 
adding unity to both sides, and again taking the reciprocal. 
This gives 


Eff. 


max. — 


+ RiRz 


(72) 
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Equation (72) gives the efficiency of the transfer of power from 
the impressed e.mf. to the secondary circuit when the secondary 
circuit is adjusted for the maximum efficiency of such transfer. 
The efficiency of the transfer is independent of the primary 
adjustment. 

162. Condition, for the Transfer of Maximum Power to the 
Secondary Circuit, The Transfer Being Effected at Maximum 
Efficiency. — If we want to get the maximum transfer of power 
to the secondary circuit at maximum efficiency, we need merely 
put the condition for the maximum efficiency of transfer (namely, 
X 2 = 0) into the amplitude equation (33) for secondary current 
and then adjust Xi to make the square of this amplitude a 
maximum. 

Putting X 2 = 0 into (33) we obtain 


I 2 



Afcojg 

MV 

R2 


y + 


(73) 


It is seen by inspection that to make this a maximum, we 
require Xi to be zero. 

We have then 


= 0 = X 2 , or LiCi = L 2 C 2 - l/co2. (74) 

Equations (74) are the conditions for a maximum transfer of 
power at maximum efficiency from the e.mf. to the secondary 
circuit. In this equation co is the angular velocity of impressed 
e.mf. 

163. Comparison of Secondary Current at Maximum Power 
and Maximum Efficiency with the Secondary Current at the 
Optimum Resonance Relation. — The amplitude of the sec- 
ondary current at maximum secondary power and at maximum 
efficiency of transfer of power is obtained by inserting (74) into 
(73). This gives 

T IT OiE f >7 Pi's 

■ J2max. eff. - 4. ^ ^ 


This is the secondary current at maximum secondary power 
transferred at maximum efficiency from the source to the secondary. 

Let us compare with this the secondary current at optimum 
resonance, with coupling sufficient, which by (53) is 



max. max. 


E 

2VR^2 



c'hap. xn 
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CHAPTER XII 


RESONANCE RELATIONS IN RADIOTELEGRAPHIC RE- 
CEIVING STATIONS UNDER THE ACTION OF 
PERSISTENT INCIDENT WAVES 

164. Use of Persistent Waves.. — Persistent, or sustained, 
waves have recently come into extensive use in radiotelegraphy 
and radiotelephony. With these persistent waves, which are 
emitted by the sending station while the sending key is depressed, 
tens of thousands of oscillations may arrive at the receiving 
station even during the production of a single dot of the tele- 
graphic code. This permits the establishment of practically 




Fig. 1. — Inductively coupled radio tele graphic receiving station with detector 
D in series in a secondary circuit. 

Fig. 2. — Closed system approximately equivalent to Fig. 1. 

a steady state at the receiving station, so that the mathematical 
deductions of the preceding chapter may be applied directly 
to the radiotelegraphic circuits.^ 

166. In Respect to Resonance the Antenna Circuit is Ap- 
proximately Equivalent to a Closed Circuit Consisting of a 
Localized Inductance, Capacity and Resistance. — With a re- 
ceiving station of the type shown diagrammatically in Fig. 1, 

1 This chapter is adapted from Pierce, “Theory of Coupled Circuits, 
Under the Action of an Impressed Electromotive Force with Applications 
to Radiotelegraphy,^^ Proc, Am. Acad., 46, p. 293, 1911. 
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certain theory and experinaents, not here presented, show that in 
respect to resonance relations, the system is substantially 
equivalent to the system of Fig. 2, with antenna replaced by 
a suitable localized capacity, inductance and resistance. 

The e.m.f. impressed upon the antenna by the incoming waves 
may be simulated by a source e of e.m.f., Fig. 2, in series in the 
primary circuit. 

In the form of receiving circuit illustrated in Fig. 1, the 
detector D is in series in the secondary circuit. Circuit II, and 
this whole system goes over into the system of Fig. 2. 

In case the detector is of high resistance, it may be advanta- 
geous to take it out of Circuit II, and place it along with a con- 
denser Cz on a branch in shunt to 62 - This arrangement is 
shown in Fig. 1 of Chapter XV and is there treated. At pres- 
ent we shall suppose the receiving station to be of the type 
of Fig. 1, and to be equivalent to the simplified system given in 
Fig. 2. 

All that we have developed in the preceding chapter we shall 
now assume to apply approximately to Fig. 1, and shall de- 
scribe our results in terms of the radiotelegraphic circuits of this 
Fig. 1. It is to be borne in mind that what we shall say applies 
with greater accuracy to the simplified circuits of Fig. 2. 

I. PARTIAL RESONANCE RELATIONS S ANB P 

166. Transformation of Partial Resonance Relations S and P. 

If Circuit I and the mutual inductance of the system is kept 
constant and the reactance X 2 of the secondary circuit is used 
in tuning to obtain a maximum of amplitude of current in Circuit 
II, the setting required is said to satisfy Partial Resonance 
Relation S, This relation is given in. the previous chapter by 
equation (36), which is here rewritten 

X 2 = - 7 y- ^Xi (Partial Resonance Relation aS). (1) 

On the other hand, if Xi is used as the adjustable member 
while all of the other members of the system of circuits are 
kept constant, the condition for a maximum amplitude 
of secondary current (in Circuit II) has been called in the pre- 
vious chapter Partial Resonance Relations P. The equation for 
12 
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and 





(Partial Resonance Relation P) 


For any given fixed values of the other quantities that occur in 
these equations, and for fixed amplitude of the impressed e.mf., 
equation (8) gives the value that the ratio must have in order 
to produce a maximum of amplitude of secondary current in a 
steady state. 

Likewise, for the other quantities fixed, equation (9) gives the 
value that the ratio must have in order to produce a maximum 
amplitude of secondary current in a steady state. 

167. Transformation of Partial Resonance Relations S and P 
into Forms Involving Wavelengths. — As most radiotelegraphic 
frequency measurements are made in terms of wavelengths, 
it is proposed to make certain obvious transformations to 
express equations (8) and (9) in terms of ratios of wavelengths. 

It will be remembered that the wavelength X corresponding to 
a period T, of angular velocity w, has been defined by the equa- 
tion 

•X = cT == 2ttcIcd (10) 

where c is the velocity of light in free space (in meters per second, 
if X is in meters and T in seconds). 

We have also used in previous chapters the idea of an Un- 
damped Wavelength of a circuit, which ordinarily differs but 
slightly from the free wavelength X of the circuit, in that the 
Undamped, Wavelength, designated by a Greek Capital Lambda 
A, is defined as 

I A = 27rc/0 (11) 


The undamped wavelength A of a circuit is the wavelength 
that the circuit would have if its resistance were removed without 
changing the inductance and capacity of the circuit. 

Giving to equation (11) subscripts 1 and 2, and dividing it 
into (10) we have 

12i/co = X/Ai, 02/cu == X/A 2 (12) 


In terms of the ratios of wavelengths, equations (8) and (9) 
may be written 

fl - XVAa^^ 




(13) 


(Partial Resonance Relations) 
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and 




AiV 


; =r2 


Vi"' 


1 - XVA: 


2^ i 


1 - XVAa^J 

(Partial Resonance Relation P) 


In these equations X is the wavelength of the impressed e.m.f., 
Ai and A 2 are the undamped wavelengths of Circuits I and II 
respectively. In applying (14) Ai alone is supposed to be varied 
in obtaining the maximum of amplitude of secondary current 
In applying (13) A 2 alone is supposed to be varied in obtaining the 
maximum amplitude of secondary current 



Fig. 3. — Resonant values of X^/Aj for various values of X^/A^* 


168 . Examination of the Partial Resonance Relation S in a 
Numerical Case. — We shall now take a numerical case in which 
T and are given, and shall employ the Partial Resonance 
Relation Sj in the form of equation (13), to determine the value 
of XVA 2 that is required, for various values of XVAi, in order to 
produce a of amplitude of secondary current. 
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t We shall take, in the example, r = 0 . 30 , and shall give to 771^ 

the four values 0, 0.001, 0.01, and 0.1. Computed numerical 
values are contained in Table I. 

Where the numbers are omitted near the middle of the table, 
the values of XVA2^ are given as negative by the formula, and 
are therefore impossible of realization, because they would make 
A 2 imaginary. 


Table I. — Resonant Values of (X/A 2 )^ for Various Values of (X/Ai)^. Given 
r = 0.30, and Given Four Different Values of Following Partial 
Resonance Relation S 




(X/A 2 

)2 for 


wAi;- 






77i2 = 0 

77i2 = 0.001 

171^ = 0.01 

“ 0.1 

0.0 

0.910 

0.910 

0.911 

0.918 

0.2 

0.888 

0.888 

0.889 

0.903 

0.4 

0.850 

0,850 

0.854 

0.883 

0.6 

0.775 

0.776 

0.789 

0.862 

0.8 

0.550 

0.561 

0.640 

0.812 

0.9 

0.100 

0.182 

0.550 

0.919 

0 95 



1 0 . 640 

0.955 

0 97 



0.752 

0.973 

0 98 



0.827 

0.982 

6.99 


0.181 

0.911 

0.991 

1.00 


1.000 

1.000 

1.000 

1.02 

4.500 

2.290 

1.170 

1.017 

1.03 

3.000 

2.360 

1.250 

1.027 

1.05 

2.800 

2.290 

1.360 

1.045 

1.1 1 

1.900 

1.818 

1.450 

1.082 

1.2 

1.450 

1.439 

1.360 

1.129 

1.3 

1.300 

1.297 

1.270 

1 . 143 

1.4 

1.225 

1.224 

1.212 

1.139 

1.5 

1.180 

1 . 179 

1.176 

1.129 

1.6 

1.150 

1.150 

1.146 

1.117 

1.8 

1.112 

1.112 

1.111 

1.097 

2.0 

1.090 

1.090 

1.089 

1.082 

2.5 

1.060 

1.060 

1.060 

1.057 

3.5 

1.036 

1.036 

1.036 

1.035 

5.0 

1.023 

1.023 

1.023 

1.022 

10.0 

1.010 

1.010 

1.010 

1.010 

00 

1.000 

1.000 

1.000 

1.000 


The numerical results of Table I are plotted in the curves of 
Fig. 3 , with (X/Ai)^ as abscissae and (X/Aj)^ as ordinates. 

For rii^ = 0, the curve is an equilateral hyperbola with axes 
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at 1,1, as may be deduced directly by making = 0 in (13). 
When = 0.001, the curve practically coincides with the curve 
for = 0 except in the interval of abscissae between 0.9 and 
1.1, where it sweeps. from the third quadrant up through the 
point 1,1 and joins with the part of the curve in the first quadrant. 
At the bottom of the figure between the abscissa 0.9 and 0.98 
this curve for = 0.001 has a gap in it. In this gap the com- 



Fig. 4. — Resonant values of A^/X* for various values of A* /X. ' 

puted values of the ordinates are negative, and the value of A 2 
is hence imaginary in this region. 

The curves for = 0.01 and 0.1 fall into coincidence with the * 
equilateral hyperbola for large and for small values of abscis- | 

S 2 e; but in the neighborhood of the abscissa at 1 they cross over I 

from the first to the third quadrant. The greater the value of ^ 
the greater the departure of the curve from the equilateral 
hyperbola. 

The whole course of these curves resembles the corresponding 
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curves in optics, obtained when the index of refraction is 
plotted against frequency, in the neighborhood of an absorp- 
tion band. 

169. Plot of the Partial Resonance Relation S in the Numer- 
ical Case in the Reciprocal Form. — It is deemed worth while to 
plot the values of the reciprocals of Table I. This will give the 
curves in the form of (A 2 /X)^ versus (Ai/X)^. These reciprocals 
are recorded in Table II, and are plotted in the curves of 
Fig. 4. 

Table II was obtained by taking the reciprocals of all of the 
numbers within the columns of Table I. 


Table II. — Reciprocals of Numbers in Table I 


(Ai/X)! 

(Aa/X)- for 

= 0 

77i2 = 0.001 

17 i 2 = 0.01 

o 

U 

cx> 

1.099 

1.099 

1.098 

1.089 

5.0 

1.126 

1.126 

1.125 

1.107 

2.5 

1.176 

1.176 

1.171 

1.133 

1.67 

1.290 

1.289 

1.267 

1.159 

1.25 

1.818 

1.782 

1.563 

1.232 

1.11 

10.000 

5.495 

1.818 

1.088 

1.05 



1.562 

1.047 

1.03 



1.330 

1.028 

1.02 



1.209 

1.018 

1.01 


5.525 

1.098 

1.009 

1.00 


1.000 

1.000 

1.000 

0.98 

0.222 

0.437 

0.855 

0.983 

0.97 

0.333 

0.424 

0.800 

0.973 

0.95 

0.357 

0.437 

0.735 

0.957 

0.909 

0.526 

0.550 

0.690 

0.924 

0.833 

0.690 

0.695 

0.735 

0.886 

0.769 

0.769 

0.771 

.0.787 

0.875 

0.714 

0.816 

0.817 

0.825 

0.878 

0.666 

0.847 

0.848 

0.850 

0.886 

0.625 

0.870 

0.870 

0.873 

0.895 

0.555 

0.899 

0.899 

0.900 

0.912 

0.500 

0.917 

0.917 

0.918 

0.924 

0.400 

0.943 

0.943 

0.943 

0.946 

0.286 

0.965 

0.965 

0.965 

0.966 

0.200 

0.978 

0.978 

0.978 

0.978 

0.100 

0.990 

0.990 

0.990 

0.990 

0.000 

1.000 

1.000 

1.000 

1.000 
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By reference to Fig. 4, it is seen that in terms of the coordi- 
nates of Fig. 4, the curves have lost their symmetry, with the 
exception of the curve with = 0, and this has shifted its as- 
symptotes. The equation for this case of rji^ — 0 may be ob- 
tained directly as follows: 

If the damping term of (13) is negligible, the equation becomes 
(1 - XVAi2)(l - XVA2') = (15) 


Performing the indicated multiplications, then multiplying 
both sides of (15) by adding 1/(1 and again 

factoring, we obtain 


/•^ l ! __ _ J _\ (^^1 _ 1 \ ^ 

\ X^ i - rV \ V 1 - rV (1 - r2)2 


(15a) 


This is seen to be an equilateral hyperbola with asymptotes 
at 

(Ai/X)2 = 1/(1 ^ T^) and (A2/X)2 = 1/(1. - r^) (16) 

Equation (15) or the alternative equation (15a) is a statement 
of the Partial Resonance Relation S in the special case in which 
7 ]i^ is negligible. Equation (16) is the equation to the asymptotes 
to the hyperbola (15). 

170. Note on the Partial Resonance Relation P. — We have 
given in Tables I and II numerical calculations of the partial 
resonance relation S, and have plotted the results in the curves 
of Figs. 3 and 4. We shall not here present the corresponding 
results for the partial resonance relation P, since by the sym- 
metry of equations (13) and (14) it will be evident that the 
tables and curves will remain as they are except that the sub- 
script 1 will be replaced by 2 and the subscript 2 will be re- 
placed by 1, in order to change the results into values required 
by the resonance relation P. 

171. Effect of CoeflBLcient of Coupling r on Partial Resonance 
Relation S in the Case pf = 0. — If the resistance of the 
primary circuit be so small that 771^ is essentially 5:ero, the partial 
resonance relation S takes the form of equation (15), which is 
the equation of an equilateral hyperbola in terms of (X/A2)^ 
versus (X/Ai)^, with asymptotes at 


(X/A2)2 = 1 = (X/Ai)2 


(17) 
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A series of such curves computed for different values of 
are plotted in Fig. 5. The computed values are contained in 
Table III, 



Fig. 5 . — Showing relation of A2^ to Ai^ for resonance relation S with various 
values of and with J71 = 0 . 


As may be seen from the equation (15) and from the numerical 
results, as is made smaller and smaller, the equilateral 
hyperbola approaches the asymptotes, and in case = 0, 
the hyperbola becomes two straight lines coincident with the 
asymptotes. 



1 
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Table III. — Resonant Values of (X/A2)^ for Various Values of (X/Ai)^ and 
Various Values of According to Partial Resonance Relation S. Given 

= 0 


(X/Ai)2 

(X/A2)2-for 

t2 = 0.001 

t2 = 0.005 

t2 = 0.01 

r2 = 0.05 

t2 = 0.09 


0.0 

1 

0.999 

0.995 

0.99 

0.95 

0.91 

0.2 

0.999 

0.994 

0.99 

0.93 

0.88 

0.4 

0.998 

0.992 

0 . 98 - 

0.92 

0.85 

0.6 

0.998 

0.985 

0.97 

0.88 

0.78 

0.8 

0.995 

0.978 

0.95 

0.75 

0.55 

0.9 

0.990 

0.950 

0.90 

0.50 

0.10 

0.95 

0.980 

0.900 

0.80 

0.00 


0.97 

0.967 

0.835 

0.67 



0.98 

0.950 

0.750 

0.50 



0.99 

0.900 





1.00 






1.02 

1.050 

1.250 

1.50 

1 3.50 

4.50 

1.03 

1.033 

1.165 

1.33 

2.66 

3.00 

1.05 

1.020 

1.100 

1.20 

2.00 

2.80 

1.1 

1.010 

1.050 

1.10 

1.50 

1.90 

1.2 

1.005 

1.025 

1.05 

1.25 

1.45 

1.3 

1.003 

1.016 

1.03 

1.17 

1.30 

1.4 

1.002 

1.012 

1.02 

1.13 

1.23 

1.5 

1.002 

1.010 

1.02 

1.10 

1.18 

1.6 

1.002 

1.008 

1.016 

1.08 

1.15 

1.8 

1.001 

1.006 

1.012 

1.06 

1.11 

2.0 

1.001 

1.005 

1.010 

1.05 

1.09 

2.5 

1.001 

1.003 

1.006 

1.03 

1.06 

3.5 

1.000 

1.002 

1.004 

1.02 

1.04 

5.0 

1.000 

1.001 

1.002 

1.01 

1.02 

10.0 

1.000 

1.000 

1.001 

1.005 

1.01 

00 

1.000 

1.000 

1.000 

1.000 

1.00 


IL OPTIMUM RESONANCE RELATION AS SUFFICIENT COUPLING 
172. Case of Sufficient CoupUng. Equations for Optimum 
Resonance in Terms of Angular Velocities. — Let us next examine 
what we have called in the preceding chapter the optimum re- 
sonance relation, which is the condition for a maximum maximum 
of secondary current in the steady state under the action of an 
impressed sinusoidal e.m.f. The coupling is called sufficient 
coupling whenever the mutual inductance between the two 
circuits is large enough to make 

MW > RiR2^ 
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The equations for the optimum resonance relation under this 
condition has been giyen in suitable form in equations (52) of 
the preceding chapter. If in these equations we replace Xi 
and X 2 by their customary -values, and if further we introduce the 
subscript to designate the optimum relation, we have 


and 

1^* - 


(18) 


I 

i' 

! 


where we must use the same sign in both equations to obtain a | 

consistent simultaneous pair of values. This follows from the | 

fact given in equation (51), Chapter XI, that the ratio of X 2 to ? 

Xi must be positive. I' 

If now we divide both sides of (18) by Lico, or L 2 C 0 , as required, f 

and use the abbreviations given in (5), (5) and (7), we obtain ? 



These equations give the optimum values oj the undamped angular 
velocities 12 1 and Q2 relative to the incident angular velocity co. 
These optimum values are values that produce a maximum maximum 
secondary current amplitude. The equations apply to the case of 
sufficient coupling, for which 

> R1R2, i.e., > 171772 (21) 


173 . The Optimum Resonance Relation in Terms of Wave- 
lengths, at Sufficient Coupling. — If, in equations (19) and (20) 
we replace the ratios of angular velocities by the reciprocals of 
the corresponding ratios of wavelengths, in accordance with 
equations (12), and make certain evident transformations, we 
obtain 





/znr 

V 77 1772 

__ J. 

1 ± 


(21) I 


1 


( 22 ) 
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where, for a consistent pair of values, both equations must have 
the same sign before the radicals. 

These resonance relations (21) and (22) are optimum provided 

> viVi (23) 

174. Calculation of the Optimum Resonance Relation in 
Certain Numerical Cases. — In order to facilitate the optimum 
values of Ai/X and A 2 /X, let us extract the square root of (21) 
and (22) and write the results in the form 



Fig. 6. — Auxiliary curve to assist in calculation of optimum resonance ad- 
justment. <pi is defined in (24). These curves give also ojitinmm values of 
A 2 /X if <pi is replaced by ^ defined in (25). 


(-) - 

W / ODt- 


provided 


opt. V^l ± <P2 


, where ^2 




(25) 


> vm- 


Table IV gives computed values of (Ai/X)opt. for various values 
assumed for <fi. 
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The values from this table are plotted in the curves of Fig. 6, 
with (Ai/X)opt. as ordinates and <pi as abscissae. The lower curve 
was obtained by using the + sign within the radical of (24), and 
the upper curve was obtained by using the minus sign in that 
radical. Note that the same figure may be employed to obtain 
the values of (A 2 /X)opt. for given values of To obtain a 
consistent pair of optimum values, if the upper or lower curve is 
used to determine Ai the same curve must be used to obtain A 2 . 


Table IV. — ^Values of (Ai/X)opt. Corresponding to Different Values of <pu 
Computed from Equation (24) 


<pl 

1 

<^‘A)opt. 

Using -f sign 

Using ■— sign 

1 

0.0 

1.000 

1.000 

0.1 

0.953 

1 1.054 

0.2 

0.953 

1.118 

0.3 

0.877 , 

1.196 

0.4 

0.845 

1.292 

0.5 

0.817 

1.414 

0.6 

0.791 

1.581 

0.7 

0.767 

1.825 

0.8 

0.746 

2.236 

0.9 

0.725 

3.162 

1.0 

0.707 

Infinite 

1.1 

0.690 

Imaginary 

1.2 

0.675 

Imaginary 

1.3 

0.660 

Imaginary 

1.4 

0.646 

Imaginary 

1.5 

0.632 

Imaginary 

1.6 

0.620 

Imaginary 

1.7 

0.608 

Imaginary 

1.8 

0.597 

Imaginary 

1.9 

0.587 

Imaginary 

2.0 

0.577 

Imaginary 

2.1 

0.568 

Imaginary 

2.2 

0.559 

Imaginary 

2.3 

0.550 

Imaginary 

2.4 

0.542 

Imaginary 

2.5 

0.535 

Imaginary 

2.6 

0.527 

Imaginary 


As an example of the manner of using the auxiliary curves of 
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Fig. 6, in calculation of optimum values of Ai and A 2 , let us take 
a special case. 

Suppose = 0.30 and rji — 0.1, let us give various values to 
772 and compute the corresponding optimum wavelength adjust- 
ments, with the results recorded in Table V.' 

In compiling this table the values of (pi and (P 2 corresponding 
to various values of 772 were calculated by equations (24) and (25). 
The corresponding wavelength ratios were then taken from the 
curve of Fig. 6. 



Fig. 7. — Relation of optimum wavelength adjustment to damping in circuit II, 
for given values of rji and t. (rji — 0.1, r = 0.30). 

The results contained in Table V are plotted in Fig. 7. In 
the same way the optimum resonance relations for various values 
of T and of 771 may also be obtained, but the single example here 
computed and plotted serves to show the manner in which the 
damping constants contribute to determine the optimum reso- 
nance adjustment of the two circuits, with the given coefficient 
of coupling. 
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Table V. 'Computation of Optimum Resonance Values in a Special Case, 
in which 


r* 0.30 
m 0.1 

ij’? Various Values 



15 





r: 

] 

(■' 

*) opf. 

V: 

) <>r>c. 

(‘.■) ■' 

fl 

Cll 

fi 


Cl 

CHIC 

0 

720 

« 

055 

4 

07 

1.053 

f* 

112 
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176. General Facts Regarding the Optimum Resonance Re- 
lation with Coupling Sufficient.- -Froni f h<! special (ixanijih! just, 
treafed .'irai from the equations (21) and (22) the following impor- 
tant fjwt s are apparent in tlie cast! of sufficient coupling as defined 
by the inecpiality 

t ’ > Vi^n- 

1. With given values of ilte <;f>efficient of coupling and tlu; 
datni»ing eonslantH of the two circuits the adjustnuuit for a max. 
max. value of secmulary current is ingen<*ral douhly vahusl. One 
may in general gc-t best resonance (uther by H<d,ting tjoth wave- 
lengths appropriately longer than the incdrlent wavcfs, or hy 
setlifig both eireuits to a wavelength appropriately shorter than 
tluj iiKUtlent waves, 

2. The a«liti8tm(!nt for optimum resotmnee is matctrially in- 
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fluenced by the resistances of the two circuits, so that, in general, 
with fixed incident waves, if one tunes a radiotelegraphic system 
of the coupled type to resonance, with the use of a given detector, 
and then changes to a detector of different resistance, it is nec- 
essary to shift the wavelength of both the circuits in order to 
bring the system back to optimum adjustment. 

3. With fixed values of the damping factors, and provided 
> vmj the proper adjustment for a maximum secondary cur- 
rent is materially influenced by the coefficient of coupling r, and 
every change of r requires a readjustment of the wavelengths of 
both of the circuits of the coupled system. 


III. CURRENT AMPLITUDE AT OPTIMUM RESONANCE 

176. General Value of Secondary Current Amplitude. — In 

equation (33) of the preceding chapter we have the general ex- 
pression for the secondary current amplitude, and this expres- 
sion, in view of (35) of the same chapter, may be written 

Mo)E 


h - 


(26) 


VZi^Zi^ + + 2MWiRji2 - X\Xi) 

where Xi, X 2 , Zi^ and Z 2 are the ordinary abbreviations for the 
reactances and impedances, defined as follows: 

Xi = Liw - l/Cico, X 2 = Loco - I/C 2 C 0 (27) 
Zi2 = + Xi^, = R2^ -f- X2^ (28) 

In these equations a? is the angular velocity of the impressed 
e.mi.; E is the amplitude of impressed e.m.f.; andM is the mutual 
inductance between the two circuits. I 2 is the amplitude of 
the secondary current for any values whatever of the constants 
of the circuits. 

177. Current Amplitude in Secondary Circuit at Optimum 
Resonance, with Coupling Sufficient — We have also seen in the 
preceding chapter that if 

> RiR., (29) 

or, otherwise expressed, if 


> V1V2 


(30) 


the secondary current amplitude obtained at optimum resonance 
is, by Chapter XI equation (53), 

I 2 = (31) 

max. max. 2y/ 
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In this case the amplitude of secondary current is independent 
of the coefficient of coupling provided only (29), or (30), is fulfilled. 

178. Current Amplitude in Secondary Circuit at Optimum 
Resonance with Coupling Deficient. — ^The coupling is called 
deficient whenever 

< ViV2 (32) 

Under this condition, by equation (49) Chapter XI, the value 
of the amplitude of secondary current is 


T _ MooE 

^max. max. R1R2 + 


(33) 



Fig. 8. — Relative values of max. max. seco ndary current for different values 


In terms of the ratio constants t, rn and defined in (5), (6), 
and (7) this can be written 


h 


max. max. 


'x/ R1R2 


E 



(34) 


In this case the amplitude of current depends upon the ratio of 
T to \/ r}iV 2 - 

Table VI following contains a series of values of relative ampli- 
tude of Jamax. max. for various values of the ratio rl's/yim. These 
results are plotted in the curve of Fig. 8. 

16 
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In this table and curve the relative amplitude of secondary 
current is arbitrarily designated as unity for 


Table VI. — Relative Values of l2max. for Different Values of the Ratio 

r/ V r]irj 2 


t / a/ 171172 

Relative values of 

>1 

1.000 

1.00 

1.000 

0.90 

0.995 

0.80 

0.974 

0.70 

0.937 

0.60 

0.880 

0.50 

0.800 

0.40 

0.690 

0.30 

0.551 

0.20 

0.385 

0.10 

0.198 


IV. ON THE SHARPNESS OF RESONANCE AND THE POSSIBILITY 
OF AVOIDING INTERFERENCE 

179. Ratio of Interference. — If we have an electromagnetically 
coupled receiving station of the form of Fig. 1, and if we set our 
receiving station in the optimum resonance condition for a given 
desired wave of angular velocity coo, we shall receive from this 
wave an amplitude of current / 2 max. max. given by equation (31), 
if the couphng is sufficient, and by (33), if the coupling is de- 
ficient; where E is the amplitude of e.m.f . impressed by the wave 
of coo, and where the co of (33) is to be replaced by coo. 

If now at the same time someone else is sending electric waves 
with a different angular velocity co, and is at such a distance from 
us as to impress an equal amplitude of e.m.f., we shall receivefrom 
him an amount of interfering current given by (26). 

Let us now take the ratio of the interfering current to the desired 
current, and call this ratio the ratio of interference, indicated by F. 

Then, on forming the indicated ratio, we have: 

If the Coupling is Sufficient (i.e., if M^coo^> RiRf) 

V = = -J: f3r5) 
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If now we designate by 7710 and 7720 the values that 771 and 772 
have when co = o^o, we have 


7710 — Ri / Lio)qj 7720 = 


If also we let 


^0 




^ 10^20 


- 1 


(36) 


(37) 


we shall have, by the fact that the circuits are in optimum reso- 
nance for angular frequencies coo, by (19) and (20), the additional 
equations 


1 - 


COo^ 


± ^ 10 ^ 0 , and 1 ^ = ±^ 20^0 


COo" 


(38) 


In terms of these ratio constants, we may change the form of 
Xi, as follows: 

Xi = I^lCO — 1/CiCO = Z;iCO ^1 — 


^ / CO coo 

= Licool 2 ) 

\C00 CO COo / 

which by (38) gives 

^ y • / CO coo , coo\ 

Ai — jLiCOo { ± 77io<J?0 ) 

\COo CO CO/ 


\COo 

= Z/lCoo^^l(say) 


Likewise 


where 


X 2 — L2coo'i^2(say) 


2^1 = 


coo 


c*?0 , ^lO^OCOo CO 

— ± ? U 2 — — 

CO CO COo 


^ 7720<y?oCOo 


(39) 

(40) 

(41) 


If now we divide the numerator and denominator of the frac- 
tion under the radical in (35) by Li^L 2 ^coq^, and make use of the 
abbreviations above given, we obtain 


Y = 


l ( vi 0 ^ + '^ l ^)( V 20 ^ + ^2^) + 4 + 2r^ -2(^10^20 — 'Wl'W-2) 

COo COo 


4t^77io7720CO^/cOo^ 


( 42 ) 
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Equation (42) can be otherwise factored so as to give 

1 


Y = 


l(Vl 0'^2 + ^720^^1)^ + “t" 


(43) 


VIOV 2 O — '^1^2 


\ 4t2?71 07/200) 

In equation (43) Y is the ratio of interference at sufficient coup- 
ling, It is the ratio of the secondary current produced by the inter- 
fering signal of angular velocity co to the secondary current produced 
by the desired signal of angular velocity o)o. The two signals are 
supposed to he of such intensity as to impress equal amplitudes of 
e.m.f. on the receiving antenna. 

We shall next write out a similar equation for the ratio of 
interference at deficient coupling. 

If the Coupling is Deficient {i.e., if Af^o)^ < RiR‘f), 
we obtain Y by dividing (26) by (33), with w in (33) replaced 
by 0 ) 0 . This gives 

1 


Y = 




^ 2 ^ + M^O)4 + 2M^0^\RiR2 - X 1 X 2 ) 


(44) 


{r,R2 + 

Now we introduce the condition that the constants of the cir- 
cuits are such that the system is in optimum resonance (with 
deficient coupling) with the angular velocity wo; that is, by (48) 
Chapter XI, 

Xi == 0 = X 2 , at CO = 0 )®. 

These last two equations give 

1 - OiVcoo^ = 0 = 1- (45) 

Dividing numerator and denominator of (44) by Li^L 2 ^o)o^j 
subject to the condition (45), we obtain from (44) 

1 


Y = 


+ v ^)( rj 2 o ^ + 2 r 2 ™ (77107720 ^^^) 

Wo Wo 


=:(46) 


Wo 


A'nioV20 + 


where 


(46) 


_ W Wo 
Wo w 

Equation (46) may be otherwise factored so as to take the form 

(^10»720 + r2)w/wo 


Y = 


+ V2o)^ + + ’710^20 — 


(47) 
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KtpifiiHfii C'l7j iltr ffitjo of inUrJvrence F at dejlcdent coupling, 
Thf qunutiiii } ihc mUo of the mTondary current produced by 
ike iiiirfjt'rinij of mojulor rfiocity w to the* secondary current 

pmdufi'd hy ihe iie.Hirrd uNjual of angular veladty cao, when the 
art Much a^ kt impnmH equal amplitudes of e.m.f, on the 

refiir'imj afilruHiU 

180. Tables md Curves Showing the Ratio of Interference 
in 1 Typical Case. 4 ^‘iIiiph cal^nilated for tiut ratio (d inior- 
r ill a enm* lira oootainc*<l in "Fabk^H VII and VML 

Tliiw* two fiililoHof valiifs wore obtairnd with 

?liq O.fKb qin I -IK), various vahif*,H (48) 

Thi* vahiim onijiloyod for r® aro indi(?at(‘d in the 

liradiiitfH to llii* rfiliiiiifm in tint d’abloH. 

Cirtiplis of fill* valuoH givon in ihc*Hn tabloH ar(5 oxhiliitod in 
FigH.. 9 to 12, Tlio lablos and <*urvc*H ornploy an paranud.i^r 
ttio of k^Kii whom in ilio wavohaigth of the do- 

sired f^igniil, and k tho wiiviIfUigth of ihe iid-erfcwing signaL 

III all f!irf*i* Ilf the figures the. black dots ari^ valu(*H obtained 
with file e?tse of erilieii! eciitpling (r^ VniVsa 0.08). 

Tittle ¥11. #f lb# Eatio of Interfereac# Y at Sufftcient Coupling 

ter Difereat Val«#i ef Itlalift laddent Wavelengths, and Different 
CfitUcitnli of Ciaspll«i r. Given nui 0.03, 1*00 
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Fig. 9. — Ratio of interference. Xo — wavelength of desired signal. X =* 
interfering wavelength. Black (|ots == values obtained at critical coupling 
(t® = 0.03). Sign (+) designates use of long-wave optimum adjustment; 
sign (— ) designates use of short-wave optimum adjustment. Given 1710 «= 
0.03, 1720 ~ 1.00. 



forr* as 0.15. Top curves using long-wave optimum adjustment; bottom curves 
using short-wave optimum adjustment. Black dots obtained at critical tjoupl- 
tDg. Given ?7io “ 0,03; 1720 * 1.00. 
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Table VIII. — Similar to Table VII, but with Deficient Coupling 


X/Xo 

Ffor 

r2 = 0.03 

r2 = 0.01 

t2 = 0.00] 

4.00 

0.00102 

0.00068 

0.00052 

3.00 

0.00263 

0.00177 

0.00130 

2.00 

0.0111 

0.0074 

0.00555 

1.50 

0.0370 

0.0246 

0.0183 

1.25 

0.0984 

0.0653 

0.0483 

1.15 

0.180 

0.119 

0.0888 

1.10 

0.274 

0.184 

0.138 

1.05 

0.510 

0.380 

0.279 

1.03 

0.707 

0.543 

0.435 

1.02 

0.833 

0.700 

0.588 

1.01 

0.950 

0.890 

0.825 

1.00 

1.000 

1.000 

1.000 

0.99 

0.952 

0.899 

0.841 

0.98 

0.848 

0.721 

0.612 

0.97 

0.728 

0.571 

0.461 

0.952 

0.552 

0.397 

0.306 

0.909 

0.333 

0.222 

0.167 

0.870 

0.239 

0.157 

0.117 

0.800 

0.156 

0.103 

0.0760 

0.667 

0.0860 

0.0558 

0.0413 

0.500 

0.0460 

0.0300 

0.0222 

0.333 

0.0242 

0.0159 

0.0118 

0.250 

0.0168 

0.0108 

0.00820 


By reference to Fig. 12, one sees that with deficient coupling 
a decrease of the coefficient of coupling always diminishes 
the interference for any wavelength of the interfering signal. 

With the coupling sufficient, as displayed in Figs. 0, 10, 
and 11, the ratio of interference for a given coefiicient of coupling 
may be either greater or less than the interference with the smaller 
coefficient of coupling designated as Critical Coupling, In 
this case, with = 0.03, the coupling is critical, for then M^coo^ = 
RiR^, or, otherwise stated, = 7710 ^ 20 . 

With the coupling sufficient, the curve for the long-wave 
tuning in the neighborhood of resonance shows generally a 
larger interference than the curve of short-wave tuning, but 
if the range of wavelengths is sufficiently extended the two 
curves cross and show the reverse condition. Such a crossing 
point is shown at X/Xo = 0.885 on one of the pairs of curves 
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of Pig. 10. A mathematical investigation shows that the curve 
of interference for long-wave tuning always crosses the curve 
of interference for short-wave tuning at the point given by the 
equation 


1 = 

Xo \ 1 — VIOV 2 O + 


(48) 


V. MAX. MAX. SECONDARY CURRENT AND DETECTOR 
RESISTANCE 


181. At Optimum Resonance with Coupling Sufficient the 
Total Heat Developed in the Secondary Circuit is Independent 
of its Resistance. — At Sufficient Coupling; that is, when 


> R1R2, 


(49) 


the current obtained at optimum resonance has been found to 
be 


h 


max. max. 


E 

2 \/ R1R2 


(50) 


which shows the striking property of being independent of 
the mutual inductance between the circuits, provided only 
that ikfco is great enough to fulfill the condition for sufficient 
coupling. 

If the resistances of the two circuits are independent of the 
frequency, the higher the frequency the smaller M can be and 
yet have (50) fulfilled. For this reason, high-frequency trans- 
formers may be coupled much more loosely than corresponding 
transformers for low frequency, and iron which is used to in- 
crease M in low-frequency transformers is not advantageous 
in high-frequency transformers. 

Another very interesting and important fact is the fact that 
can be obtained from (50) that the heat developed in the sec- 
ondary circuit at optimum resonance with coupling sufficient is 
independent of the resistance J ?2 of the secondary circuit; for if 
we multiply the square of the secondary current by R 2 , we obtain 
for the power dissipated in the secondary circuit a' quantity in- 
dependent of i? 2 . 

This means that at optimum resonance with sufficient coupling 
there is as much heat developed in the secondary circuit when 
a low-resistance detector is used as when a high-resistance de- 
tector is used. If; therefore, the detector is an instrument whose 
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indications are proportional to the heat developed, a low-re- 
sistance detector would be as sensitive as a high-resistance 
detector if it were not for the fact that a low-resistance detector 
is a smaller proportion of the total resistance of the secondary 
circuit. 

Similar considerations apply to a detector of the electrody- 
namometer type. If the deflections of the electrodynamometer 
are proportional to n^J2^ where n is the number of turns of wire 
in the coil, and if the size of the channel of windings is fixed so 
that the resistance B of the detector is pl/s, I and 5 being: the 
length and cross section of the wire in the coil and p the specific 
resistance of the material of the wire, then we have 


I — 2 rm, 

in which r is the mean radius of the windings; and approximately 


S = A/n, 

where A is the area of the channel. 
Therefore, 


^ 2'irprn^ 

R = -^> 


or 

R oc 


whence, if the deflection D is such that 


we have 


D<^Rh^ 


This gives for the circuit containing the electrodynamometer 
detector the same relations as with the thermal detector above 
specified. 

From the results here obtained, we may draw the following 
conclusions : 

IJ the detector is to be used in series with the secondary circuity 
end if the indications of the detector are proportional to the square 
of the secondary current times the resistance of the detector, and if 
the resistance of the remainder of the secondary circuit is inconsider- 
able in comparison with the resistance of the detector, and if the 
e.m.f. impressed on the antenna by the incoming waves has an 
amplitude uninfluenced by the tuning of the secondary circuit, and 
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A GENERAL RECIPROCITY THEOREM IN STEADY- 
STATE ALTERNATING-CURRENT THEORY 
WITH APPLICATION TO THE DETER- 
MINATION OF RESONANCE 
RELATIONS 

I. RECIPROCITY THEOREM IN STEADY-STATE ALTERNATING- 
CURRENT THEORY 

182. Statement of the Reciprocity Theorem. — If we have any 
system of ironless alternating-current circuits, however complicated, 
and if we have in the system a sinusoidal impressed e.m.f, applied at 
any point of the system and an impedanceless ammeter at any other 
point of the system, the ammeter and e.m.f. are interchangeable 
without changing the amplitude or phase of the steady-state current 
through the ammeter. 

This theorem will he proved below, 

183. Utility of the Theorem. — With a given system of circuits 
by making suitable interchanges of ammeter and e.m.f., we may 
obtain several different expressions for the same current, and 
may then determine important resonance relations by inspection. 

This process has important applications (for example, to 
telephony and radiotelegraphy) in obtaining steady-state 
resonance relations in respect to the variables of the system. 

184. Example with Two Circuits. — To begin with let us prove 
the reciprocity theorem for two circuits, called Circuit I and Cir- 
cuit II, as illustrated in Fig. 1. To make the problem as general 
as possible, let us suppose the two circuits to be coupled together 

.by having a common conductive part which may contain in- 
ductance, Lo, resistance jffio and capacity Co, and to be further 
coupled by having a mutual inductance M in the form of a 
transformer. 

As we go around Circuit I, let 

Ri = the sum of all the resistances in series, including resist- 
ances common to both circuits. 

Li = the sum of all the self-inductances in series including 

204 


Chap. XIII] A GENERAL RECIPROCITY THEOREM 205 


common inductances and the inductance of that coil of 
the transformer that is in Circuit I. 

I /Cl = the sum of the reciprocals of all the capacities including 
common capacities. 

As we go around the Circuit II, let 

R 2 , 1/2 and 1 /C 2 .be the corresponding quantities for Circuit II. 

Let Roj Lq and 1/Co be the corresponding quantities common 
to both circuits. These will be called mutual values. 

Let M be the mutual inductance of the two coils of the trans- 
former with its primary in one circuit and its secondary in the 
other circuit. 



Fig. 1. — Two circuits I and II with involved coupling. 


We shall use the real quantities Xi, X 2 , Zi, Z 2 and the complex 
quantities Zi, in their ordinary engineering significance. 
!For the common part of the two circuits, we shall let 


Xo = Loo, - ^ 

(1) 

Zo = Vi2o" + 

(2) 

Zo = Ro jXo 

(3) 


where co is the angular velocity of the impressed e.m.f. 

186. The Differential Equations.— If we take the impressed 
e.m.f. in the form 

e = E cos (4) 

we may temporarily replace it by the complex quantity 

e' = 


(5) 
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and after Bolving the difTerential equal ionn take ruily the rf*al 
part of the rewilt. If now we l(*t ii he* tlH» mmmi in fhoHefiitiiHof 
(hrcuiti tluit are not eominon toCireuit II and /a Ha* eorrenpoiici- 
ing current in (hreuit II, the dilTererdial (‘qiiatifuis, ohtaiiif‘il 
by taking the c<>unt(*r(‘l(*etroniotivc* buTf* around each eircuif 
and equating it to th(‘ iniprc‘HHed (‘lia*trona>tivf» forca^ fihiH the 
e.mi. induccal from the other circuit, are 


-t- lUti -t- 


r a. ;? ,• J. 


Jj^dt . .. 'lit 
Cn~ 'It 


m 


( 7 ) 


186. Steady-state Solution.— To obtain tho Hfoady-Htati' 
solution of these equations (6) and (7), we shall let 




Alt' 


Jtd 


%% A ti' 




fK) 


Substituting (8) into (B) and (7), dividing out and inaking 
use of the usual notation, we olUain 


ziAt Ii + (zu + Mjw)At 

ZjAt (Zii d' 


m 

a It) 


Let us introduee its an ablm*viation the eonifdex fjunntity 
m defiiu'd liy tlu; equation 

m ® 4 - Mju) fill 

We shall call m tin; compkx mrdml imptdtmpe iM'tween the 
two einuiits. 

Then equations (t>) and (10) may be written 

«,4i - TttAs » A’ (12) 

Zjjit ■“ mA I ® 0 (13) 

187. Proof of Reciprocity Theorem for These Two Circuit*. ^ 
From equations (Ii) anti (13) wc> can ttblain the vahie of the 
current in the circuit II wlien the e.ni.f. is impreswsl tm ('ireiiit 
L The vector amplitude of this current obtairwal l»y sttiving thi; 
two equations as simultaneous is 

“ . ( 14 ) 


*i29 


m‘ 


Chap. Xill] A GENERAL RECIPROCITY THEOREM 207 


Let us next suppose that the impressed e.m.f . is removed from 
Circuit I and applied to Circuit II, then the equations corres- 
ponding to (12) and (13) are 

ZiAi — mA 2 = 0 (15) 

Z2A2 — 'mAi = E (16) 


The solution of these equations as simultaneous gives, for 


Ai, 


= 


mE 

Z1Z2 — 


(17) 


If the e.m.f. is applied to Circuit /, the vector amplitude of cur- 
rent in Circuit II is given by (14). When the same e.m.f. is re- 
moved from Circuit I and applied to Circuit II, the vector amplitude 
of current in Circuit I is given by (17). Whence it appears that the 
ammeter reading both as to amplitude and phase is unchanged 
by an interchange of ammeter and e.m.f. The definition of m 
is given in (11). 

188 . Proof of Reciprocity Theorem for n Circuits Coupled 
in Any Way. — ^Let us suppose that we have n circuits coupled 
in any way by common conductive portions and by transformers, 
any or all circuits being coupled with any or all others. Between 
any two circuits, for example the third and the fifth, let what we 
have called the complex mutual impedance m be 

■^86 ~ ^36 “b Mzsjo) (18) 

where 

Z 35 = the vector impedance common to the two 
circuits, 

and 

Mzh — the mutual inductance between them. 


Let us now note that the complex mutual impedance is recipro- 
cal, so that 


m35 = ^63 


(19) 


as may be seen from the manner of its formation (provided there 
are no distributed capacities in the circuits, such as to make 
Mzz different from ikfss)- 

If now as before we let the currents in the uncommon portions 
of the several circuits be * 

. ii == ^2 “ A2^^^j iz = A 36^^^ . . . 


( 20 ) 


TJfOXS 


ic'iiAr. xin 


and if we note that every eireuit may (or may imt) net on every 
oth(‘r, tlie (‘{jiialionH foritHul a.s a gcmm’ulizalioii of 1 12) and (12), 
find coniUHding tlu^ neveral ccxdlieiimlH /li, /Is, An . , . will 
be 

— 7 tii^A% — 7/I'14 j 44 ........ A j 

”““^21.^ I "f“ ^2 -ds — ‘ffl'*nA% — 7%4/1 I — ‘ d ; 

— Wai-d. 1 W32=d 2 d” M34/1 4 !:= (I / (21) 

— W41/I1 W^A^x — 1 thuA^ + 24 it 4 =s (I I 

...» 0 j 

wh(!re the e.in.f. Ih impn^nm^l on C'ireuit L 

We inay now wrif.e down the deierininani from whiidi eiin 
l)e obtaiiHul the veetor eurreiit amplitude in any cme tin* 
oireuitH. Ltd, m for example? ftirm aueh a di'ft»riitiiiant for /tg. 
It Ib 


Zi 

-niit 

-nin 


E — 


mu . . ! 

-mu 

Zs 

— Mn 

-mu .. 

" Wai 

- 

-- mil . . ^ 

-mu 

-mn 


-niu .. 

i — OT^i 

! ? 

- 

^4 . . 

-Mil 

i * • ’ * 


- mu 

^4 . . 





It will not be ne<*<*BHary to reditet* tliin determinant. 

I^!t tiB nc»xt HUppoHt* that the e.nii. and the iifiirnelffr lire 
interetianged. TIiib will |>ut tie* amplitinle E of the iififilied 
e.in.f. in the right-hand nitle tif the third of the ecinnlioiiB (2I) 
iriBtead of in tlir? firnt. If w«* fhiai boIvi* the Bet of 
equationn (21) for A i inatttad of for /!i, we ohtiiiii t lie deteriiiiriiifil 


A, 

Ram<! (lot(,nni«tint «h at l<?ft : K 

-mis --mis -mu ■.! 


of (22) ! 

!i %s 

is “ mjs - msi 

1 

j 

1 

-mn -“m«s 


It is mmn that the determiiiaiil on thi! right -finnd side of this 
equation is the same ns the det4friiiirniiit on the right -hmiid sirlii 
of (22) except tiait the rows of the one lire the rfiliiiniii of 
the other. This, however, leaves the two detf*riiiiiiiiiils rf|iiiil. 
Wc 5 have then the result that /!i in (23) is ef|iifd to An in ( 22 )* 
Sinm the particukir drcuUn emphumi in ihm ilrmmmimiiim 
am any two dreuitn^ tm hum pruned the redimwiin ihmrrm mun^ 
daUd in the ftr$t paragraph of ihm ehaptir^ for ntt tmm efcept 
whme the e.mf, or ammd&r u phmd in a common mrmber of 
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thi- miiiirm. Tilt ihrtm'm in ulna Irut whm the e.nij. or the am«* 
mtitr IS |iliirrrl i>i the fomoion meoihrr, hh the following reawtmig 

iriik iin* rirriii/# shors, 

188<’i. Proof of llie Reciprocity Theorem When the E.M.F. or 
the Ammeter is Plmced in t Common Member. ■■ -For thin pr(K)f 
it will }«* tO' tiiki* two cirouitH, m nhown iti Fig. 2, 

with fl«* I'Miii. r iHityj to the* common nuunhcT of the 

rirciiitf^. Tin* iMiii. will then ho improH8C‘(l on l)oth- circuitH, 
hut two iirc both ontirriaiHl |>OHitivo in a clock- 

m’lKo HiiiHi% fitc iMii.f. will niri one of the curnnitn and oppoHc^ 
flic other iii l!ii* coinirion iricnibor, ho that the (‘(juaiionH for th(* 
vector riirri‘iit hocoim* (compare (12) and (13)) 

^iAi -- mA^ - AM , 

^^A^ - mAt - -hJ ^ 



A Hiiiiifioti cif tlir^i* crjiiatioriH for Ai given 


At 


- m) 

SS **--- ' 

ZtZt 


(2r.) 


O't m now intorcliang® th« e.m.f. and (lurront-tnciaHuriiiK 
apimratiiw. Tl«! amplitucli! aqtiationK thori iKHiomct 


g%At ~ mAt ** 

ztAt — mAi » 0 


( 20 ) 


Thu (oimint-mmauritig apparatim ia now inwiriod in thft com- 
mon memter »o tliat it tn»f«u«» tho inatantamious difforonco 

14 
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of the two currents, determined by the vector magnitude Ai 
A 2 . Let us determine this difference. Equation (26) gives 


= 

A 2 = 


EZ2 


Z1Z2 — 

Em 


so 


Ai - A2 = 


Z1Z2 — 

E{z 2 — m) 


Z1Z2 




(27) 


(28) 


Equation (25) gives the vector amplitude of current in Circuit I 
when the e.m./. is applied to the common member. 

Equation (28) gives the vector amplitude of current in the com- 
mon member when the e.m,f, is applied to Circuit I, The right- 
hand sides of the two equations are equal. It is seen that the general 
reciprocity theorem enunciated in the first paragraph is therefore 
true even when the e,m.f. or ammeter is applied to a common member 
of the system of circuits. 


II. CURRENT AMPLITUDES IN A CHAIN OF CIRCUITS 

Before attempting to use the reciprocity theorem in the determi- 
nation of resonance relations it is well to obtain certain useful 
relations among the current-amplitudes. 




Fig. 3. — Chain of three circuits with transformer connections. 


189* Definition of a Chain of Circuits. — By a chain of circuits 
is meant a system in which the first circuit is coupled with the 
second, the second with the third, the third with the fourth, etc., 
to the last which is not connected to the first. That is, the chain 
is left open. Fig. 3 shows such a chain in which the connec- 
tions are all through transformers. We may also have the con- 
nections or couplings made in any other way, as in Fig. 4, where 
some of the connections are by transformers, some by having 
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14 mmumm rtifiiil^r iif any klrnl of impc^lance, and Home by a 
roiiitiiiiiitioii of triiiwfornior and eoimnon memh<‘r. 

ItO, Current-amplitude Relations in ttie Chain." Let ns sup- 

|M)Be tliiit liiive an enn.f, sinuHoidal in chanict(‘r applied to 
file rirriiii, mid let ns obtain (‘xpn*HHionH for the veetor 
iiiiiplitii«l*’‘ of riirreiit in eneh of the eireiiitn of the chain. Tlsing 
ftif» ex|ioiiefitiiil form of iMii.f. given in <*quation (5), we can write 
down II of eiiniitioriH eonnecting th<‘ amplitudc^H with oru^ 

iifiollier tiy UHiiig tlii* general i»c|UfitkiriH (21) into whi(di w(^ are 
to set III m*m nil of the complex mutual impc^danccH w 

excepf tfiose fliitl tiave their subscriptH a pair of consecutive 
iiiiiiilierH. Hiis ^tvm 


ZiA\ — E 

— 4- ^ C) 

+ i^A^ - fUuAi - 0 

+ ZiAi — ® 0 

-riiiidii + Ml d 


(29) 


where it in Ifnat we have five circuits in the chain. 





II 




Ilf 


IV 




'VI 


I LjJ LjJ Lj. 

-riiiiifi rif rlrmUfi wifh « vnriitly of typm of ponpUtm^ 


'Him* (2f» may ha hoIvwI hy from th(^ 

laat ('filiation, and aubsiitutins; th(* roault in tiuj noxt prtsctsding 
wjimtion, ete,, giving, in vinw of (19), 


A% 

Ji 

4t 


^f^mA i 

f 4 ‘ 

Z$ 

m%%At 




mr 

Mi - 


'Bm 
^ H 


m 


( 31 ) 


( 32 ) 
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A 2 




rrii^Ai 

Z2 

2:3 - 


E 




2:4 -- 




^1 


mi2^ 


^2 


m2z^ 

^34^ 

2:3 

^4 - 


^45^ 

2'5 


(33) 


(34) 


The equations (30) to (34) give the relations for finding the vector 
amplitudes of the currents in the several circuits of a chain with 
the coupling between the circuits of any character whatever. In 
this set of equations the e.m.f. is applied to the first circuit and the 
chain is supposed to stop with the fifth circuit. 

If there are more than five circuits, it is evident from the form of 
the equations how the result may be extended to the greater number 
of circuits. If, on the other hand, there are fewer circuits than 
five, it is evident that all quantities having a subscript higher than 
the number of the circuits are to be set equal to zero. 

It is also evident how the equations are to be changed in any case 
in which the e.m.f . is applied to Circuit V and the currents measured 
in the other circuits. 

We shall next form a similar set of equations, when the e.m.f. is 
applied to some intermediate circuit. 

In the equations (30) to (34), the A^s have values given by (20) 
and the m^s by (18). 

191. Current-amplittides When the E.M.F. is Applied to an 
Intermediate Circuit. — ^Let us suppose the e.m.f. to be applied 
to some intermediate circuit, say the third in the chain of circuits 
above referred to. In that case the equations (29) are the same 
as there given except that the amplitude E of e.m.f. is shifted 
from the first equation to the third. We may then get the re- 
lations among the current-amplitudes by starting with the last 
equations and successively eliminating up to the third, and then 
starting with the first and eliminating between successive equa- 
tions down to the third, and by then solving the third equation. 
The result follows: 

A ^ 45 ^ 4 


( 35 ) 


1 (iF.SEHM, HFHIPHOCITY TllHOH.HM 

2i:i 

1 Wdj/t.'l 

* i 1 



Tit 



-1., 

ffh^ 

(:t7j 

1 nh iA .1 

*i ^ ■ ■ ■' ,, 

Zt, 

(:w) 

Wlj.lj 

.1 1 

& I 


(.•{<>) 


7 hf i rpmtirnuH f.'Ja) to (liU) {/irr Ow- rclnlionn for Jindin^t the vc.clor 
curno! umpldwlrn irhin thr r.w.f. u ap/iliril to the. third circuit. 
'Du tutu! numhtr t,f rirruit.i in thr vhnin to irhirh thr.u; rqiioHom 
(ipjdy i.f fire. 1 1 ml! rmdihj hr .si i n hiiir thin rcnult in to he nuidi/ied 
fur ii dijfi rml niimtii r of rirriiit.s, or fur on ajrplicMtwn of C.m.f. 
til It ihjftTt nt iinr of thr inti rnirdiatr rirniitn. 

Till- vurjiliiH i-ijiiHiinriH i'Tl) fo f.'J'.i) ,'iri- nivi-ii jih inoditlH from 
wliifi) flic vector ciirreuf nitifilifudcM may bo olibiiriod in a wpocial 

OJIMC. 

192. A Simplification is Introduced When m is Real or Pure 
Imaginary. Pure Mutual Impedance. Wlion (ho Hovoral m'n 
arc riitl tpmntitirn or purr imniimaricH, a simplifioatioii ia inf ro- 
ducfij in liiat nil of (he m-'n arc roaln. Wo can wo unilor wha(. 
coiuUfiojiw Mich H coiKiitioii in attaiiiod, if wo write down ono of 
the jh’h in an i-xpaiidcil form. Take mi^, whioli oxpatid<!<l, 
Iwcoirn*,*! 

Wtj if 13 4' j (i'la^ ■“ ('lb) 

If Hit fdoito ontorn, wis ^ real; if Hit dooa not. ontor, nin is a 
pure imaginary. 

Homo of the caws in which mu is real or pure imaginary ap- 
in t he diagrams of Fig. S. 

The ( ’ircuits I and II tlioiusolvos may have any oharaefor wiiat.- 
cver, ami ihoro may Is* any numlHir of thorn. Tho illustrat ions 
in Fig. have ntforotioo only to tho innnnor of ooujiling t ho cir- 
cuits together. In tho first diagram tho t wo oircuifs aro shown 
coupled together merely by iiaving a oommon r(!siKtanoe, and in 
this case wu is real. In nil of tint other diagrams of the figure 
nils j« shown as a pure imaginary. 
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When the coupling factor mi 2 is either real or pure imaginary 
we may appropriately call this factor a pure mutual impedance^ 
to distinguish it from the general case of a complex mutual im- 
pedance, It is seen that the case of the pure mutual impedance 
covers, many important systems of circuits, and we shall from 
here on confine the discussion to the systems of two or more 
circuits having pure mutual impedances. 



( 2 ) 

rWIMmf, 

n LU UJ ■ lij”" LU 111 ' 


mi2« jRjo* 


C4) 


?»JS— 



II |ij 


(5) 




rMimhrwmhi rmmnwm) 

u I [t\x u l[j , l|j 




\smj^ 

if Xi2 is resistanccless 


Fig. 5. — Sample circuits with pure mutual impedance. 


in. SOLUTION OF THE PROBLEM OF TWO CIRCUITS HAVING 
TRANSFORMER COUPLING 

• 193. Statement of the Problem. — This is the problem of Chap- 
ters XI and XII. Given two circuits of the form shown in Fig. 



6, with a transformer connection between them, and with a 
sinusoidal e.m.f . impressed on Circuit I, to find the currents in the 
two circuits and to find also the resonance relations. 
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By (18) it is seen that the mutual impedance mn is 


mi 2 = jMod — m (say) 


(41) 


where M is the mutual inductance between the circuits. This is 
a pure imaginary. 

194;. Currents When the E.M.F. is Applied to Circuit I. — By 

equations (30) to (34), using only the first two equations with 
changed subscripts, or using the last two equations with all 
terms of subscripts above 2 made zero, we have for the vector 
current amplitudes the equations 


where 


As usual let 


A 2 — 
= 


mAi 


Z 2 

E 



Zi = Ri + jXi 

Z2 = R2 -p 3X2 
^ R2^ + X2^ j 


(41a) 
. (42) 


(43) 

(44) 


Replacing zi and Z 2 in (41a) and (42) by their values and 
rationalizing the denominator of (42) we obtain 


mAi 


where 


Ri + jXi 

A E 

^ " S'l+jX'x 

R\ = Ri- 
X\ = X^ + 


m^Ri 


■“2 

m^X^ 


2 


^ 2 * 


Then by (8), using (45) and (46) ■ 

E 


*1 T)r 


R\ + jX\ 




(45) 

(46) 

(47) 

(48) 

(49) 


. _ mil 

Ri+ jXi 


( 50 ) 
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From equation (49) it is seen that the current in Circuit I 
is the same as it would be if II were removed, and the resistance 
and reactance of Circuit I were replaced by R'l and X'] respect- 
ively. From (50) it is seen that the current in Circuit II is what 
it would be if I were removed and an e.m.f. mii were impressed 
on Circuit II. 

If now we replace m by its value (41), rationalize (49) and (50) 
and take the real part of the result we have 





[Oit 


tan-^ 



(51) 


Mo^E 

m rv COS 




^£0< — 


R\ 


tan-i ^ - tan-i 


R2 f 


Where 




(52) 

(53) 


iJ'i, X'l, Z\ are usually called equivalent resistance, reactance 
and impedance of the Circuit I. Since we are going to introduce 
certain other equivalences, we shall designate the equivalences 
here given the forward equivalences. 

Equations (51) and (52) give the current in the two circuits in 
a steady state when the cosine e.m.f. is impressed on Circuit I. 

196. Currents When the E.M.F. is Applied to Circuit 11. — 
Let us next suppose that the e.m.f. is impressed, not on Circuit I, 
but on Circuit II, and let us call the equivalences in this case 
backward equivalences, which we shall indicate by an index (°). 
We can form the expressions for the current in this backward 
case by a mere interchange of subscripts 1 and 2 and an accom- 
panying change of index from (') to if). That is, 

With e.m.f. applied to Circuit II, 

(54) 

tan-»|i) (55) 

There follows a table of equivalences (Table I) in which m is 
any pure mutual impedance. This Table I has application to 
any case of pure mutual impedance between the two circuits and 
may be used in a case more general than that of the transformer 
coupling here used in the illustration. 


= 


h = 


A 

MoiE 


cos {^t — tan“^ 


cos (cat 




tan-i 54 -f x/2 

it 2 
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Table I. — Equivalences for two Circuits With. Pure Mutual Impedance 


Forward equivalences 

Backward equivalences 


„ m^Ri 

R 1 = Ri — 

non ^ 

iT/2 — ■to2 — „ 




m?Xi 



Z'l2 = R\^ -1- X'i2 , 



In the particular case under consideration, with transformer 
coupling, 


(56) 


We have in equations (51) and (52) the current in the two circuits 
when the cosine e.m.f, is impressed on Circuit I; in equations 
(54) and (55), the corresponding currents when the cosine e.m.f. 
is applied to Circuit IL The Equivalences for two circuits with 
pure mutual impedance are given in Table I. 

196. Resonance Relations Obtained by the Theorem of 
Reciprocity. — We may now apply the Theorem of Reciprocity to 
determine the resonance relations in the system of two circuits 
with transformer coupling. The e.mi. is to be applied to Cir- 
cuit I, and we are to obtain the adjustment of either or both 
circuits such as to give a maximum of current amplitude in 
Circuit II. Calling the current amplitude in Circuit II I 2 , 
we have, by (52) 


I2 — 


Mo)E 

Z'lZ2 


(57) 


Now by the Reciprocity Theorem, this current amplitude is 
the same as the amplitude in Circuit I, with e.mi. in Circuit II; 
that is, by (55) and the Reciprocity Theorem 


^ Mo)E 


(58) 


The expressions (57) and (58) are now to be regarded merely 
as two different ways of writing 1%. In (57) Z'l is the only quan- 
tity that contains Xi, so the adjustment of Xi that makes I 2 
a maximum is that adjustment that makes Z\ a minimum; but 
since of the two terms that make up Z'l, R\ does not contain 
Xi, we need only make X\^ a minimum; and this is attained by 
making X\ zero. We have then that we obtain by making 

X'l = 0,forXiopt. (59) 
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In like manner, if we employ the second expression (58) for 
I 2 , it is noticed that only contains X 2 , and of this quantity 
R 2 ° is independent of X 2 , hence 

= 0,forX2opt. . (60) 

The result is this: For any given value of X 2 , the optimum 
value of Xi is that value that makes X'l = 0. 

For any given value of Xi, the optimum value of X 2 is that value 
that makes X 2 ° = 0. 

In order to get the grand maximum of current 1 2 it is necessary 
to make both X'l — 0 and X 2 ° = 0. 

197. Discussion of Results, and Their Reduction to the Forms 
Found in Chapter XI. — By Table I and equation (56), we may 
write equations (60) in the form 

ilf 2^2X1 . ^ ^ ^ 

X 2 = gives X 2 opt. (61) 


This equation is in agreement with (36) of Chapter XI, called 
Partial Resonance Relation /S, and to it much of the discussion in 
Chapters XI and XII .was devoted. . 

To get the current I 2 max. ^2 optimum, it is only necessary 
to notice that in (58) of the present chapter, Z 2 reduces to 
so that (58) becomes in view of Table I 

^ Mo^E ^ 

■^2 max. — jM^co^R ? "^2 opt. W-"/ 

R 2 Z 1 H ^ 


This result agrees with (38) of Chapter X. 

In order now to obtain the best adjustment of both circuits 
simultaneously, we may put (59) of the present chapter into 
the form 


Xi 


M2co2X2 


gives X 


1 opt. 


(63) 


and solve sinaultaneously with (61). Equation (63) agrees with 
equation (37) of Chapter XI, and was there called Partial 
Resonance Relation P. 

As pointed out in Chapter XI one way of satisfying (61) and 
(63) simultaneously is by making 


Xi = 0 and X 2 = 0 


(64) 


XII l| ,1 (^hJNEHAL liECII^lifXnTY THEOREM 211) 


AfuithiT way, hy taking tlw ratio of (GI) to (G3), and applying 
till* priri(‘iplc* of flunnan to tho ratios^ is by making 


A 2 _ __ Af "o" 

Aj ”” 7^ "■ 'Y?' 




7 hr equfitwm (G4) and ((>5) are in agreement with equdtio'm 
(4.1) mid (45) oj Chapter XI ^ and {jive the oplirnuni resonance 

rrUiiimi, 

.Voir it tH tii he naltcedj mice ZT greater than or equal to Iti‘\ 
that equation (( 35 ) can bo fulfilled only 'provided 

Itxllz^ ((>()) 

which u ike erritmon iniiqualiiy ( 44 ) of Chapiter XL 
Till* diHonssioii of this prohlnrri will horcj ha (lisoontiniiod, bo- 
from this point forward the material beginning at equations 



(47) of Chiipter XI and continuing through that (drapter and 
1 11 rough ( "haptc!r XII appli(?H exactly. 

IV, SOLUXIOK OF THE PHOBLEM OF TWO CIRCUITS HAVING 
CAPACIXr COUPLING 

198. Statement.—Let us consider next two circuits coupled 
together l)y having a common coinkinser Cuj as shown in Fig. 7. 
The* mutual impedance in this case is 

m « l/yCi2<uj (67) 

The reactances are 

A 1 ** YjCxiHj Xi = X20 — (68) 

where Ci is total primary capacity consisting of Cbo and Cn in 
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series, and C\ Ls the total secondary capacity consist ing of ('-m 
and Ci 2 in scries. 


Therefore, 


1 _ _1_ 1 1 ^ 
/y' /y“ I" >y AY 

1^1 OiO ^'12 ^'2 


1 

CVn 


+ 


1 

f'.2 


(fi'.i) 


The discussion concorning the case of the transformer coupliriji;, 
given in the present chapter, applies (!xaetly (o fh(^ car)aeity 
coupling if we give to m the value in (67) in place of t he vahu- in 
(56). 

With this understanding the table of equival(!nc(*s 'fahh* 1 
may be retained. 

199. Current Amplitude in Circuit II. — The curn'nt-ainplif ude 
equations (57) and (58) must lx; changcxl by replacing Mo} in 
the numerator’ by IJCnia. We thus obtain 


and 


h 


h = 


E 

Cnu/AZi 

E 

CnAZ.fZr 


(70) 

(71) 


Equations (70) and (71) are alternative expressions for the cur- 
rent amplitude in Ciraiit II, when the coupHnd between (’ircuit I 
and Circuit II is by means of a common condenser (Ui- The 
values of Z\ and Zj^ are yivm in Table I, which must 6<; employed 
'with the value of 'in given in ((57). 

200. Partial Resonance Relations. — By rctplacing M-w" by 
l/CiaW, equations (61) and ‘((>8) Ixicomci the partial n*sonanc(> 
relations for the capacity coupling, us follows: 




(72) 


X 

{781 


In the case of capacity coupling by a condenser Cn common to 
Circuit 1 and Circuit II, the value of Xt given in (72) produces 
the largest current amplitude 1%, for given values of (ht, A'l, Zi, 
and 0 }. 

with a minus sign is not employwl because iituplittuic is csMWt- 
tially poBsiblc. 
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In like manner the value of Xi given in (73) produces the largest 
value of h, for given values of C 12 , X 2 , Z 2 , and co. 

201. Optimum Resonance Relation and Current at Optimum 
Resonance. — In order to obtain maximum current amplitude 
I 2 when both Xi and X 2 are varied and adjusted, it is necessary 
to give to them such adjustments that both (72) and (73) are 
satisfied. Let us note that the product of (72) and (73) gives 

X 1 X 2 = whence (note also (72)) (73) 

Either Xi = 0 = X 2 (74) 

or = -^2 (75) 

U 12 <jo 

The latter can be fulfilled only provided 


n 2, ,2 ^ R1R2 

Li 12 W 


Returning to (72) and (73), let us divide one by the other 
obtaining 


X2‘^ Z2^ 

Xi^ Zf^ 


(76) 


whence by Division of Ratios, and combination of results with 
(72) we have 


Z 2 

Zi 



1 

Cl2^<V^Zl^’ 


provided 


1 

C 12 W 


^ R 1 R 2 


(77) 


Also by (74) 

Xi = 0 = X 2 , provided \ - < R 1 R 2 (78) 


Equations (77) and (78) are the optimum resonance relations. 
Out of analogy with the case of transformer coupling, we may call 
(77) the optimum resonance relation with Capacity Coupling 
Sufficient, and (78) the optimum resonance relation with Capacity 
Coupling Deficient. Either relation is optimum when the Capacity 
Coupling is Critical (i.e., = RiR^. 

202. Current Amplitude I 2 at Optimum Resonance. Max. 
Max. Current, with Capacity Coupling. — The resonance relation 
(72) is equivalent to making X 2 ® = 0, as is seen by reference to 
Table I. In this case equation (71) becomes 


E 


opt. = which, by Table I, 


E 


C 12 C 0 [ZA + cjf;2zl : 


(79) 
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Equation (79) gives the amplitude of current in Circuit II, when 
Circuit II has its optimum adjustment, with any values whatever 
of the other constants of the system. 

Let us now make the additional requirement that Xi shall also 
have its optimum adjustment. There will be two cases according 
as the capacity coupling is Sufficient or Deficient. 

First, with Coupling Sufficient, equation (77) gives 

Z = 

which introduced into (79) gives 


h 


max. max. 


E 


provided 


■p — ^ > R1R2 
ti2 0) 


(80) 


Second, with Coupling Deficient, we may still employ equation 
(79) but must satisfy (78) by making Xi = 0. Then in (79) 
Zi reduces to Ri, and we obtain 


E 


1 2 max. max. 


C 12(J>RiR2 "i” 


provided < R 1 R 2 (81) 

0 


0i2^ 


When Circuit I and Circuit II are coupled together by having 
a common condenser C 12 we may designate the coupling as Sufficient 
when 


1 


!> R1R2 


(82) 


and may designate the Coupling as Deficient when 

TvVi < (83) 

When these two quantities that occur in (83) are equal, we shall 
designate the Coupling as Critical. We have the result that (80) 
gives the max. max. current amplitude 1 2 when the coupling is 
Capacity Coupling Sufficient. On the other hand, if the Capacity 
Coupling is Deficient, 1 2 has the max. max. value given by (81). 
When the coupling is Critical, either (80) or (81) gives the current 
at optimum resonance of both Circuit I and Circuit II. 

As in the case of the transformer coupling, we have the result, 
that so long as the coupling is sufficient, the current /2 at opti- 
mum adjustment has an amplitude independent of the size of 
the coupliiig-condenser C 12 . 


Chap. XIII] A GENUBAL RECIPROCITY THEOREM 223 

All of the deductions regarding the case of transformer coupling 
apply consistently to the case of capacity coupling, provided 
we replace Mco of the transformer case by -~l/Ci 2 co of the 
capacity-coupling case. 

V. SOLUTION OF THE PROBLEM OF TWO CIRCUITS 
HAVING RESISTANCE COUPLING 

203. Partial Resonance Relations. — diagram of two cir- 
cuits coupled together by having a common resistance R 12 is 
shown in Fig. 8. The common mutual impedance in this case is 

m = J?i2 (84) 



Fig. 8. — Two circuits having resistance coupling. 


The total resistance of the Circuit I is Ri made up of the com- 
mon resistance R 12 and the resistance J?io (say) in Circuit I not 


common to Circuit II. 

That is, 



Ri = jRio + Ri2 

(85) 

likewise 




J?2 = ^10 “f“ Ri2 

(86) 


With the understanding that m has the value given in (84) 
the Table of Equivalences (Table I) will give the Equivalences 
for this case also. 

The partial resonance relations then become 
X'l = 0, and ^ 2 ° - 0, 
which by Table I and equation (84) give 

gives Ziopt. (87) 

and 

X 2 = - gives X 2 opt. (88) 
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Equations (87) and (88) are the partial resonance relations 
P and S respectively. 

204. Optimum Resonance Relation. — For the optimum reso- 
nance relation, (87) and (88) must be true simultaneously. They 
can be true simultaneously only provided 

Xi = 0 = X 2 (89) 

for by taking the product of (87) and (88) we have 

ZiZ2(Zi2Z22) = (90) 

Now Z 1 Z 2 ^ RiR 2 , by definition of Zi and Z 2 , and by (85) 
and (86) R 1 R 2 > i 2 l 2 ^ hence 

Zi2Z2^ > Ri2\ 

and by (90), therefore 

Z1X2 == 0 . 


Comparison of this result with (87) and (88) shows that both 
Xi and X 2 must be zero. 

In this case of resistance coupling between the circuits I and 77, 
we have only one case of optimum resonance, given by (89) , which 
corresponds to the case of Deficient Coupling in the other examples 
of Transformer Coupling and Capacity Coupling. 

205. Secondary Current Amplitude at Optimum Resonance 
with Resistance Coupling. — The general expression for arnplitudcj 
I 2 of current in this case, since this amplitude is essentially posi- 
tive, is obtained by replacing Mo> by Rn in equations (57), and is 

Y R 12 EI R 12 P 

"" Z^2 WZl 


Before passing to the case of optimum resonance, let us in- 
troduce merely the resonance relation with X 2 optimum as 
given in (88), which is equivalent to X 2 ° = 0. This gives 


and, by Table I, 


[I 2 max.jxa opt. 


Ri,E 

Z\R,° 


RnE 


Zi 



Ri2^Ri\ 

V ) 


(91) 


Equation (91) gives the amplitude of current in Circuit II when 
all the constants, except Xi, have any values, and Xt has its opti- 
mum adjustment as specified by (88). 
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Let us now introduce the condition that Xj as well as X 2 shall 
have its optiirvuin adjustment. By (89) this can be attained 
only by making Xi = 0, then by (88) X 2 automatically becomes 
isero. 

Making = 0 in (91) we obtain 


I2 


max. max. 


R12E 


(92) 


Equation (92) givei^ the maximum 'possible value of 12, in the case 
of two circuits I and II coupled by having a common resistance 
Rn. The adjustment that gives this max. max. current is given by 
(89), and is seen to be an adjustment of each circuit separately 
to have its undamped period equal to the period of the impressed 
e.m.f. 

Note that the case of resistance coupling is always one of essen- 
tially Deficient Coupling, 


m 


CHAPTER XIV 

RESONANCE RELATIONS IN A CHAIN OF THREE 
CIRCUITS WITH CONSTANT PURE MUTUAL 
IMPEDANCES. STEADY STATE 

206. Statement of Problem. — ^We propose now to utilize the 
Reciprocity Theorem of the preceding chapter to determine the 
resonance relations in a system of three circuits arranged in a chain 
with the couplings between the circuits in the form of pure mutual 
impedances, as defined in Art. 192. The purpose of this treat- 
ment is, first, to give an illustration of the simplicity resulting 
from the use of the Reciprocity Theorem to determine resonance 
relations, and, second, to lay the foundations for solving im- 
portant problems relating to radiotelegraphic practice. 




Fig. 1. — Chain of three circuits with transformer coupling. 

207. Illustrative Forms of Circuits. — Two forms of circuits 
to which the present analysis applies are shown in Figs. 1 and 2. 

In Fig. 1 the couplings in the chain of three circuits are made 
by transformers. 

In Fig. 2, which is analogous to a much-used type of radio 
receiving system, the coupling between Circuit I and Circuit 
II is by a transformer, while the coupling between Circuits II 
and III is by a common condenser 

In both figures Rz represents a resistance that may be regarded 
as the resistance of the detector. 

The two figures are both special cases of a chain of three cir- 
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cuits with pure mutual impedances as defined in the previous 
chapter. 

208. Anticipatory Sketch of the Method. — The method em- 
ployed in this problem will consist in obtaining three Variant 
Expressions for the current in Circuit III, when the e.m.f. is 
applied to Circuit I. These three forms will be found to be 

T = ^ ^ l^jHl 

^3 7- >7/ /// r/ r/ 6 rr o ry r/t or/ 

Lz/j sZr 1 ZfiZ/2 -^3 2 

(1) (2) (3) 

where the vertical lines enclosing the numerator indicates abso- 
lute value. 



Fig. 2. — Chain of three circuits with one transformer coupling and one capacity* 

coupling. 


The various Z’s will be found to have the definitions given in 
Table I, Art. 211. The values of the various Z's will then be shown 
to be such that we obtain certain fundamental forms of the reso- 
nance relations by inspection. 

The principles underlying the method will now be established, 
first, by directly showing the identity of the denominators of (1), 
(2), and (3), and, second, by the use of the Reciprocity Theorem. 

•209. Direct Proof of the Identity of the Denominators of 
Equations (1), (2), and (3). — Referring to Table I in Art. 211 for 
definitions of the various Z’s, let us note by direct multiplication 
and substitution that 


{ZzZ'^z'iY = (z,Z2^ZzT = {ZiZ'2°Zzy 

= + ^^zy + y^zy 

+ 2fi^Zz\RiR2 - X 1 X 2 ) 

-f- 2y^Zy{R2Rz - X 2 X 3 ) 

+ 2fi^yKRiRz + XiXs) 


(4) 


From equations (4) it appears that equations (1), (2), and (3) 

‘ are established as soon as we prove the correctness of any one of 
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them. This last step is easy to take, but will be here omitt ed, 
as the step occurs in the use of the Reciprocity Theorem folio wi ng. 

On account of the importance of the Reciprocity Theoi’cm 
in itself, we shall now make use of it to deduce again the idcnit ity 
of equations ( 1 ), ( 2 ), and ( 3 ), and shall incidentally supply Hoch 
steps as have been omitted in the above sketch. 

I. APPLICATION OF THE RECIPROCITY THEOREM 

210. Notation.— The notation employed here will he the Harm* 
as in the preceding chapter, namely, as we go around the /dh 
circuit; 

Itn = the sum of all the resistances in series in the nth cdrc*tnf 
including resistances common to neighl)oring circuits, if 
there be such; 

Ln = the sum of all self-inductances in series in the nth <’ir- 
cuit, including self -inductances common to the nth cir- 
cuit and its neighbors if there be such, and irududiug; I la? 
self-inductance of any primary or scjcondary coil of a 
transformer if any such coil be in the nth circniit; 

1/Cn = the sum of the reciprocals of all capacitic^s in HorioH in 
the* nth circuit, including the capacities of condcui ors; 
common to the nth circuit and to ruaghboring (drcniHilH 

Xn = - 1/CnCO, Z ^ RJ + X Zn ^ Rn + jX\; 

Wi2 = complex mutual impcidances betweem Circuits I aucl II 
= Zi2 + jMi2C0j where 

2^12 = complex impedance common to Circuits I and II , if 
there? be such, and 

Mu = mutual inductance iKJtween Circuits I and 11 , if thc^ri" tw 
Buch- 

^23, Wm; etc. = similar quantity to mu but for other pairn «)f 
circuits. 

211. Values of Complex Current Ajnplitudes and Complex 
Currents.~By means of the general methods of Chapter XIII, 
it is seen that with the cosine e.m.f. applied to (Circuit I, tin* 
currents in the three circuits are the real parts of the ^complez 
quantities 

ii = H = ^2*'“', U = /la*'"* (.’>) 

whore w is the angular velocity of the impressed e.m.f., and Ai, 
Ai, As, satisfy relations of the form of (34), (33) and (32) of 
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('hapi.er XIII, with, however, all of the terms of subscripts 
hi^h(‘r t.haii 3 inach^ equal to zero. These relations written out 
here are 


Az = 


'Wa.i A 2 
2;t 


Ai = 

A, =- 

2l 



W23A2 

liz+jX^ 

mij Ai 

It'i. + jX'i 

E 

jX\ 


( 6 ) 

(7) 

( 8 ) 


whoro fcho third mombers of (7) and (8) arc written down from 
th<! gcnicral knowkidgc! that any algebraic combination of complex 
(luantiti(‘K is a comphix quantity of the form a + jb. 

I'kiuations (7) and (8) require that li'i, X'l, R\, and X'i 
sluill b(i given definitions consistent with these equations (7) 
and (8). 

By working out the values of the denominators in (7) and (8), 
and <‘quating the two denominators for the same quantity in each 
ciiKC, w(! obtain the. values of the primed quantities in the first 
column of Table I following: 


Table L -^Equivalences for Three Circuits with Pure Mutual Impedances 


1 

F’orwftnl iHiutvalarutw 

j Backwanl equivalences 

1 

Two-way equivalences 

K'. - H, i- 



X Xt 



Ifi - R. f 

R%° - 4- 

Ri -«2 + 


X-e - Xa - 

^ y S^Xi y^Xz 

X a » Zn^ 

Z'lt m t X'l^ 

2/t^ m 

«« 4- Xa®* 

* B'2°2 + X'i^^ 


In Table I and in nub sequent equations, since the two mis are 
pure imaginaries, as may be seen by reference to their formation, 

we ham let 

mn = 1 

and I (9) 

mu = jy 

where 0 and y are real quantities. 
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In setting up Table I we have replaced win and m^z by their 
values (9). 

212. Currents in Terms of Forward Equivalences. — We may 

now write down the values of the currents Z 2 , iz with the use 
of the Forward Equivalences contained. in column one of Table I. 

This is done by taking (6), (7), and (8), in terms of the primed 
quantities, eliminating among them and substituting the results 
in (5) , and then rationalizing and taking the real part of the result, 
obtaining 


ii = 

cos \Cot 

^ 1 

■ /l) 



(9) 

h = 

BE 

- 


(10) 

iz = 

^yE 

tj rrr nrt 

Z/3Z/ 2^ 1 

{pit -j- 'TT — (p\ 

— ^'2 — 

<pi) 

(11) 

where 






<p\ = 

tan ^ ip 2 

, = tan 1 

IX 2 

ipi = tan' 

R 3 

(12) 

Also, if in (11) 

we let Iz be 

the amplitude 

<D 

0 

have 



Iz 

^jE 

~ ZzZ\Z\ 



(13) 


Equations (9), (10), and (11) give the values of the currents in 
the three circuits respectively after these currents have reached a 
steady state, under the action of a cosine e.wi.f. of amplitude E 
impressed on Circuit L Equation (13) gives the amplitude of 
current in Circuit III. 

213. Current Amplitude I 3 in Terms of Backward Equivalences. 

Let us now obtain a Variant form of I 3 . To do this we shall 
temporarily suppose that the e.m.f. is applied to Circuit III, 
and shall obtain the current in Circuit I. The Backward Equiva- 
lences of Table I bear to this case the same relation that the 
Forward Equivalences bear to the forward case, so we obtain 
jS'Y E 

Ii = 7 7 - rr o rr whou thc c.m.f. is applied to Circuit III. 

Now by the Reciprocity Theorem, this current his the same 
as we should get in Circuit III (that is, J3) if the e.m.f. were ap- 
plied to Circuit I; whence 


Iz = rz orr ' V with C.m.f. iu Circuit I. 

Z'iZf2 
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Thin is (equation (2) ahovc^. 

Ah to cH|uation.s ( 1 ), lei us note that it has been already ol)- 
taintHl in (13). 

214. Current Amplitude h in Terms of Two-way Equivalences. 

We have, remaining, oru* more* form of exprcission (3) to ol)tain 
for Ji. This may be obijiimal by th(‘ Th(K)rcm of R(ieiprocity 
applied to Cin*uilH I arid II. By th(‘ g(mer\al (KpmilonH of th(^ 
form of C'hapter XIII, when the (‘.rn.f. is appli(Kl to Circuit 
I b and when there are only f hr(H‘ circuits in l.h(‘, chain, we obtain 
thr* relations 


hAi — MioA^ = 0 

— itinAx + z>iA>i — rrivxA^ — E 

-- mx^xA 15 4 “ zxiA 2 - 0 


(13) 


He|)lacing 7rit2 by j/i, ^153 l>y 77 , ^^iid solving (13) for Ai, Ag, 
arid /la, we obtain 

j0A 2 


Ai : 
At 




E E , . 

" /c'r + jx'^ 

*■ + 2 , 


(14) 


1'hf’ liwt tIf*nf»miti!itor of t.hn ^a-oqmition is an abbreviation 
f«ir the* compiox donoininator prcooding it in th<! As-{!<luation. 
I’kpiating tht! rctal anti tho imaginary parts of tliosts two cltmornina- 
torn nsHfatctivniy, wtt obtain, on solving, tho values of lt\° and 
A'' 3® eonttiined in the hist column of Table I. These valmts 
are this ttfjuivalt'nt resistancts and mictance of ('ircuit II tis in- 
fiuentutd by tin* two Cirtniifs I and II, and are hence callctd the 
Tm>-HHiy EquivaUnces of Circuit II. 

Nt>w solving tlwt /I HMiuation and the As-tsquation of (14) 
as sitnultaneouH, rationalizing and taking the amplitude of tht! 
real part, we obtain 

* I 


Z'^Z,’ 


with e.m.f. in II 


(15) 


Compare with this the amplitude of it in (10), which gives 




It " with e.m.f. in I 

Z i /t % 


( 16 ) 
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th(‘ work mmniU In ihoHc^ (UiS(‘H vv(‘ sluill d(‘.Hignato as a 
Rf'drictcfl I{r>s(ni(uim Itdalion re a VaruMc l,h(‘ adjusinu^ni, of 
tlio variatilo that will rnak(^ llu^ (airnnit ainplitiuht in tlui work 
circnit ilia larg(*st that can \h\ oht.aiiu'd witli any juljustrrKint 
possildf* tin* variahlo under t.lu‘ limitat.ions of t.h(‘ n^st.rietion. 
Iii c%as(% for (‘Xani|>le, -Vi is tli<^ variahh^ un<l(‘.r ol)S(u’vation, 
Wf* shall n‘ff*r to the valuc‘ of Xi that givcss ih(‘ ji;r(^at<Nst, work (uir- 
renf, stibje(‘t to tin* n‘Ht ric‘iionH of .Vi, as trh(‘ liedrieUd liownancr 
Riiatwti re X t, or ReHonanm RdatioiL re -Vi ReMrieted. 

216. Resonance Relations for a Chain of Three Circuits 
With Pure Mutual Impedances Unchanged. -W(^ havci already 
pcantcni out in tin* anticipatory skete.h fArt. 208) th(^ nature 
of tho Ht(*|)H to h(* <nnploy(‘<l. ''rhre<‘ forms of (‘Xpn^Hsion for 
/a were given in ec|uation.s (1), (2), and (3), and th(‘S(* thrcKi forms 
have now liecm <ieriv{ul ami shown t.o b<^ id(‘nt ie.al in value. Since 
flu* numerators arc* su[)p(»H(*d to Ix^ consta,nt, wet ca,n make /» a 
rnaxiiiium, by making the d<*nominators a minimum. 

By definition of thc^ various e(puval(me(^s in d'able I it is seen 
that the d{*m>mifiator Z///C//x, of (‘(juations (1) involvc^s Xi 
oiily in tin* faetf>r Z'u To make H a maximum by va<rying Xi, 
it is n(*c*eHHar>% thc*r(*for(% only to make* Z'l a minimum re A"*!. 
Since tlm reHlHianceH (^f flu* syshun arr* all cotistanis, in it is 
He(*n, by ref(Tenre to 1’nble U, that this is attained by rnakirig 
X^r minimum n* Ah 

Hence, if Ah is unrestricted, the nwnanct* condition is 

Xh - 0 (20) 

(Fartiid Resonama* Il(‘latiori re A^i) 

On the other haml, if A"i is restricted, the resotiance condition is 

.Yh^ minimum (21) 

(Eesonance Relation re A^i Rcstrictcal) 

In like riiiiriner, Hincte in th<* <h‘nominator of (:i), Ah occurs 
only in ilic fimtor we, find, by similar rcaHoning, 

* 0 (22) 

(Partial Resonance? Relation re Xt) 


and 


* minimum 

(Eesonance Eolation re X^ Eostrieied) 


( 23 ) 
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Again, nincc^ in th(‘ (lnnoiiHmitf»r <4 t-2j X% amnir-H tmly in tlm 
factor wo have 

A/ - 0 f24) 

fParfinl HoHonariff* Ilrhifinii n* A.^l 

and 

- miniimiin f’2a) 

(IloHoriancf* 'Ri4afi«»n re 'X% rirtf‘ii j 

Equatiorm (20), (22), and (24 1 f/iVe rrMimiinhj thr pitriml 
reMmance relatiom re A'l, .Vs, find .Va, lehru Ihr rnuUml imi$rdmire% 
are pure and unvarmL In erne rrHiririimm an nnq ar fill #■#/ ihr. 
reacianeeH prohihilH the attainment af anq tw nti aj ihr |i#irliVi| 
remnanee relaiianH^ we. mmt mihatitufr far nmj n/ ihr frlniitmM ihnt 
is unattainable the citrrrHpimding Ummmnm Hdaimn HrBlrirlnl^ 
an gitmn in (21), (23), nr f2f»}. 

ra. APPLICATION TO A CASE IN WIilCtI THE ISACTAlfCSS AEE 
ALL UNEESTEICTID 

217. Optimum Rmmmct Adjuitmtuli. Adjuiluituti for a 
Grand Maximum of Currant Ampliludt Isi When the Ittclancts 
are All Gnrestrictad.'^^-'Lct iih now tlelertume the 
that nniHt bo given io nil tlireo of rirriiit?4, in or*l*''r to olitniii 
a grand inaxintuni of ainpHiticle /i, muler the rtiiiiiitiori tliiii iill 
of the nmctancoH an* unrest rirted. 

Thi« IH done by nidviiig (20), (22), fiinl (24) iim 
F or thin pnrpoHi"* we hIiiiII make roiiMlarif iiw* of latdi* I, Art. til. 
m fir«t Holvt? (20) and (22) m fiiiinittiiiieoiiM, 

By (22) 

- IL 

By a mmpnrtwni of the third atifi firi^t Piiltifiins' «f Tnbli* L Arl. 
211, it in wMfii ihiil the nfitinliictioii of ttii» 1 * 1:1111111011 riti|iiirr# 

A f ^ 0 (Jb| 

/jft 

Equatim (26) w an alUrrnalwf farm «/ (22). 

Iteturning now to iW), wtf ttmv writ*, it (liy thi* tl«*ff»iiti«n cif 
X',) in the form 

X, * 0 (27) 

Equation (27) is an altermtm farm of (20), 
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If now (22) and (20) are HimultancouBly true, their cquivalentH 
(20) and (27) iiiuhI be Himultaneously tru(^; ho that by replacing 
-V's in t he nuiiHTat or and denominator of (27) by its value from 
(20), we obtain 


A', 




(/("** + 


A/ / 


(28) 


EquaiUm (28) u a JirM niep in the treatment of (20) and (22) aa 
MimnltaneouH. 

From (28) it followH t hat 


(dther 

or 


Xi =a 0 


fi'2^ 


0^ _ 

Zi^ Zi^ 


(29) 

(30) 


This last equation is obtained by dividing (28) by Xi, and 
clearing of fractions, obtaining th<! equality of the first term 
to th<^ s<*con(l. Tin* third member follows from the second by 
employing the (hifuiition of Ai*. 

Extracting t.h(‘ sriuarc* root of (30) and comlaning tlu! alterna- 
tive combination (20) (30) with (20), we obtain 


either 

or 


A, 

0 and A'a “ 0 

(31) 

A', 

A. 

R't 

* Ri “ Z? 

(32) 


Kqmtiom (31) and (32) comtilute, a pair of results, one or the 
other of which must be fulfilled in order to make Xi and Xt both 
optimum, while Xs nuiy have any value whatever. The quantity 
As is involved in X'% and R't (see Table. I). 

A similar treatment of (22) and (24) as simultaneous gives 


either 

As - 0 and A*® - 0 

(33) 

or 

As® Rt° y* 

As " Its * Z? 

(34) 


Equalims (33) and (34) constitute a pair of results, one or 
the other of which must be ftdfiMed in order to make X$ and A* both 
optimum, while Aj (involved in As® and 113°) may have any values 
whatever. 

We come next to treat of the case where all three of the 
circuits are at optimum adjustment simultaneously. This 
treatment consiste in solving the equations (31) and (32) as 
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simultaneous with (33) and (34), while keeping in mind that 
the two pairs of equations are themselves alternative possibilities. 

We shall first show that (32) and (34) are not simultaneously 
possible, as follows: 

Eeplacing the primed quantities in (32) by their values from 
Table I, we obtain for this equation 

Xi Zi^ 


A similar treatment of (34) gives for it 

Xs X 3 ^i 2 Rs~^RsZi^ Zs^ 


(36) 


If we make these two results true simultaneously their latter 
parts lead to 

2R2/Rz = 0, 

which cannot be true. 

We may, therefore, exclude the simultaneous fulfillment of 
(32) and (34) as a possible compliance with the resonance 
requirement. 

We shall next examine (31) and (33) as a possible simultaneous 
resonance adjustment. This combination gives 

Xx = 0, Xs = 0, X'2 = 0, X2‘^ = 0 


By definitions of X'2 and Xf" (Table I), these equations reduce 


to 

Xi = X2 = X3 = 0 


(37) 


Equations (37) is the result of treating (31) and (33) as 
simultaneous. 

Let us now examine the combination of (31) and (34). By 
(31) two of the numerator terms of (34) reduce to simpler values, 
and the combination gives 


Xi = 0, and 


h 

Xz 


R2R1 + 

RiRz Z^ 


(38) 


Equations (38) is the result of treating (31) and (34) as 
simultaneous. 

In like manner the combination of (33) and (32) gives 


X3 = 0, and 9-" = 


X2 R2RZ + 


RiRz 




(39) 
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Equations (39) is the result of treating (33) and (32) as 
simultaneous, 

218. Adjustments for Grand Maxima of I 3 Summarized and 
Designated Optimum Combinations. Current Amplitude I 3 
Obtained at the Optimum Combinations. Conditions Under 
Which the Combinations are Respectively Optimum. — We have 
given in equations (37), (38), and (39) three combinations of 
relations any one of which satisfies (20), (22), and (24) simul- 
taneously, and is a possible optimum combination. We shall 
now show that it is sometimes one and sometimes another of 
these combinations that is optimum. 

Let us designate the three combinations as follows: 

Optimum Combination (a), equation (37); 

Optimum Combination (/?), equation (38); 

Optimum Combination ( 7 ), equation (39). 

The condition under which Combination (/3) is attainable 
may be had by inspection of (38), by noting that cannot 
be less than Rz^, whence 

R 1 R 2 + ^ 7^ . 

RiRz ^ Rz^' 

that is, 

RiR^Rz ^ Riy^ - Rz^\ (40) 

The inequality 40 gives the condition under which Combination 
(If) is attainable. 

A similar process shows the condition under which ( 7 ) is 
attainable, and gives 

R:R 2 Rz < Rzlf^ - Riy^ (41) 


The inequality (41) gzves the condition under which Combination 
( 7 ) is attamable. 

There is no restriction on the attainability of Combination (a). 
To find the current amplitude Iz under the three Optimum 
Combinations respectively, let us take I 3 in the form given in 


equation (3). This is 

Iz 


[0yE] 


(42) 


On substituting the combination of equations (37) into this, 
we have for the value of Iz, under the optimum combination 
(a), the value 

rj n [^7^] 

R1R2RZ A- ^^Rz + y^Ri 


( 43 ) 
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Likewise in (42) substituting the optimum combination (/3) 
as given by (38), we obtain after reduction 


[U, 


im 

2 \/RiRz VR1R2 + 


(44) 


Again in (42) substituting the optimum combination ( 7 ) as 
given by (39), we obtain after reduction. 

"" 2V&Z VRzR2 

It will now be shown that [ZaJ/s, whenever (l3) is attainable 
is larger than This is done by multiplying the numer- 

ator and denominator of (44) by 7 , which makes the numerator 
the same as the numerator of (43). A comparison of the resultant 
denominators now shows that 


Ihh ^ 

whenever 

RiRA + ^^Rz + y^Ri - 2y\/^z VRiRz + ^ 0 (46) 

The left-hand side may be expressed as a square thus 

{VWzVRiRz + P^ - yVRi}^ ? 0, 

which is seen to be always fulfilled, since the quantities under 
the radicals are all positive. 

We have then the result that Combination (/?), if attainable, 
gives a larger value of 1$ than does Combination (a). In a 
similar way it can be proved that Combination ( 7 ), if attainable 
also beats (a). It is not necessary to compare (/?) with Combina- 
tion ( 7 ) since the two are never both attainable in the same case, 
as may be seen by comparing (40) with (41). 

The results may now be further summarized in the following 
Key. 

219. Summary and Key Concerning Grand Maxima of I 3 
When the Mutual Impedances are Invariable, and When the 
Reactances are Unrestricted. — 

J. Resonance Combination (a). 

If 

R1R2R3 ^ [i?i 7 ^ ■” 

where the vertical lines indicate absolute value/ ^ use Resonance 
Relation 

(47) . 


Zi = X 2 = Xs = 0 



2m 
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and calculate! the uraiid maximum of h by 
[I-A„ - 

II. Hmofinnce. Combination ((3). 

If 

RdUIU K fiiy^ - 

UHc Il<!Honauc<! R(!lationH 


A', = 0, 


A'a liJi-i + 


X, RJi, 
and calculate t h<! grand maximum of /» by 

i,i m 

^ 2VRiR^ VliJti + fi‘^ 

in. Rcmmance Combination {y). 

If 

HvIttRi t - Riy\ 

U8(( IltiHonatuef! IlelatiouH 

„ „ X, R,R, + 7 * _ 0^ 

A, = 0, 

and calcidaUt the* grand maximum of / a by 

[yE] 


I/*l- 


2VRiR» VlURt + 7“ 


(48) 


(4!)) 


(50) 


(51) 


(52) 


Tkm summary, or key, contains the optimum resonance combi- 
nations and the grand maxima of current in Circuit III, obtained 
when the reactances Xi, Xs, and X$ are unrestrided. 


CHAPTEE XV 


RESOKANCE RELATIONS IN A RADIOTELEGRAPHIC 
RECEIVING STATION HAVING A COUPLED 
SYSTEM OF CIRCUITS WITH THE DE- 
TECTOR IN SHUNT TO A SEC- 
ONDARY CONDENSER 

I. GENERAL RESULTS 

220. Form of Circuits. — In Chapters XI and XII there is 
given a theory of coupled circuits approximately applicable 
to a radiotelegraphic receiving station in which the detector is 
in series in the secondary circuit. The treatment is approximate 
in that the receiving antenna of practice had its capacity, in- 
ductance, and resistance distributed along the length of the 
antenna, while the system treated was idealized by replacing 



Fig. 1. — Radiotelegraphic receiving circuits with detector in shunt. 

the distributed constants of the antenna by a lumped capacity, 
inductance, and resistance. 

It is proposed now to undertake a similar analysis of the 
corresponding problem with the detector and a stoppage con- 
denser'^ Czo in shunt to the condenser C23 of the secondary cir- 
cuit, and to attempt to determine under what conditions, if any, 
this arrangement is superior to the arrangement of Chapter XII, 
Fig. 1 . 
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'I’hc form of (!ir<!uit, ooiistitutiag tlu; Hul)joc,t matter of the 
prcKc-nt chapter i.s given in Fig. 1. If we idealize thia circuit l)y 
r<‘placing t !i(! antenna and ground by a lumped capacity, aw was 
doiK! in (he {)revions <diapters, we havii tlui arrangement givesn 
in Fig. 2, in which th<‘ (;ond(“n,ser f/i noplaces the antenna and 
ground, and (he Io(ail e.m.f. r n^phutes th(f e.m.f. impressed by the 
incident waves. If th<^ waves anf p{!rHiHte,nt and undamped, 
th(* curnmt will nrriv(‘ at a sttwidy state ev<m for the shortftst dot 
made at (he semling station. We shall seek, therefore, only the 
steady-state solution. 


l-'m. 2. 



Similar In Wk. I. Imt with ntilottna circuit r<-plac(t<l (ly n cloHcd circait. 


221. Notation. — We shall give the various parts of the (dr- 
euits the ficHignations indicated in Fig. 2. If wts compare this 
notation with that of Fig. 2 of Clhapter XIV, wa shall s<!c that 
th<! notation is the same except that Mu has now been simplified 
to M. 

TIm! reaetanees <»f the three (ureuits are setm to bo 


Xi Li<a 
wh<;nj 


l/(7i«, Xg “ /<gw — 1/Cg$w, Xg ■» — l/(7g« (1) 


1 1,1 

= r “r U ~ 

Og l.gg Ogft 


( 2 ) 


Using the methods of the preceding chapters if wo lot mu and 
ma Im) the complex mutual impodanctss hetwoon (lircuits I 
and n and (lireuits 11 and III respectively, and refer to tho 
definition of these quantities ^von in (18) of Chapter XIII, 
we see that 

mu “ jMi>>, and mgg «=■ I/jCggw (3) 

In order now to make Chapters XIII and XIV directly ap- 
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|>!iciablc^ to tho |)rnhb*iii. w<* Hhall iirifi* fhat mul j *|j^ 

used in (9) of C liaptcr X I V huvi* mmthr vnlw^^ 




ft 


3 'i 


(4) 


Willi (‘qiiiitimis (■1) jih tlHtnitii»it« of ii uii'l y. 'r.nltlf I of f ’hiipti-r 
XIV (Art. 211) conlaiitH thf Iuiuifiili iir> a fur thi' iin-M ti! 

222. Current Amplitude Ii in Circuit III. Uv iquuiiniif. (l), 
(2), and (2) of (‘haplcr XIV. w<‘ may mnv wijt.- ilir )-urn-iit 
auiplitudo /.n in (’irciiil HI in iho'i- variaiP foim- :s« foilmv.H; 

iiyi-: ,<>/*' ,'r-> 

(h) nil 

liquation, s (5), (B), awd i7| f/irr Ilirrr mr^ani fritHiH #>/ tfpfrnmm 
for thv mrmit amplitude 1% in (orruit ///. In ihrMr rqmilumji ^ 
and 7 have the valueM girm in II). ami th*' varumM /Am haee the 
valium given in Table / Arf^. 21L 

223. Investigation to Determine the Eeionant Vtints of the 

Stoppage Condenser in in |iriiiiic‘ii 

ordinarily tho Htoppagr i\$mh:nmr-. W** nnw M’-rk 

tho Vfihlo of (\n uptimum talm’} liitif thr grriitr'iii 

rurrotif luriplifiitla in thv d*’‘trrfitr rirriiit fl'imiil III|, The 
didc'^’f or hiiH liny n^Hintanri^ li\. 

If wi* oKiitnino f»qtntii**ri Oil. %%m mm llmt: If, 7 , E, Zt niirl Z/ 
an* iinIofM*nrieiit uf (\k^H %v}iir}i in iiivolri'*! in Zf' lllrl||l^. 

Tho viihii» of m ititiH llin viiliir ikiii Imim* 

Z% i« 

m 


-- h iiiiiiitmirii, re 

ByTiitile I, Art. til, 


ti^ 


4_ 


(ft) 


ill which, by rtdetnm* to Tiiblr I it mmn tlmt He 

of C|». Wo may, tlicrrforc, fifliiiti «itir iijitiiniiiti iif f’,, 

by tusking 

It ifiifiiiiititin n* iUI) 

If poiiililc, we ahull rhiKw f f«i tiiiilr 

.W* ^ II Cil) 

Eq'Wiiwn 111), if aUmnahy^ unM gnm ike li§ki» 

tim re Ci», 
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If, oil account of roatrictiona, it ia not possible to fulfill ( 11 ), 
we shall chooHi! f.'so to make the value of JTa®* a minimum, and 
obtain what we havecalhal iho. lienonance Relalionre C '30 RcMricted. 

W(‘ shall use t he resf.riet.csl reaonanee relation only when the 
partial nwmanee relation (II) cannot be attained, for if ( 11 ) 
can be attained it will give a larger /» than c.ould be had with 
the rest ricted relation that does not make X^° ziiro. 

224. Resonance Relations re Can. Restrictions. — Let us now 
write down tin; abbreviated value of Jfs® from Table I, Art. 211 . 
It is 




X 3 




( 12 ) 


Replacing Xu by its value from (1) and (2), and indicating 
the square, we have 


X 


Oo 


_ 1 1 _ tLYs’’] « 

.. C'moi Z ,°-^ 1 


(13) 


Now C'so can have any positive value, so that the first terra in 
the bracket lain hav<! any lu'gative value. 

We WH* th{*n that we can make 


X3"* * 0 


(14) 


provided the remaining terms in the bracket of (13) are positive; 
that is provided 

- yr- - ^ ^ 0 (16) 

If (16) in mtinfied, there in norm value of C 30 that satisfies (14), 
awl hence (14) is attaincR>le and is the resonance relation re Cao. 
In (16) X*® and 7,% are defined in Table /, Art. 211. 

If, now, on the other hand, (16) is not satisfied, then the last 
two terms in the bracket of (13) an* nogativii. The first term in 
thii bracket is also negative, and by inspection it is seen that wo 
shall make the whole bracket squared a minimum, by making the 
first term zero. Therefore, 
for Xg®* a nunimum we must make 

Cm *■ infinity (16) 


provided 


I 7*Xg® 


<0 


(17) 


If (17) is mtisfied, equation (16) gives the optimum value of 
Cm. This is the Resonance Relation re Cm Restricted. 
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226. Expansion of Resonance Relations re Cso- — We shall now 
elaborate (14) and (15). To do this, we shall introduce two new 
abbreviations as follows: 

Let 

+ Li^oA + (RiR^ — X 1 L 2 C 0 'j (18) 

B = (19) 

To justify the designation of (18) in a form that is essentially 
positive, let us note that, if we recall that 

we can factor (18) into 

A^ = (^2 + + {l,o> - 

= ^2°" + (21) 

which shows it to be essentially positive. 

Now making use of Table I, Art. 211, and equations ( 1 ), 
(2), (4) and (19), we have 


= L2W + 7 - 
= B + 7 


2 ^ 0 * = ^ ^^02 

= Ri°^ + B^ + 2By + 7 * 

= A 2 + 2By + y^ (23) 

In terms of these results, we can express (14), by using (13), 
as follows 

_ w o + 7) 


Therefore, 


This gives 


* A=“ + 257+7^ 

L. 4 . r(-A’‘ + By) 

C,ow + 2By + 7 ^ 


n _ 1 I B A- y 
A^ A- By 


Replacing 7 by its value — I/C 23 W, we obtain from (25) 

n n \ ^ 


C 23 W + 


B — 
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Since in (24) the denominator of the last fraction is positive, 
and since y is negative, and Csoo: is positive, equation (24) and 
consequently (26) can be realized, only provided 

A^ + By ^ 0 (27) 


Replacing y by its value this last inequality can be replaced by 




B 

C2Z0i^ 


(28) 


Equation (26) gives the value of C 30 O) for a maximum amplitude 
of J3. This is the Partial Resonance Relation re C 30 . It can be 
attained only provided (28) is satisfied. 

If (28) is not satisfied, we must use the Restricted Resonance 
Relation, given in (16); namely, 


Cso = 


(29) 


We shall consider next the Resonance Relations re C 23 * 

226. Resonance Relations re C23. — We shall now make an 
independent investigation of the resonance relations re C23, 
and shall begin with the current amplitude equation ( 6 ), which 
squared gives . 

1 

C23w‘ 

In this equation the quantities y, and Z 3 ® all contain 
C 23 , while the other quantities of the equation do not, so that for 
a maximum Iz^ with respect to C^zu'^^ must make 

^ fof\\ 

— = a minimum, re C 23 (30) 


Now, by Table I, Art. 211 , 


= 







= E3^ + X32 + 


2y\R2^Rz - Xf'Xz) 



whence 


^.2 


= ^ (Rs^ + X3=) + 2 {r,°Rz - X2°Xz) + 

= + + + 2M3 

^ -2XziB + y). 
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In this expression Xz still involves 7 , and must be replaced by 
its value from ( 1 ). This gives, after simplification, 


7“ 
2A^ 

CzQOi 


(31) 


To make this a minimum with respect to 7 , let us set the de- 
rivative of it with respect to 7 equal to zero, obtaining 

0 . - i j^. (k.. + 5^) } - i + 5^) -£) 

(32) 

whence, 
either 


or 


Y = — 00 

1 B 
7 


A'^ 




Since 7 is negative, (34) can be attained, only provided 

1 


B - 




(33) 

(34) 

(35) 


To ascertain whether (33) or (34) gives the larger value of 
current amplitude Iz, let us substitute these two values succes- 
sively into (31), and designate the results respectively by Di 
and 1 ) 2 , as temporary abbreviations, obtaining 

-- - . - /- 1 \ 2 




Di 


(36) 


when y has the value given by (33); and (using (32) for (34)) 


= -M 


Rz^ + 


Czoh 




+ (R^^ + R^^ (2 — ~ — \ = 

\ 0 30W/ 


D. 


(37) 


when y has the value given by (34). It is seen by inspection 
that Da is leas than or equal to Di, so that (34) gives more cur- 
rent amplitude 1% than does (33), and is to be used whenever it 
can be attained; that is, whenever (35) is satisfied. 
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We may now replace y in (33) and (34) by its value (4), 
obtaining 

either Cm = 0 (38) 

n B 1 

or C;23w = Ti 1“ (39) 

CsoOiRz^ + ~ — 

V 30 CO 


When (35) is satisfied, equation (39) gives the value of Cm that 
produces a maximum value of 1 3 . When (35) is not satisfied, 
equation (38) is to he used to obtain a maximum value of 1 3 . 

227. Optimum Simultaneous Adjustments of Both C30 and 
C23. Resonance Combination L. — We have now obtained in- 
dependently the optimum adjustments re C30 as given in (26) and 
(29) distinguished by the criterion (28), and the optimum ad- 
justment of C23 as given in (38) and (39) distinguished by the 
criterion (35). 

We shall next determine what simultaneous adjustments of 
both Gao and C23 are optimum, leaving Ci still arbitrary. 

This is done by treating these various equations as simul- 
taneous, keeping in view the criteria under which any of the 
respective .combinations is attainable. 

Let us begin with the combination 


and 


Cao = “> 


C23 = 0 


(40) 


By reference to the descriptive matter concerning (29) and 
(33) we see that the equations (40) can be a proper resonance 
combination only provided this combination is inconsistent 
with (28) and (35) . To be inconsistent with these inequalities 
(28) and (35) we require that 

^2 ^ when C23 = 0, 

O20W 

and 

A ^ i — when C30 = “ 

CzoO^Ri^ + 'q~ 


These two relations merely require that 

B < 0 (41) 


We have then the result that under condition (41) the optimum 
combination of values of Czo and Cm is that given by (40). This 
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means that in this case C30 is- short circuited and C23 is open circuited 
or removed. Since in this case the capacities no longer enter, 
we shall designate this combination (40), under condition (41) 
as Resonance Combination L. 

228. Optimum Simultaneous Adjustment of C30 and C23. 
Resonance Combination 0. — ^Let us examine next the combina- 
tion of (38) with (26). If those two equations are simultaneous 
we have 



( 42 ) 


The restrictions under which the equations (38) and (26) 
were resonance relations are that (35) be not satisfied and that 
(28) be satisfied. That is, 

~ ^ ^ when C30C0 = l/B, 

Czqo)Rz^ + — 

and 

R 

^2 ^ , when C23 = 0. 

O 2Z^ 


The second of these inequalities gives 


B > 0 


(43) 


and the first, on replacing Bsofo by 1/S, and inverting the in- 
equality, gives 




This by (43) and (21) gives 

R2^ 3 Rz (44) 


Under conditions (43) and (44), the combination (42) is the 
optimum resonance combination with respect to both Czo and C^z, 
We shall call this Resonance Combination 0. 

229. Resonance Combination A. — ^Let us next investigate (39) 
and (26) as a possible combination. This requires extensive 
elimination. 

By partial division of the fractional part of (26) this equation 
gives 


Csow = - -f p -f 


Cizca + -J2 + 


B^ 


B) 




( 45 ) 
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Equation (45) is the equivalent of (26) . 

Let US now replace the first two terms on the right and the 
corresponding expression in the last denominator by its equiva- 
lent from (39), obtaining 




1 






30^0 


Transposing the first term of the right-hand side to the left, 
and collcicting these two terms over a common denominator, 
we obtain, after clearing of fractions 

+ j^)’. 

By (21) 


A^- = R2° 


which, introduced into the preceding equation, gives a perfect 
square on both sides. Taking the square root, we obtain 


^ n Ri°Czi^Rz^ I 

— r 


Ri° 


Clearing this of fractions and solving, we obtain 




R 2 


lRz(A^- R2 °Rz) 
The substitution of (46) into (39) gives 


B 


CigCO 


■4 


f - (A^ 

tiz 


Ri°R») 


(46) 


(47) 


The conditions under which these results can be attained 
are thc3 conditions that make the radicals real, and make the 
numerator of (47) positive. These are 

A 2 y and J5 > 0 1 

i!2°^ 




(48) 


Ri 


By (21) the latter gives 

Rt ^ R2° 

This equation combined with (48) gives for the complete 

A* 


condition 


B > 0, and Bj” 


B2° 


(49) 
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Under conditions (49) eqvMions (46) and (47) give the optimum 
resonance combination with respect to both Cso and C23. We shall 
call this Resonance Combination A. 

230. Resonance Combination B. — There remains one oth(;r 
possible combination; namely, the combination of (28) and (39). 
This combination gives 

( 730 =" 1 


and 


(50) 


Cn<o = B/A^ 


We shall call (50) the Resonance Combination B 
Examination shows that the only restriction on this is B > 0, 
so that Resonance Combination B as given in (50) is applicalde 
coextensive with Resonance Combinations 0 and A. It can bo 
shown, however, that where either 0 or A is attainable the 
Resonance Combination B is inferior as a rcisonance relation, as 
follows: 

Taking the general equation (31), introducing in turn Combina- 
tion 0 and Combination B as given in equations (50), and 
calling the results Do and Dg, we have 


and 


Do = + li^y 


(51) 


D„ 


IPR,^ -f 
A 2 


+ (/f-/+ Ih)^ 


(52) 


Let us note for future use that by (21) this can be written 


,, /A=+ Ri°Rz\ * 

De = [ 2 ; 



Referring now to (51) and (52) it is seen that Do is the smaller 
whenever the fraction of (52) is positive; that is, whenever 

E,* < A*. 

Since by (21), the right-hand side is greater than we have 
a fortiori that Do is smaller, when 

Rz < R%° (54) 

It thus appears that 0 gives a larger I3 than does (S), whmmer 
0 is applicable, as may be seen by comparing (54) with (44). 

We shall next show that Resonance Combination B aa given 
in (50) is inferior to Resonance Combination A, whenever A is 
attainable. This is done by comparing the current I* at Com- 
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bination A with that at the combination given in (50). 
bination A is given in (46) and (47). By (46) 


1 


RzAA 

Rz° 


— J?3 


Com- 


(55) 


whence by transposition 


1 


Ri° 


(56) 


Equation (56) is an alternative statement of (46). 

Lot us next note by transposition of (47) and multiplication 
by (46), that we obtain 


whence 


{A^CzZCV- B)Czo<0 ^-Rz°/R3, 


C 2ZO) — 


± Rz^ 
A^-^Rz 



(57) 


Equation (57) is a partial expression of Combination B, and is 
true whenever (46) and (47) are true. 

Introducing (56) and (57) into (37), we obtain on expanding 
terms 


D, = - 


Rz 


+ > 


2B RzB^ 


RzCzo^u^ ' CzoO) 


Rz 


o + iRz°+ RzY 

2B 


+ 5“ - 


+ 


1 


CzeM Cz<?ai^ 


which reduces to 



1 - ^°} + {Rz°A- RzY A- B^- ^ 

iV3 i -^2 


In this, let us replace the first factor on the right by its value 
from (55), obtaining 

Kz ^2 

Now making use of (21) this may be reduced to 

Dz — 4:RYRz‘ 


Identif 3 dng Ds as the first member of (37), we have 

- 4H.-B. - D. 


( 68 ) 


Equation (58) is the value assumed by the general equation (37) 
whenever the Resonance Relations A are fulfilled. 


252 


ELECTRIC OSCILLATIONS 


[Chap. XV 


We shall now show that the right-hand side of (58), which is 
obtained with Resonance Combination A is smaller than the 
corresponding expression obtained with the Resonance Combina- 
tion B given in (50). We have already found that the result ob- 
tained with Combination B is 






(59) 


where Db has the value given in (53). We see then that 

D2 ^ Db, 


whenever 


M2 + R2^Rz\ 2 


) -iR, 


> 0 


This inequality reduces to 

(A^- Rs^Rzy > 0 , 

which is always fulfilled. 

We have then the result that the denominator {proportional to 
D 2 ) in the expression for J3 is less with the Combination A than 
that {proportional to Db) with the Combination B, $0 that whenever 
Combination A can be realized it is to be preferred to Combination 

B. 

We have then the result that Resonance Combination B is to be 
used only when B is greater than zero, and when neither Combina- 
tion 0 nor Combination A can be fulfilled. 

An examination of this fact leads to the conclusion that Reso- 
nance Combination B as given in equations (50) is valid only when 


B > 0, and — R 

ito 


(60) 


Before summing up these results in a Key, let us obtain ex- 
pressions for the current amplitude 1 3 for these several Reso- 
nance Combinations, L, 0, A, and B. 

231. Amplitude of Current I 3 for Resonance Combinations 
L, 0, A, and B. — To obtain expressions for the amplitude of 
current for these several resonance combinations, we may employ 
equation (6), which squared may be written 






( 61 ) 
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where, as a temporary abbreviation, 


D = 


yi 


(63) 


In case of the Resonance Combination L, we can find D, which 
we shall then call Dl, by substituting (40) into (31), bearing 
in mind that 

1/r = - ^230) (64) 

This gives 

Dr. = (R2°+R3)^ + 


so that by (61) the current in this case becomes 


[^3 


max. max.” 


] = 


McdE 


Zi\/{R2° + R3)^ + 


(64a) 


Equation (64a) give^ the Current Amplitude in Circuit III for 
the Resonance Combination L. 


To get the current for Resonance Combination 0, we have 
already obtained D in the form of Do in equation (51), so that by 
(61) 


[Iz 


max. max.J 0 


Mo)E 

Zi(J?2°+ Rz) 


(65) 


This is the current amplitude for Resonance Combination 0. 
Likewise for Resonance Combination A, we use the value of 
D given in equation (58) and obtain 


Mo)E 

maxJ A ~ 2Zi’\/ R^^R^ 


( 66 ) 


This is the current amplitude for Resonance Combination A. 
For Resonance Combination D, we use the value of D given as 
Dr in (53), and obtain 

max, maxJ B 


ikfcoD 




(67) 


This is the current amplitude for Resonance Combination B. 

232. Summary and Key to Results for Optimum Values of 
C 23 and C 30 and for Maximum Values of I 3 , with Arbitrary Val- 
ues of Xi, — We are now prepared to give a summary of results 
obtained up to the present. In this we shall use the following 
abbreviations, which have already been defined: 
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= R 2 ^ + L2W + ^ (RiR^ - Z1L2C0) ( 68 ) 

(see (18)). 

B=L 20 >- ^ (see (19)), (69) 

R° = R^ + (see Table I, Art. 211) (70) 

Among these quantities there exists the relation 

A2 = R0 4, £2 (^see (21)) (70a) ' 

A key of optimum relations and amplitudes now follows. 

I. If jB ^ 0, Resonance Combination L, 

L. The optimum C23 and C30 are 

Cn = 0, C30 = (71) 

and the max. max. current is 


McoE 

II. If 5 5 0, there are three combinations, 0, A, and B. 


(72) 


0. When Rg ^ i?2°, 

the optimum C23 and C30 are 

Cu = 0, C300 = 1/B (73) 

and the max. max. current is 


[I. 


MoiE 


A. When j?.® ^ Rz ^ 


max. max. JO ZiiR 2 ° + Rz) 

A^ 


(74) 


Ri 


the optimum C23 and C 30 are 


B 

C23U) — 

Czo^i) = 


A^ 


R 2 


(75) 


[I> 


Rz(.A^ - R2 °Rz) 
and the max. max. current is 
_ M^E 

max. max.] 2Zi\/R^2 


(76) 
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B. When ^ ^ R„ 

the optimum C 23 and C 30 are 
C%zo) = C30 = 


\lz 


and the max. max. current is 


max, maxJ B 




(77) 

(78) 


These equations and the several criteria under which the equa- 
tions are applicable are given in terms of quantities A, B, R 2 °, and 
Zij all of which involve Xi. For any given Xi the criteria in the 
'form of inequalities enable us to select the proper Resonance Com- 
bination and to compute the value of I z max. max. • 

233. Abbreviations in the Form of Ratio Quantities. — For 
purposes of calculation, it is desirable to introduce into the pre- 
vious equations certain ratios of the obvious electrical constants 
or variables of the circuits. As in previous chapters let 


= 


Jkf2 

1 


m 




A 

1 


V2 


R 2 

L2C0 


Qz^ = 




(79) 

( 80 ) 


The last of these is a new ratio, taking account of the third 
condenser of the system, and combining it arbitrarily with the 
second inductance. 

In addition to these ratios let us employ also the following: 


where 


y.2 


= 



= 1 - 

w2 

11 

(81) 


h ^ 

° ~ Law 

= 1 

_ l!il 

J.2 

(82) 


= + «Z] 

2 


(83) 


+ 

1-1 

1! 

+ — 

2t*“(i7iJ72 — Ji) 

T ^2 

(84) 

R 2 




(85) 
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In some of the computations we shall replace also the inverse 
ratios of angular velocities by ratios of wavelengths, by writing 

^ — hi hi ^ (QfK\ 

Ti Oi’ X fig’ X 123 . ^ 

where 

X = wavelength of impressed e.m.f., 

Ai, A 2 , A 3 = undamped wavelengths corresponding to the un- 
damped angular velocities 12i, 122 , 123 , respectively. 


234. Summaxy and Key in Terms of Ratio Quantities. — In 

terms of this set of ratio quantities, the summary given two sec- 
tions back can now be put into the following forms suitable for 
computations: 

1. If 6 ^0, 

L. Use the resonance relations 


maxJ L 


C2Z= 0, C30 = 0° 
and calculate the current by 

tE 


II. If6 ^ 0, 
0. When 


/I I 

p + — ? 

- r^7]2 

use the resonance relations 


(87) 


V rjirj2 


( 88 ) 

P 


[/3 


max. max.l 0 

A. When 


C 23 = 0 , and — 2 = 

123 X^ 0 

and calculate the current by 

__ 


r^rii - - 






use the resonance relations 


(89) 


(90) 
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Q2' X2 


\/-{l +?^li 

[ — pii2 (j?2 +-^) 1 

\ p 1 r^772i 

1 \ U J i 


_ 




\ r^rjiJ 


[h 


'max. max.-* A 


]a = 


p ja^ - pi32(»72 4- 
and calculate the current by 
tE 


B. When 


2VRiRsJ-r^ + r* 

\Vi 




use the resonance relations 


(92) 


(93) 


co^ __ A2^ _ ^ n — 


[/: 


^max. max.] B 


X2 a2 
and calculate the current by 
tE 


a / RiRz 


V PV 1 V 2 . 


(V + r^^) 


(94) 

(95) 


Jn terms of the abbreviations (81) to (87) the several equations 
of this summary give the relations for calculating the optimum ad- 
justments of C 23 und C 30 ; for any given value of Xi, or the related 
quantity There are contained also in the summary the values 
of /smax. max. obtained when these respective adjustments are made. 
Before proceeding to a theoretical determination of the adjust- 
ment also of the Circuit I to give what may be called a grand 
maximum of current; we shall give an illustration of the results 
up to the present by the aid of numerical computations. 


n. COMPUTATIONS IN A SPECIAL CASE 

236, Power Developed in the Detector for Various Adjust- 
ments of the Primary Circuit, with Optimum Adjustment of 
Secondary Condenser C23 and Stoppage Condensers Cso, in a 
Special Case in Which = 0.1, = 0.03, U 2 = 0.01. — If we take 

the squares of the current equations (88), (90), (93) and (95) 

17 
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and multiply them by RiR^, we may obtain values of h^RiRs/ 
t^E^, which are proportional to the power developed in the de- 
tector, whose resistance is Rz* This we shall do in a series of 
special cases in all of which 


= 0.1 

7ji = 0.03 

772 = 0.01 


with 


Rz 

R 2 


10 \ lOS 102 and 10 


(96) 


The values of r, rji, and 772 are approximately those attainable 
in practice in radiotelegraphic receiving. As to the resistance 
Rz of the detector, reliable experimental values of this quantity 
are not at present available, and in fact this resistance is a 
function of the current, and is complicated by an action of 
rectification. Nevertheless, it is possible that experiment may 
subsequently separate out from the complicated action of the 
detectors a term of the character of pure resistance, and also 
new types of detectors, more nearly approaching constancy of 
resistive action, may be discovered. These calculations may 
then be of great importance in pointing the way to proper 
design of receiving apparatus. 

Table I gives a series of calculation of relative power developed 
in the detectors of various resistance Rz relative to R 2 . The 
quantity called relative power is arbitrarily defined as follows : 


Relative Power = 


Iz^RzRi 

t^E^ 


(97) 


Table I was made as follows: Taking various arbitrary 
adjustments of Ji of the primary circuit, values of Oi/co were 
computed by (81). The result was put into terms of relative 
wavelengths, by employing the relation 


X 


CO 

ill 


(98) 


where Ai is the undamped, or forced wavelength, defined in Art. 66, 
Chapter VI. The values of the generalized wavelength divided 
by the impressed wavelength X, corresponding to the assumed 
values of Ji are put into the first column of the table (Table I). 
Next, corresponding to the various values of Ji, the several 
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Table 1. - Power Developed in the Detector R 3 at Optimum Adjustment of 

and Cm for Various Settings of the Antenna Undamped Wavelength 
A I Relative to the Incident Wavelength X and for Various Ratios 
of Detector Resistance to Secondary Resistance. Given 
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iTheria of thef “Koy" in torraH of ratio constants were invosti- 
Rateci, ami thts propisr formulas for the computation of 
worn wilcctfitl, tlw*r»!hy imposing upon the system the requirement 
of an optimum jifijustment of Cn and Cto- By (97) the relative 
jjower wtis then computed, and placed in the last four columns 
of the table, with <Htch numerical value designated by a letter 
indicating the formula employed in the calculation. 
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236. Discussion of Results for Relative Power.- llii* rfHiiIiH 

arc plotted in Fig. 3, with relative* pe)w«*r an ordifiati^H and 
relative! primary wavcdeaigth an ahneiaHie. Tlir* Hepnrafi* eiirvf*^ 
marked r(\sp(!(;tiv(*ly 1(F, ICF, and If) are for ihi! radio of 
renistanceH Rn/Rt equal to tla^ne viiliieH reH|>e(dively, It in loin?, 
notieed that each of eurven Iihh Iwfj iiiaxima, exeept I lie 

lO^-CAirve, whicdi has tlirec* maxima. Varitnin parfH of thi* 


2.0 ■ I 
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AiA 

Fici. 3.— •Plot of TsWe 1. 'Hm* lit ltf*« la* «fi«| in* glvit tlie vultiw of 

Hn/iii fr#r till? w*|»{irfitfi fiirvw. 

various eurvas of this figure (Fig. 3 ) went roinpiiferl iiy various 
formulas, in aeeorcliiiiee with the eriterim relitlinii^ tif f lie “ fieyd^ 
The heavy black line sc^rving as ii wort of ii|iiw*r fioiiiiilitry of the 
figure wfw eomputeci by the foriiiiilii mrri*f4fsiiidiiig lo C’lmt 4. 
In Cum A the computed value b the wiiiie foriill riifkw '/fsof 
rc»istanet^, so that whenever the criti*rioii of (*!»* A is 
by any adjustment of the eireiiils, the eiirvi! obliiiiieii into 
heav;; 

marked 10 , 10 * and 10 * a mmximtm near its jiiiirticiii ndfh flit 
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within the range considered. The curve marked 10^ has its 
third maximum (the middle one ) on a part of the curve calculated 
by the L-formula. This is very interesting, for in this region the 
condensers of the secondary and tertiary circuit are inoperative, 
one being zero and the other infinite, or short circuited. For 



Fia. 4. — Optimum values of A 2 A for various values of AiA* The 10, lO^, 10*, 
10^ attached to the various curves gives the value of Rz/R% for each curve. 

this particular set of constants we have an ejficient tuning 
system without any secondary condensers ! 

Certain other facts regarding these curves will be presented 
in a theoretical discussion to follow a presentation of tables and 
graphs of the optimum resonance relations in our special case. 

237. The Resonance Relations in the Special Numerical Case. 
It is proposed now to give numerical results concerning the 
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optimum atljuKinuuifH of C2n and Cm in f ho Hpot»iaI riisi* uiiflor «*oii- 
Hi(leratio!t luntoad of tabulating t ho rnparifioH it in muro roii- 
venient to tabulati^ A^/X und A.i/X, wlit»rf» 

Az/X 27rr\//,.,r,,/X imn 



W I i i 


.7 JB .9 1,0 l.l u U 1.1 14S l.fl 1.7 

Ati^ 

Fki. S.*“->Optiriiiim valuw of Ag/k for i^arintw ^^iiltir# #4 Ai/l. f»»r 4if!#‘rrf#f viiliir? 
of Mb/Bs m hy unmlmm fttijwlirti If# i|if» rw %^r*. 

With th^' deiiiitioas it m hm Iicmiii r«|M«iti«liy fMiiitlod 


As/X w 


I, 
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TImw vjiluen are (‘OinputtHl by th(* aid of the formulas for 
tla* reHOUaiH‘e n^liitioiiiH in t.h(‘ various easels given in th(^ 
arid art* fabiilafed in ''ralikts 11, III, and IV. Th(i n^sults are 
in Figs. 4 and o. 

H(*veral curves are nurnlx^rcKl with numberB giving the 
ratio of fhUi^ taken an thc^ basins for thii ealeulatiouH. 

Ko eH|K‘fdaI eommiuit will b(‘. givmi, (^xei^fit that these curves 
{Htnnit a deterrniniition of the optimum value) of tlie two con- 


Table IL -Resonanct Relations in Case Ra/Rg sa lOX Optimum Values 

of As/X and of Ai/X, for Various Values of Ai/X. Given r® » o.l, 
ffi 0 . 03 , rj2 ® 0.01 


CtJVl'!f4 

('nhiulfitini (If 

►timuiu vulut'M 
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p 
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B, 

1 l.IIW 1 

O.aiK) 

1.22 




l,2ifl ! 

0,400 ^ 

1 . 153 




1,414 ; 

Cl.ilJO ^ 

1.118 




U70 1 

0,l||.KI ^ 

1.005 




m \ 

1,000 i 

1.053 






264 ELECT Ria OSCILLATKhVS [Chi^p. XV 

densern C^z and ^3^ in th(^ KnvfntI nntuvrivtil nm*H, and {¥>irii 
the way to a further thc^oretical exiiiiunatir)n fallowing. 


Table III.— Case R,/Ra - 10’. 

lO*. and 10. 

. Optimum 

Values of Aa/X 

For Various Values of A i/X 

. Given r’ 

0.1, 0.03, 0.01 



V!iair,fi 



' VaiiH" 

:» Ag A |r*f Ifi '7/i r»|!|ft| 
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Ji 
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nil 
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llie formala uaiwl in nmh k tliiit %wmi tiy Urn fiilliiwitig lliii 

number given in tlm table* 
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Table IV. ' ‘Case Ra/R^ 10‘\ 10\ and 10. Optimum Values of A^/X 
for Various Values of A|/A. Given 0.1, rn 0.03, rj^ = 0.01 


C Sivi'ii 




V'hIuoh of Aa/X for H%/H% (ujufill 


1 / A 

% 
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10 

m 
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0.2(KM 
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Cl, Bin 1 
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Tfii? ftirmtila iiwt*l in (>»ch aim; b that givuti tiy tlici l«tt«r following thci 
iiumbtr in thn tahh*. 


ra, THEORETICAL INVESTIGATION OF THE GRAND MAXIMA OF 

POWER 

288. Oeoeral Note <«a Grand Maxima of Power in tiie Detector. 

An examination of Table I gives some notion of the adjustriumt 
for a grand maximum of power in the detector. In the first 
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place the values in the table presuppose that the optimum 
adjustments of C^z and C30 have been made, and the numbers in 
the last four columns are max. max. values of relative power, 
so that the maxima of the several values give max. max. max. 
relative power. To avoid the use of the term max. max. max. 
we shall call these values the grand maxima. 

The table shows that when there are any B-values, the 
grand maxima seem to fall on the ^-sections of the curve 
or at a point near the junction of the 5-section with the A- 
section. When there are no 5-values, the grand maximum 
seems to fall on the 0-section near its junction with the A-sec- 
tion. In one of the cases there is a third grand maximum on the 
L-section of the curve corresponding to Rz/Rz equal to 10^. 
These inferences from the special-case curves are now to be 
corroborated by a theoretical investigation, in which the actual 
values of the grand maxima of power are to be discovered. 

239. Investigation of Grand Maximum of Power with Respect 
to Resonance Combination L. — ^Let us designate the relative 
power developed in the detector Rz by the letter H, defined as 
in equation (97) ; that is 

H = Relative Power = ■ (103) 

Comparing this definition with (88), it will be seen that, 
for Resonance Combination L, 


= 


V2r + Vp 


P) + 


rVp 


2 ^ 

P 


(104) 


77X172 


In this expression r and h involve the reactance constants 
of Circuit I. We propose now to find the value of Xi (or of the 
related quantity J i) that will make Hl a maximum, and we shall 
then determine the magnitude of this maximum value, which we 
shall call the grand maximum with respect to Resonance Com- 
bination L. 

Whatever adjustment makes a maximum, with r, R2, Rz and 
E fixed, will make Hl a maximum under the same conditions. 

Referring to equation (5) and noting that in that equation 
Z'l alone involves Xi, and that in consequence the square of 
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tlw* inirrent in a aiaxirnurn with n^npoct to Xi^ by making 

a iiiiniiiiuiii, wi* hav(* 




a minimtim 


(105) 


for tho clf*ti*rniiiiation of Xi, 

Writing out liy valu<*H from Tabl<» I, Art. 211, wc have 
r/ .. V - 7“X,) 

ThiH miiHf be wilved m Himultam^ouH with (87), in order to 
havf* all threc^ varialdoH of tlu* eireuit made HirnultaneouHly 
optifiiuiiii in IhoKe eanoH in whieh (87) in an oiitirnum (condition. 

Wv Hhall firHf make Vzn ^ and (*n - I/t, following 
ihdinitioii (4), ami Hindi tlam make y approach minus infinity. 
Tlii* first step <,if this o|w*ration giv(*H 

X* X 

+ L3C07® -H 

f y'Hz^ 4 + 2 L 3 W 7 + 7*} 4- y^Ls^o)^ + 2yH{iIi» 

(107) 

Ah a w'f'oiui if in t«> notad that, hh y approiKihcH lUiga- 
tiv»! iiifuut.y thirt c^xprtsHHion approiiahcH as a limit 

{Ri 4" /is)* ^ 


A". = A', 


(108) 


Thf* minimum valtm of A'')'' is than soon to ho zero, which may 
l«* alwaya attuimul if th«! ctjndcnser of th(! (Circuit I is capable 
of faking nil fK>H«ihli! valnes. 8<!tting X\ <!(pial to zero, replacing 
/S* by its value from (4), and dividing by Ljw, wc obtain 

j, (109) 

4- pr + 1 

Equation (109) givm the valxte of Ji that producen Inrgent Relative 
Poierr in the Detector, when the Reaonance Relation L in fulfilled 
hy ('ss ami C$t$- 

The magnitude of the grand maximum of relative power, 
obtained by sulmtituting (109) into (104) is 

( 110 ) 


where 


ni? ^ _T* 
nap "** pnm 


d* 4" 1^ 

1 4- na^(p 4-1)* 


pnm^ 


( 111 ) 
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In those ecjualions 

P~~~lh/H-!. (112) 

Equation (109) giMs the value of J > at u-liich orruru rnaiituum 
potorr with the Hemnanev ('omlnnntiou L, ami the vaUie of therelative 
j)ow(T at this niaximum in qiven hg < 1 10). 

240. Investigation of Grand Maximum of Power with Respect 
to Resonance Combination 0. For this couihiimfifin, hy (79), 

(’un - 0, ('siuui ■ I E nut) 

In this case hy (I) and (-1) we may write 

A's ~ /.jw +7 (1 M ) 

A'., = - E A- y (nr») 

introduce thew^ quantiti<*H into flOti), and fake ti»e limit as y 
approaches minus infinity, ohtainiiiK 

A"', = A’l - ttHLuu! -E) 

(/G + /GI’ + 

Ilephuting E by its valui- from (fHt). "e have 
Av „ V rA', Z,’ 


A", - A', 


{Ei + /fai’ + 


Th{( solution of this eqtiation for A''i 0 


either 


A', - 0 


/G + /fa 


(llHfi; 


Expressing these resuItK in terms of ratio constants, we have 


either 


To decide which of these conditions is to be tised in a given 
case, it is only neeejwary to note that since f'a, is a*rt>, we have 
the <me of two dreuitn with the secondary circuit irawhi »ip of 
the inductance Lt, the capacity Cm, and t lie resistance /f, + ffs. 
An examination along these lines, making use of Chapters XI 
and XII, shows that (120) is to be used whenever it is attainabie. 
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When it is not attainable (119) is to be used. The case for (119) 
is the case of deficient coupling, while the case for (120) is the case 
of sufficient coupling. 

The smallest value that can have is 0, so (120) is attainable, 
provided 

^^2 g TIB , I q rfiri2(p + 1) < t2 (121) 

V2{p + 1) 

whence 


p < 


- 1 


( 122 ) 


When (122) is satisfied, the optimum value of Ji for Resonance 
Combination 0 is given by (120). When (122) is not satisfied 
the optimum value of Ji is (119). 

We shall now obtain values of the grand maxima of relative 
power in this 0-case. Substituting (90) into (103) we have 



r by its definition (83) reduces to yx, and then (123) becomes 

1 


[■ffmaxjo — 


In case 


^1^2 

P 


■1 + P + 


— 

^1^72] 


for /i = 0 


(124) 


Jl^ + = 7*2 = 


T^ni 


V2(P + 1 ) 

if we first square the brace of the denominator of (123), and 
then replace r^, we have 

1 


[H. 


maxjo “ 


4t2 




, for = 


T^TJl 


V2{p + 1) 


•.2 
— 7)^ 


(125) 


We may sum up these results as follows: With Resonance 
Combination 0, if p {^^Rz/R^) satisfies the inequality (122), the 
optimum value of Ji is given by (120). The value of this power is 
given by (125). If, on the other hand, p does not satisfy the in-- 
equality (122), the optimum value of Ji is given by (119), and 
the value of the relative power at this maximum is given by (124). 
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241. Investigation of the Grand Maxima of Power with 
Respect to Resonance Combination A. — If we substitute (93) 
into (103) we shall have the Relative Power 

1 


H. = 




(126) 


In this equation, r^, which is defined by (83) contains the 
reactance constant Ji, and it is seen by inspection that the 
adjustment of Ji that makes (126) a maximum is 

= 0 , 

and that the value of Ha at this adjustment is 

1 


[-fImax.jA — 


4(^71772 + t2) 


(127) 


The condition under which this maximum is attainable is had 
by setting = 0 in the criterion inequality given immediately 
preceding equation (91) in the Summary and Key in Terms of 
Ratio Quantities,” Art. 234. 

This operation gives 

1 H ^ p ^ 1 -j 1 ^ (128) 

vm 7/1772 772(771772 + T^) 

The Resonance Combination A is attainable if the inequalit'n (128) 
is satisfied by p Rz/R^f), and the optimum value of Ji is Ji = 
0. The value of the relative power at this adjustment is given by 
(127). 

242. Investigation of the Grand Maxima of Power with 
Respect to Resonance Combination B. — The substitution of 
(95) into (103) gives 

Hb = — li r . / . 9 I /„9N ^ 0 (129) 


P771772 


a + 


p(7?2^+ 1 ^ 


Indicating the denominator of this expression by D, we shall have 
in expanded form 


2) = — ^ — 1 -|_ 2r^prj2^ + 2pr^77i772+ 

P^lV2 I 


r^p^ri2^ + 2r^ph^rji7}2^ + 


r^a^ 


(130) 


Chap. XV] 


DETECTOR IN SHUNT 


271 



It is required to find the value of Ji that will make D a mini- 
mum. Setting equal to zero the derivative of D with respect 
to Ji, we have 


(r^PV2^ + d(r^a^) 


2pV2H 1 + 


T^prj2^ + PT^VlV2 ] 


The second brace is a common factor that cannot vanish. 
It may be divided out. Doing this and replacing the deriva- 
tives obtainable from (82) and (83), we have 


r^PV2^ + P'r^ViV2 


^ = 1 1 - — I {(1 + V2^)Ji - + 2pri2^Ji (132) 

Clearing this of fractions, we obtain 

0 = + 772^) Ji— + 2pr}2^Ji} ~ 

}(1 + V2^)Ji T^} {r2p772^ + pr^vm] 

Let us write out the value of by using (83) and (84), 
obtaining 

r2a2 = (1 +r}2^) -f 2r\viV2 - Ji) (134) 

Note also, by (83) 

r 2 = ^,2 + j ^2 ( 135 ) 


The values given in (134) and (135) substituted into (133) 
gives 

0 = PaJi^ + P 2 Ji^ + PiJi + Po (136) 

where 

Pa = (1 + ‘J72^.+ PV2^) (1 + ^2^) 

P2 = (1 + ^2^ + p^2^) (“■ 3 t^) 

Pi = {1 + ^2^ + 2p772^} {(1 + + (137) 

2T^r}ir)2} + 4r^ — pvim{'^ + ^2^} {r^ + ^71^72} 

Po = — t 2 (t 2 -f- viV 2 y + r^vmp (t^ H- 171^72) — r^Vi^ 

When the quantities on the right-hand side of equations 
(137) are numerically known, the cubic equation (136) may be 
solved by “trial and error or by other known methods of 
solving a cubic equation with numerical coefficients. 

The cubic equation (136) gives the value of Ji at which occurs 
a grand maximum (or a minimum) of relative power with respect 
to the Resonance Combination B. 
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From the solutions obtained for the cubic in any numerical case, 
one must decide by a separate investigation which of the solutions 
give maxima and which minima of power, and one must deter- 
mine the value of the grand maximum of power by substituting 
the resulting value of Ji into (129), in which a and r are functions 
of J I as defined in (83) and (84). 

We shall follow the exact treatment here given by approxi- 
mations that are useful in important cases. 

243. Approximate Treatment of the Grand Maximum of 
Power with Respect to Resonance Combination B. — Instead of 
employing the cubic equation (136) to determine the value of 
Ji at which occurs a grand maximum of relative power with 
respect to Resonance Combination B, we may obtain an ap- 
proximate result as follows: 

In the value of r^a^ given in (134) let 

<< I 

and + ^ 3 g) 

2r^t7i772 < < 

then by (134) 

= {Ji — approximately (139) 

In advance of a determination of we know that it is positive, 
so that conditions (138) are satisfied, provided 

7)1^ < < 1, rji^ < <r^, 7}i7]2 < < t^I2 (140) 

The inequalities (140) give conditions under which the approxi- 
mation (139) is applicable. It may be that (140) is more restrictive 
as to 7} 1 ^'^d, 7]2 than is necessary. From (139) this is seen to he 
the case when Jy is sufficiently different from zero to add appre- 
ciably to on the right-hand side of (138) . 

If now we substitute (139) into (133), and neglect further 7 / 2 ^ 
where it occurs in comparison with unity, we obtain 


0= — T^ + 2p7j2^Jl} 

— {Ji — r^}{r^PV2^ + pr^vim] (141) 

which, factored and with r^ replaced by its value from (135), 
gives 


0 = {/i - r^]{(Ji - r^)[(l + 2pv2^)Ji - r^] 

— pT^ViVi] 

= {J^ - - 2tVi + - 


PViV — pr^Vi'^i 1 


1 + 


( 142 ) 


Chap. XV] 


DETECTOR IN SHUNT 


273 


Setting these two factors separately equal to zero, and solving 
. for /i, we obtain 


either 

or 


Ji 

Jl = ± 




^ + T^7}irj2)p 

1 + P7]2^ 


(143) 

(144) 


Equations (143) and (144) give approximate values of Ji at 
which grand maxima {or minima) of power occur with respect to 
the Resonance Combination B, 

We shall next show that (143) is the condition for a minimum, 
and that (144) is the approximate value for a grand maximum. 
This result will be incident to a determination of the magnitude of 
the Power-maximum. 

244. The Magnitude of the Relative Power with Respect to 
Resonance Combination B. — Before we introduced any approxi- 
naations into the examination of the Resonance Combination B, 
we found that Ji, in order to give a grand maximum of power, 
must satisfy (133), which was subsequently put into the form 
(136). We may, therefore, utilize (133) as far as possible to 
simplify the power equation (129). Concerning ourselves par- 
ticularly with the denominator of (129), which is given in (130) we 
may write (130) in the form 

where, as an abbreviation 

x = p{r^T] 2 ^ + T^rjirj 2 ) (146) 


We may factor (145) so as to give 

D — 1 (rV + x)^ 

PV1V2 


(147) 


Equation (147) gives the denominator of the power equation 
(129), before any resonance conditions regarding Ji are introduced. 

We shall now transform (133), by introducing the abbreviation 
x. This gives 


X = r^a^ 


1 + 


2pri2^J 1 
(1 + V2^)Ji ““ 


(148) 


Equation (148) is the equivalent of (133), and is the relation that 
Jl 'must satisfy to give a maximum {or minimum) value of power 
Hs^ 
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HuhstitiitiiiK (14H) into (147) in kih’Ii a way ii.s to alintiiiatf 
rV, wcs (>l)(aiii 

14 Pvr'h [' 

+ (14!,^ 

pvm j . I 

wiJt 

Simplifying; thm nxprmsion, rf*plarini( { f*y viilm* frutii 
(146), with r mphic<»<l l)y and inf riHitiriiig Itn* 

valno of D into (129), wn oldain 

( tr 1 ^il(l + ^ r“ + I if(l »f I - r’^l 

l//mada ^ + + n^hft - + P^^hf ^ ^ 

Into eqwtiion (150) Ifm tHilum of J% gimi hj ihr euhk r.qwitmn 
(13C5) mud be inirodmmL The nmuliing mlurM will 1#^ nllirr 
maxima or minima of IL Only the maxima are In y Mtlrrint^ 
and are to be med mith the idfutr mljmimmk 'ineidmi in the 
Remmanm Combinaium IL 

245. Approximate Mapiitude of Rektk© Power with Respect 
to Resonance Combination B.— In rc|iiitlkmK 1:14:1} ntiil Il44) 
wo have found approximate valuea id J % Itnif gir«^ idtlir-’r ii iiiiixi* 
mum or a minimum of powcT with reaiaai lo I{i*?^firiiiiirr C'riiiitiiiiii- 


tion B. 

We may wrifi* ( M l) 



Jj + it Cap|»roxiiiiiitely) 


where 

/(rW + f 

Qf S3 --P * / 

\ If mr 

flS2) 


Introducing (151) into (159), iirglei!! of in i!ofii|iiiriMiii 

with unity, we obtain 

rr^ I ^ , , ,, 

»*«• » I (r^ + afnt + |«(1 + pnr! * ^ 

It is mmu from tliis eqiiiitioii that J| * give^ ii iiiifiiifiiifii nf 
^wer, for this m ec|iiivakiit to niiiking m ^ II in (If#! hip! 
relative power sero, to tlifi aeciiraey of tin* lipproxifiiafioiw 

employed in deducing (153). 

Umng the appromnmie rmamme mlur^ of J| fiVr« in Clf#I|, 
equation (153) gitm an appromnmlr ealue of ihr yraml mniimiifft 
of power wiih limmumm Combinmlkm B* 

We shall now make a collection of tin* fu^veriit R**#- 

onance Combinatioi^, which are tltn IlrMnniiiee C‘fii?ibsfiiitiori« 
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0, A, iiiicl B, with, h<)wi*v{‘r, th(*ir (torn^Hponding optimum 
viiliio,’^ of Ji iiikiTi info account. 

246. Collection of Optimum Resonance Combinations.— In 
till* ‘*Hiiiiiiiiary and Key in 'rc*rni8of liatio CkniHiantH/’ Art. 234, 
Wf* liav«* i^iven a lint of Hc‘Honancc (knnhinationH (h^Higmited 
L, Cl, -1, ami B. In th(‘ pagc*H following: the Key w(‘, have 
dctiTiiiiiicd the %ailuf» ./| that will givc^ grand maximum 
cx|K»iidif lire of fKiwcr in the r<*8iH(anc(* Hn for each of the 
lieHoriaiice C ’omhinidiouK. When Ji in thuH mad(} optimum 
with the 8ev«*nil lieHoniiiute (kirnhinniionH, w(^ Hhall dc^Hignate 
the coiiihiiiiitioiiH Optimum IlcHonance OombinatioriB L, 0, A, 
mid B. 

Incidentally tfiiTi! hiiVf* apfatared two Optimum RoHonance^ 
OornhiiiiitkiriK tl, which wc Hhall refer to an Oo and Oi. 

In Ht Ilf trig the variouH comhinatiorm, w«* Hhall iumhI to introduces 
thf» optJiniiin value of ./ 1 into the Htatismmit of tins optimum ad- 
jiwtnient of the Circuits I and II wiierusver these ad juBtmontH 
lire fiiiietioiiH of J 

Wc? ahull also colliasi along with t\m Optimum ReHonanccs Corn- 
hiniitioriM tho viiliaea of tin* Orand Maximum of Rcslative Power 
for thoi4i* coinldnatioiiii. 

Wi* hIihII Inter, wlierc* poHHihh!, lay down rules aa to which of 
the* opliitiuiii eoriihiiiiitionH in to Im uhihI for any given relation 
iiriiong the reniatiiiicr^ of the three csirciiits. 

L. The optimum reioatnee combiimtion L is 




m 


Ch 


» 


find the reliitive faiwisr at this adjimitmuit is 

" 4 . 2 r=*(' + I ~ 

nuP pntvt V ' 

whem 

$ ^ I +. ntKl + py 

p Hi/Rt 

Oo, The optimum resonaoce combiaation 0# is 


r' 

PViVa& 


C» - 0 , 


A,» 

X* 


(154) 


(155) 


( 15 «) 

(157) 


1 , y, - 0 


(158) 
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and tho relative power al this adjuHtmeiit in 

1 


1// 


max. 1«(| 


^|7?' 

p 


(i hP i 

\ If Ills/ 


Thu mnMnatwti in md to fw ant’d adieu 


nin’i 


I 


Oi. The optimum resonance combination 0i is 


0 



1 ± 


I 




ri'Jp + I r’?|i 
Vi \vj(p -"t'- i I 

7’*'^^ , ^ 

V^Jp + I) 

and the relative! jKiwer at thin at!jti«lriif*nt in 

I 

■ i\ 


Vi' 




ttlftxlo. 


+ J 


T/m cornhinadon can be aUnined emUj prmmkd 


Vim 


I 


A. The optimum resonance combination A is 


At^ 


yp I ViV2 ^ 3 ' / vi 

+ 'V 

\ Vi / 




1 + 


P 1 1 


ViV’i + r^\ ^ _ mt 

Vi 


^ fVim + r^\ 

\ tjl / 


(vini 4 »■’) i 


and the relative power at thin Bdjtiultnent m 

I 




■Hmnt e 


[Chu*. XV 

(HMI) 

flfil) 

(102) 

(UYA} 

' 

-f! ^ 

(Kilt 

I 

1 

CKWi) 


CiiAf. XVI 


DETFJ'TOH IS HlIUNT 


277 


Thin rtimhimition nin hr iiltiihu'il only proi'idrd 

1 i < i> < I t f , (Uifi: 

^1^2 rii7}. V'AV\V2 T r-) ^ 

B. The optimum resonance combination B is accurately 


with Ji II niot the rubir ecfuatioii 

Pu f PJi f /Vi^ + PJi^ -0 (168) 

with the of /\ /b, Pg, jiml P^ given inequation (137). 

To the viiluen of [//max i/#, th(‘ valu<»H obtairunl for Jy 

are fo \m i4ii!iHtiiufeff into (I5(t), and thcui the ininiinum valiUiH, 
if any iifipear# arf^ to be ^lisearded. 

To obtain lh«* adjui4imenf iipiiropriab^ to {^inmit II, the valuoB 
of ./| f liaf gi%n* iiiaxifntnn vidtieH of // nn* to h(» introduced into 
h iiiif! fP of f ItiTb in aeeordanee with tint dehnitionH of 6 and 
given in (82) mid (H3). 

B, Approximate : 

Whioi 

t ♦ and (169) 

the optimum resonance combination B is approximately 

A/ ffp + 4 

+ 2f% + a^) 4“ (i?i + 4” _ (i70) 


|.3 .p 


nn*l thi* rt'lutivi' jxiwiT at thin adjiiHtnamt is 

.+ + 2yTis^T^l 

1 «.»« 1« - j|rj,3 a}^>fs + + PVaV + 

(171) 

whtm* 

« - ± (172) 


* V 1 

247. Comparison of the Gmad Maxima of Power for the Sev- 
eral Optimum Resonance Comblnations.~By <!omparing tho 
valuf« of tint wlafivi! {w»wfr (// „«* ) for tlin Hovoral c<»inbiniition8, 
w»! an* ablf to <!«*»n<Ia wltich combination givca the greatcwt rela- 
tive power for any given value of p {,•* The results are 

given in Table V. 
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Table V.— Proper Optimum Resonance Combinationi for Different Values 

of R,/R, 


VhIih* t»f (t (— H'i, 


I 'ir 


< /, < -- I -I 

P < \ I 


r " 


rum 


I "p -■ • K fi I I f' . 


Vl 


' + fr’? ■•''■■ 


II. 


H 


'rahle V wiiH olitainaii (l>y nat, hi*ri* givriij by tmliug 
firnt that tha optinimii eoiiilitiiiiliiai A rutilii In* iiitumml oiily 
whan p wan within tha Ihniin mmniml in (IIMi), m^liiati inv the 
liinitH given in the thinl lini* of Ifia fiilila. By i<tifit.rnrtiofi of 
th(! cloriorninaior in the aKpn*HHion for I'^mvar in ftii* frriin 

the correHfKinding danominafiir in lli«* IVviiw% it wiiH foiiiifl flint 
th(^ (huioniimitor in the /l-eana 'Wiii4 nlwiiyti the i4iniillr'r, ,mi thiti 
combination when attainal>lr% iiiiiri* jiowcr tfiiiii conilii- 
nation ()«. It whh next iioierl that coiiihiiiiitionH A iiiitl Ik iiri! 
never attainafilc togc?thor, ainci? the iipiMT %^itiiic of p for iiliicli 
0i in attainalih! in 

<r S 


by (103). 

It. wjw th^n Hhown by mjblra<*fing |>owi*r-»lr*r!ominrttor»* that 
comhiniition 0i iilwayH given more jKiwer tl«ui O# 

HC» that 0« in to Ih‘ uhihJ only wheuOj aiul A are «natf«iiml»le. 
This mrigf! is given in the second line of 'I'nbie V. 

We are htft in doubt up to here whether it or L sbouhl replaee 
Ot, 0(1, or A in tho ranges corres{H*n«ling l<» flw* bn*! thr«s' lines 
of Table V. A siibtraetion of the denominators in the law! (h, 
Oo, and A sueejwively froni the denoininat^ir in the nm- of ei»in- 
bination L, shows that the eoinbination /* is not sujsrior to 
any of the other eombinations within the ranges given in the 
tiiljle. 

As to combination li, it is in such a form that there is difficulty 
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in determining by direct subtraction whether or not the power 
for the B combination is greater than that for the other combi- 
nations. We find, however, that the B combination gives Ji = 0, 
when 


P = 1 + — + 


^1^2 ^2(7-^ + V1V2) 


which is the adjustment of Ji for the A -combination. Also 
at this adjustment the value of the power for the J5-combination 
agrees with the value of the power for the A-combination. 

The inference from this is that the ^-combination has applica- 
tion to values of p greater than the limit given in (173), and this 
inference is entered in Table V. 


IV. COMPUTATION OF OPTIMUM ADJUSTMENTS AND GRAND 
MAXIMA OF POWER IN A SPECIAL CASE 

248. The Optimum Adjustments of the Primary Circuit (Cir- 
cuit I) in a Special Case, with = 0.1, rji = 0.03, 172 = 0.01. — In 
the Collection of Optimum Resonance Combinations,^^ Art. 246, 
there are given formula for computing the adjustments of the 
constants of the circuits to produce maxima of relative power in 
Circuit III. We shall here give the adjustments of Circuit I, in 
the form of values of /i, where 

= 1 - ^ (174) 

where 

X = the wavelength of the impressed e.m.f. 

Ai = the undamped wavelength of Circuit I. 

The optimum value of Ji, which is the quantity computed will 
be sometimes designated Jiopt.- 

With the values of r, 171, and 172 given in the caption, I have 
computed the values of Jiopt. for various values of the ratio -R3/i?2, 
where Rz is the resistance of Circuit III containing the detector, 
and R 2 is the resistance of the Circuit II. The values employed 
for Rz/Ri extend from 1 to 100,000. 

Fig. 6 gives the values of Jiopt. which the grand maxima 
of power occur for values of Rz/R^ up to 700. The different parts 
of the curves are labelled to accord with the optimum resonance 
combinations L, 0, A , and B employed in their computation. The 
actual amount of relative power for these adjustments are given 
in the next section. 
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Contimiing the ^examination merely of the optimum values 
of */b I’ 7 (‘OntaitiH the Baince curves as Fig. 6, with, howeveer, 
a clifTcH’CHit Health for /C^, and an extension of the results to 
vaIiii*H of H^/It 2 up to 7000. 


■IB 


2000 3000 4000 S( 

WtQ, 7.*~-“Kxt©n8ion of Fig. 6. 


Beyond the ratio of rcsistancos Rz/R^ equal to 7000, curves are 
not given, but the computed naults are contained in Table VI. 

In all calculations involving Combination B the approximate 
equations (170) and (171) were employed. 
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249. Magnitudes of the Grand Maxima of Power for Various 
Values of R3/R2. Given = 0.1, rji = 0.03, 772 = 0.01. — Using 
the formulas collected in equations (154) to (172) and employing 
resistance ratios from 1 to 50,000, values of the relative power 
expended in the detector were computed in the special case of 
= 0.1, 771 = 0.03, 772 = 0.01, with the results given in Figs. 
8 and 9. 



100 200 300 400 500 600 700 

Fig. 8. — Grand maximum of relative power vs. Rz/Ri. 


Fig. 8 is for the range of R3/R2 from 0 to 700. Fig. 9 is for the 
range of Rz/Ri from zero to 14,000. 

The extension of the range to 50,000 is given in Table VII. 

An examination of the curves of Figs. 8 and 9, and Table VII 
shows that with this particular set of constants, r, 771, and 772, the 
detector in which the greatest power is developed has a resistance 
between 150 and 600 times the resistance of the secondary induc- 
tance coil, and that the optimum adjustment of the circuits comes 
under the cases of Optimum Resonance Combinations A and B. 

As the resistance increases beyond 600 times the resistance 
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of fill* H^H'oiidary coil, the power expended in the detector de- 
crciiHi‘H. With a, difha’cait coefficient of coupling and different 
vnluo.s of 1^1 and 172 this optimum range of resistances for the 

<!c!c‘c!ca* is <lifT(‘nnd.> 

I 111* prohlnn in too div(a*Hified to permit of exhaustive nu- 

ificririil cxaminalion. 



Ttfcit ¥IL «E#L Power in Detector at Opt. Adjustments for Large Values 

of Ra/Ri 

I lUilative pownr at 


Mt/Mi 

i " 

Positive nmxtnium 

Negatives inaximuin 

imm 

1.15 

1.82 

ICMMMI 

0.97 

1.60 

2CMMKI 

0.01 

1.11 

fdbfMMl 

O.SO 

♦ 0.58 


In Fig, H and § and in Table VII a maximum, of relative power is 
ciill**d a imMiiiim fmmmuMf or a rufgdtwe mmimum according as a positive 
or II m^aim value of Ji is used in its computation. 
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V. SOME GENERAL CONCLUSIONS 

250. Form of Circuits. Tin* dist'UHHiiui in thiH (4iii|>ti*r p«*r« 
tairiH to circuit H of the form of Figs. 1 and 2, Art. 220, in whi<*h 
the (l(iicctor and a stoppage* condeuiscu* C;iu arc shuntiHi nhotit the 
secondary condemHcu’ r^n. 'The* detector may have* any resist iinre 
Rz whatc'veav and none of the^ re^sistances of tin* vitriouH edreiiits 
are rH^gl(u*tc*(L 

261. When Should C 2.1 be Zero? ^Tiie c|m*Htirm nrises im to 
wheui in it advisahh? to have* a eamdenseT iif ami wlie*n cio 
the r{‘Konanc(*. dc*vie*e‘H e>f the* pre^vious C 1iapfe*rH XI ami XII 
without such a (ameie»nHe»r ghn* large*r Hcemmlary eurrenl and 
largen* |)oweu* deve^lopm(*nt in t he deteador? Tin* iinswer is fouml 
in a coiiHideuaitieeii of e‘<|uatie)iiH (I AH) ami (HU) am! of Tafde* V. 
It is seen in (158) and (HU) that ’ ft for coiiibimitiems 
and Oi, and in Tal)le V it is se‘c*n tluit eonibiniitioiis give* 

grand maxima of powe*r wheiii*ver 


R a 

< + I + ■ 


(1751 


Equation (175) giwn the eondithm umirr whkh the imimg 11 / 
Chapten XI and XII vnth the Nemndarg mil^ the dritekn^^ ami a 
imriahUi mmlemer in mrieH i unthtmi the of the prenent eMaplit}, 
will give more power in the drirrior than ang mljMMimefd with the 
use of C 2 Z (rmkf Ct of Chapter X in the C^i of jmmeni Chapier). 

262 . What is the Bast Value of the Stoppage Coadeastr Ci# 
for Detectors of High Resistance.'«--For clctociciw of miiiidoiitly 
high reeistance^ to nuiko 

Jh/Rt>l+ - + . ’'V „ (170) 

the optimum resonance famibiniit ion m cciiiibiimtion II, iinil in tliii 
ease the valut! of the stoppiige comleiw^r Cm iiifiriit.in 
We have thm the mtiwmimg rmult thai^ mmpi fter piMMtide 
requirenmnti of the tekphom rmmer umd m am imimtiing ift- 
ekumerd^ the nte^ppage eondmmr nhmdd he mfimiM t^rntmet 
the detector remHtanew in Huffmmtly kirge l« nmimfp (176). 

In our numerical example, ( 17 fi) tMaaimt* 

n,/iit > mix 
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ELECTRICAL SYSTEMS OF RECURRENT SIMILAR SEC- 
TIONS. ARTIFICIAL LINES. ELECTRICAL FILTERS 

263. Utility.~The Btudy of tho electrical transmission char- 
of variouH synterriH of circuitB that consist of recurrent 
Hec*f ioim in f he form of a chain in highly inhirosting and important. 

('irciiitH of recurrent Hcjctions are employed as artificial tele- 
phone mid telf^graph lincBd By properly choosing the sections 
a line Hiiiiilating tcdephone and t(degraph lines or cables may be 
constriicdcHi an<l (anploy(xl in electrical experiments in the place 
of the act-iial lines. 

(’ircuitu of rc^current sections may also be employed as elec- 
trien! for c^Iiminating disturbances from telephone and 

tidegriiph circniits. It is ladieved that such filters may come 
to have a wide iipplication to the elimination of disturbances from 
radiot4*Iegriiphie receiving stationa. Such filters have also in- 
teresting applications Uy bridge measurements and other labora- 
tory o{>i*riition«^ in which it is desired to eliminate harmonics 
and other disturl>ances. 

Further, by prop<*rly choosing the constants of the sections 
the elect rieiil artificial line may be employed to introduce pre- 
fieteriniiied time retardation of electric currents in a way that 
gives fitrie reiarcliition practically independent of the frequency 

* An firiliciftl lirw! with nmintanccs in and condensers in shunt was 
imtcfitiiil Ilf Variey in IBII2, Britinh Patent No. 3453. A similar line but 
with tiiiifiirrnly dtslrilititcci capacity and rc*sistance was patented by Taylor 
mriil Mnirlicacl, Bntmh Putmi No. 6H4, of 1875. A line with uniformly 
cIMrilititefi fficliietence, nisbtfince, and capacity was made and described 
tiy Piipiii, fmm. Am. hmt af EL Enffimern^ 16, pp. 93-142, 1899. Another 
fiinra of iiniorinly dwtrihiil««i artificial line was constructed and described 
by Cwiiiiftgliaiiit Tmm* Am. ImL of EL JBngine&rH^ SO, pp. 245-256, 1911. 

For ftirtiicr reference and for an extended treatment of the subject see a 
hook by Kitnntilly, Artificial Electrical Lines,'' McGraw-Hill, 
If 17, frofii which Itiit al>ovc rcferenc^^ are taken. 

*0. M. li SlifiphcKi, '‘Note on High-frequency Wave Filters," The 
ElmtrMan, 71, pp. 1^1^* O* A Campbell, U. S. Patent No. 

1227113, If 17, 
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over wide ranges of frequency. This has been utilized by the 
author^ in an electrical compensator employed in determining the 
direction of sources of sound, particularly under water, in sub- 
marine boat detection and in submarine signalling. Similar 
devices are applicable to direction-finding by electric waves and 
to the elimination of interference in radiotelegraphy by directive 
receiving. 

The principles to be developed in the study of these systems 
of recurrent sections will serve to show their general application, 
and will serve also as an introduction to the study of electric 
waves on wires, to be treated in the next later chapter. 

I. GENERAL SYSTEM OF EQUAL SECTIONS 

264. General Type of Circuits. Notation. — The discussion 
will be limited to a system of recurrent sections that are all 
equal, except at the terminals of the system. 

A system of this character, but with considerable generality 
as to the nature of the sections, is shown in Fig. 1 . 

The complex impedances zq, zij Z2) and Zt may each consist 
of any combination of capacities, inductances, and resistances. 

Each of the complex impedances Z2 is common to two circuits 
and is of the nature of a mutual impedance. 

The impedances zi are not common to two circuits, but for the 
sake of generality there is assumed a mutual inductance^ between 
the elements Zi of each pair of adjacent loops, but no mutual 
inductance between loops not adjacent. 

The complex impedances zo and zt are the impedances of 
the terminal apparatus at the two ends of the system. 

What may be called the line proper, exclusive of the terminal 
impedances, ends in a half section zi /2 at each end. 

266. General Equations. — We shall designate the complex 
current through the non-common elements of the successive 
loops as ?*o, iif i2, iz, • • . - i, These currents are supposed 

to be positive when in the direction of the arrows marked io, 
iif etc. 

The current io flows through the terminal impedance zq Bit 

^ Description in U. S. Navy- Archives and in pending U. S. patent 
application. 

^ This mutual inductance may be made zero to suit cases in which no 
such mutual inductance exists. 
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tfif" input end^ and th(» curnuit in through the terminal impedance 

Zt til the output end. 

W<^ sliiill proV)lem for only the steady-state^ condition, 

iiniler action of a HiriiLsoidal imprcsHcd e.m.f. 

If we let the impressed e.m.f. be replaced by an exponential 

cxiircHHion 

and if wo let 

10 = 

11 - 


t2 - A^et^^ 
in - Ane^^^ 


( 1 ) 


it is seen, as in Chapt(^r XIII, that the complex amplitudes of 
cnirriiit /ti, /l*i, ... An will be required to satisfy the fol- 
lowing algid>raie equations obtained from Kirchhoff^s e.m.f. law: 

E z'Ao + bAi 

0 = 6Ao + zAi + hA2 
0 ^ bA I + zA 2 + bAn 
0 “ bA^ ’4“ ^A$ "f” bAi 


(2) 


0 « bAn-^i + Z^'An 

where, m i.ibI>reviations, 

z' ^ Zq + ^2 + ^i/2 

^ Zr + 212 + Zi/2 

z ^ Zi + 2z% 

b » Mjm — Z2 

Mtth0d of Making All of the Equations (2) Symmetrical. 

It will 1 m* fiotcMl that all of the equations (2) may be made sym- 

itMilrieal if we write 


(3) 


and 






(/ — z)Ao — E 


iz' 


b 

Z)An 


(4) 


(5) 


With th«8C) definitions of A-i and An+i, which have no other 

‘ k tfiiEtmfsnt of the transient state is given by J. R. Carson, Proc. Am. 
lm(. of BL Bngineert, 38, p. 407, 1919. 
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ni(mning th«un that p:iven th(^in by thcM*qtiati<)nH (4) anri 15), w(‘ 
may n^placa E in th<^ first equation (if (2) arici in Iasi 
(K|uati()n of (2), ol)iaining for thc! whole HC‘t (2) 

0 — bA — I 4“ zA {» 4’ bA i 
0 — bA 0 “4“ zA I 4“ bA 2 
0 = bA I 4” zA^ 4 bAz f (fi) 


0 — bAn^ I 4- zAn 4“ bA n - 4 - I I 

Each of the equations (ii) is now so(‘n in bi» of file gi*nf*ric form 

0 — bAm»^i A" zAm 5/1 w f I {7) 

Equation ( 7 ) u a gmutria equation Mhowing the niation of the 
complex current amplitudeH in udjacent Mectionn of the Mpniem of 
the form of Fig. 1 . Tfm equation in which m in to be given tmlum 


litici 1-3 limy i#f iifjy rlwfttrSar. 

corresponding to the subscripts in (II), when taken in mnjumlMM 
with (4) and (6) mabUm un to oblam a campkle Moluimn of the 
problem of determining the currents in the MUmdg mMc. 

266. Solution for Complex: Cuirtnt Amplitoits4— *TtMt iiqiia- 
tion (7) may Im shown to hold for all viiliiifs of ». For our fiiir- 
posa it will Ik) sufFieicmt to show that it holiis for viiliii^ of to frcini 
m » — 1 to m * r> 4* 1. W« have iilrtmdy moi in (II) tlintrcfiia- 
tion (7) holds for values of m front and iricliidiiig (I to nnd iitcliid- 
irig n. To show that the generic equation (7) holds for n 1 * — 1 , 
let us write down the equation that results from makii^ w • — I, 
obtaining 

0 » bA^2 4“ 4* 5/4 a, 

^ la tee thwnilkal trealmeat -of thk 1 liavii folltiweii the 

oullktci ia O. A. Ciynphell’# U. Falitril Mo* 1227111, lil7» 
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This anioimts merely to a definition of A „2 in terms of A^i 
and /I (I, and since A ^2 has no physical meaning in the problem, 
we can make this d(^finition, and shall make no further use of it. 
In likc^ manner one can satisfy himself that (7) holds also for 

m = n + 1- 

We shall now proceed to a solution of (7), which is of a form 
known as a difference equation. The known method of treat- 
ing this equation consists in assuming that 

A^^Ck^^ ( 8 ) 

whi^e (f m indepcmdent of m. 

Kubstituting (8) into (7), and giving to m successively the 
valu(*H rn — 1, m, and m + 1, we obtain 

0 = <7 ( !'«*<'" " »> + ae*”" + he } (9) 

whonco it app<?arH that 0 is an arbitrary constant. 

Now dividing (9) by (?«*", wc obtain on transposition, 

«* + z/b (10) 

or othorwiso written 

cosh"* I 2 }f' I Cl) 

Wo may write this result in still a third form by solving (10) 
as a quadratic in «*, and this gives 


s« - 


46* 

1 

*"* “ ■ 

1 

H- 

f?T 

'46* 

1 

1 


L«*t u» note also that if k satisfies (10) then — k also satisfies 
it, since k and - k (uitor into (10) symmetrically. Therefore we 
have another solution of (7) in the form 

=■ He-*™ (13) 

whore H is also arbitrary and independent of m. 

tn wd 0 T to distinQuish between k and — k, both of which are, in 
general, complex quantitiee, we shall specify that k has its real 

part positive. . xi. t 

Now, since (7) is linear and homogeneous m An,, the sum ot 

the two solutions is a solution; hence 


( 14 ) 
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where G and II are botli arbitrary anti inclepenclcnii of each othf»r 
and of m. 

Equation (14), ninm it contains two arbitrary conMnutn, in known 
by the theory of diffmmce cquaiiorm to he the most general solution 
of the given diffeirnce equation (7). In (14) k has the value given 
by m) AW. or {12). 

267. Introduction of Terminal Conditions, and the Determi- 
nation of the Arbitrary Constants G and H.— To uhi itiii t he viiliif ‘h 

of the arl)itrary eonnlantH (J and //, let m HubHtitufe 114), with 
proper value of m, into (4) and (5). 

We thuB obtain 



('/«“* + //«‘ - 

0 b 

{ir>) 

and 

f I) + //, - Hn f I) ~ ^\at<‘n ^ //« *« j 

(Hi) 

As abbn^viations let m write 



Z' ~ Z . 1 /,,, ^(1 “• 23 

^ — a: X, wh<nic(^ J>y (d) I 2 * h 

(17j 

and 

z"~z . , , Zt Zt - Zx;t 

^ wh<-nr(‘ by (dj // = — 

(IHi 


By transpoHition of (15) and (Hi) and by tlie rriipioytneiii of 
(17) and (18), we obtain 


+//(«* — jr) — Kfb 

and 

(19) 

6V”(€*' — y) + Ih '"^**(e^'"^- f ) » 0 

As further abbrc^viationH let ti« write 

(20) 

.. - X 

A « — . 

r - X 

(21) 

y - - *“'*. “ « 

«* - 1/ 

then (20) gives 

(22) 

a - //Kr«* 

The substitution of (23) and (21) into (19) giviw 

(2:i) 

J{ m — * 

Hr - 1) 

and by (23), 

0 m - r * 

Hr - X) \ - y 

(2.|) 

(23) 
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'Plu’sc values of G and II substituted into (14) gives for the 
complex eurnuit amplitude the value 

Equation (20) gives the complex current amplitude of the 
current in the vith section. X and Y are given by (21) and (22); 
I is given by (17); fc, % (10), (1 1), or (12). 

268. Analysis of the Complex Current Amplitude into a Sum- 
mation, Exhibiting the Effects of Repeated Reflection.— The ex- 
pression (2fi) for A„, may he put into a more interesting form by 
expanding ornt of the factors as follows: 


I ... at* -h . . . 

(27) 

Introducing this into (20) we obtain 
. E ( , . „ 


6(e* — x) 


f-km .J.. Yt~'‘ «» - >«) -p XYe~’‘ <2" + m) 


4- 4- + ”•) 

-f X*F* ~ 4. j-*(6n +m) 


4- 


} (28) 


Thin in a variant equation for Am,y the complex current ampli- 
tude in the mth neciion of a line that terminates with the nth section, 
III i*c|imtion (28) it ib to be noticed that the multipliers of 
— A in the exponenta of the succcsBive terms are as follows: 


Tfffiw 

1 Miiltiplkr i 
1 ill mtmmnt j 

Interpretation 

Ftnl 

1 w 

^ ! 

- the number of stepB to the mth section from 
e.m.f. direct. 


2/1 — m i 

» the number of steps to outer end and back to 



the mth miction. 

Tliiril 

I 

2n “1" m 

• the number of steps to outer end, back to be- 
ginning end, and then to mth section. 

Ktr. 1 

ate. 

etc. 


Them mvmd exponential terms are consistent with the view that 
the /mi krm is due to direct transmission from the source, while 
the Mticmding ternm are due to sticcessive reflections of current from 
the termimih of the Mm. Each step from section to section, on this 
thmy, multiplies the complex current amplitude by the constant 
(complex) factor 
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To account firr the miiUiplim X and Y applml Hucrcmirdif 
to (he terms after the first, it is only nrcessary to suppose that V is 
the complex reflection coeff cumt of the terminal tf the line rtunoie 
from the e.ni.f,, and that X is the complex reflection C4}efjkkni of 
the terminal at the e.mj. 

269. Complex Current Amplitude in the mth Section of an 
Infinite Line or of a Line with Non-reflective Output Impedance. 
If the total number of wteiiouH n in infinife, or if Y in zero, nil 
the exponcntiulH in (2K), ihv firni, (liKuppear^ nriil m* 

te 

Am a , or i* - ■■■ (I (29) 

z 

where 

^ ^ ^ x) (W) 

Equdlion ( 29 ) given the complex current ampUtude Am in the 
mth section of a line of an infinite numher of stciionM or of a line 
whose reflection coefficient at the nmole end is F ^ 0, 

260. Input Impedance, or Surge Impedance, of m Infinite 
Line or a Line with Non-reflective Output Impedance. Ilii! 
input impcKlanee, or m it in H(>nieiiint‘!4 culled the mirgc impedanm, 
of a line is the impedance by which the whole linn may he rcplmcd 
without changing the current in the zeroth Mteiion. 

For the i)urpo8e of thin (liHeuHf4ion the ini|M»fiiifiee Zu re|inwfit4*fi 
as inHertc‘d in iho sseroth He.etiori will 1 m» regiirded an a piiri of the 
impedance! of the infjtit appanitiin, and not a pari of tin* Iiiir» ilnelf* 
In like inannc!r, zr may I.h* regarded m the iiiifiediitice of the 
output apimratUH attached to the line. 

For an infinite line or a lira* of zom oiitpiil wfhwtkm ecwfiicieiit^ 
wa can gc^t the cairrent in the uerolli section t>y iniikiiig w * f) in 
( 29 ) obtaining , 

A „ - ^ (31) 

z 

where a has the vahu* given in (30); anti tm ri'filafing x in (30) 
by its value from (17) we obtain 

« « xti - Zi/2 - zj- iff* * xo + 2 * (my), (32) 

■ where 

Zi m - _ g^/2 ^;j3) 

The result contained in (33) may l«‘ tdhtirwiwi written liy list; tif 
(12) and (3) and becomes 

„ - ± - 1,. 


(M) 
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It u to he rioted that Zi (is given by (33), or (34), is the input im- 
pidanee, or surge impedance^ of the line of non-refiective output 
impedance, or of the infinite line, for by (32) (ind (31) Zi is the im~ 
pcdance by which the line exclusively of Zq may be replaced without 
changing the current in the zeroth section. 

261. Complex Reflection Coefficient at the Remote End (Out- 
put End) of the Line.—We have seen in Art. 268 that the com- 
l>lex n*Hr*etion <x)efricncmt at the remote end of the line is F, defined 
in (22). Replacing y in (22) by its value from (18), we have 

2Ji/2+ 02 

h€^ + Zi/2 + Z2 — Zt 

Now by (10) and (3) 

lu b^^ — 2 == — — 01 — 202 . 


(35) 


Y 


Introducing this result into (35), we obtain 

— — 02 — Zt Zi/2 

b€^ + Z2 — Zf + Zi/2 

In the light of (33) this becomes 

F « 

Zi + Zt 


(36) 


(37) 


Equation (36) or the alternative equation (37) gives the complex 
rcjledion coeMdent Y at the remote end of the line. In (37) 
is the input impedance, or surge impedance, of an infinite line made 
up of the same kind of sections, and zt is the complex impedance 
of the output terminal apparatus. 

262. Complex Reflection Coefficient at the Input End of the 
Line. — Since X differa from Y only in having zo in place of Zr 
we have by similarity with (36) and (37) 

— — Zi — Z(i— Z xIT , 
bt'‘ + 24 — 2o + 


X — 


(38) 


« ~ If (39) 

Zi + 20 

Equation (38) or (39) gives the complex reflection coefficient 
at the input end of t^ line. In (39) Zi is the complex input ^ im- 
pe^iancM of an infinite line made up of the same kind of sections, 
and z# is the complex impedance of the input terminal apparatus. 

263. Attenuation Constant per Section and Phase Lag per 
Section for the Cuirent.^ — ^The constant h that enters in the 
various exponential quantities is called the complex attenuation 
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constant of the current 'per section of the line. The value of k is 
given in (11), from which it is seen that k is in general a complex 
quantity. Let us indicate its real and imaginary parts by 
writing 

a+3(p (40) 

where a and (p are both real quantities and a is positive by note 
following (13). 

We have seen above that each step from section to section 
of the line multiplies the complex amplitude by the factor 
Now 

(41) 

whence it appears that 

a = the real attenuation constant of the current introduced per 
section of the line, and 

(p = retardation angle introduced per section into the phase 
of the current. 

This is made evident as follows: 

In the case of an infinite line or of a line whose reflection coef- 
ficient at the remote end is zero, by (29), 

E 


Am — ~ € 
& 


~km 


E 


1 

^ 7 


R+jX 

in which the complex quantities z and k have been replaced by 
z = R +jX (say) 
fc = a + jV as in (40) 

Now by Chapter IV, we may write 
i = + jT = 


where 


Z = and tan 0' = X/R. 

Substituting these values into the expression for Am, we obtain 


E 


A = — g — am 


E 


z 


whence by (1) 
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If now owr original impressed e.m.f. e is 
e = E sin at, instead of e = 

tlie expression for would have the exponential with imagi- 
nary exponent replaced by a sine function, giving 
E 

im = ■ sin {at — — (l>m] (41a) 

/j 

Equation (41a) gives the real current in the mth section of a 
Urn withaut reflection at the output end, and shows that a is the 
ntienuatiim constant and <t) the retardation angle {of current) 
fnr section of the line. 

Determination of a and (p . — Let us now determine a and ip. 
In tins <>.xpreH8ion for k, equation (11) there enters the complex 
(juantity — z/h. Let us explicitly designate this complex quantity 


-z/2b^P + jU (42) 

where P and II are both real quantities, and where 
P » the real part of — 2/26, 

and 

j(I *= the imaginary part of ~ z/2b. 

Then by (II) 

cosh (a 4- j<p) P + jU (43) 

1‘lxpatiditig the hyperbolic cosine into 

cosh a cos (p + j sinh a sin <p, 
and equating real and imaginary parts of (43) we have 

cosh a cos tp P (44) 

sinh a sin ip ^ U (45) 

Themt equations may be solved for a and ip by squaring both 
sides of the two equations and replacing 

cosV by 1 — sinV 

and 

co8h*a by 1 •+• sinh’a, 

giving 

(1 -h 8inh*o) (1 - sinV) - 

and 

i8inh*c sinV "* t/*. 
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Treating th(^s(‘ last two erjuatioaH as HiiniiitiUieouH, and elinuiia*- 
iioii BO an to solv(‘ for a and we obtain 


ninh'^M + 


Birr 


^j± yj(' 


n ^ 

(1 


■4 




1 


(^2 

o 


4 


F^F , I 

• ■ T* 


o 


Let UH now write an an ahlireviation 

I _ [^2 .. />2 


then 


F^\ 

■f 
! 

(4IV| 
147) 

(48) 

(49) 

(50) 

Equatiom{4B) and {47), at the. altermdmteqmiiim^ (40) mid (50) 
give a, which in the real atUmuaiimi conMkmi far the eurrrnt per 
section of the line, and *p, which is the (mg!e af rrlnrduikm intro^ 
duced into the phase of the current pir mctum of the line. The 
value of V is given in (48). The vahm of U and F are to he oh^ 
tainedfrom (42), 

In regard to the sign before the inner nulicnl, it is to Im mded 
that the same sign is to he used in (he egmitiim for n mid the eqimtion 
for (p, in ordfT to satisfy (45), and that Urn sign is to he chmim 
80 as to make a ami ip both real quantiiim. 


a - HinlrM + S± V\ 

ip = 4- V± %/ (F d- + T| 


n. RESISTAHCELBSS LIHES. FILTER ACTIOK 

264. In a Resistanceless Line —z/2b is Rea!. In cfinationii 
(3) wo have uwkI the notation 

z* + 2zs, anti b Mju ~ zj, 

where zi and zs aro respctotivoly the complex w*rie« irn|KHlanees 
and th<i complc*x shunt iinjKHianwH of the Hyslmn, a« ilhwtratei 
in Fig. 1. If we suppow^ that the reaiatancea are zero, th«wn 
complex imp(*danc<» may las replaced hy j titn<*« the «!actanc<M, 
so that 
if 

then 


lt% *= 0, and jffj a® 0 
« • j{Xi + 2Xi) and b « jlMu> — X%) 


m 

( 52 ) 


p 
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and cH|iiiit.!(»ri (42) becomes 

( 53 ) 

where Pu in Becm. to h(^ r<^al, and 

IJ = 0 (54) 

l4*t us note now that (44) and (45) bocomo, in this case, 

cosh a cos <p = P(i (55) 

sinh a sin <p — 0 (56) 

In CAM the series and shunt dements of the line are both re- 
mMtanrdmn^ tfui quantities a and (p satisfy (55) and (56), and are 
ensily ddermimd in the following section, 

266. Detemiination of a and tp for a Resistanceless Line. 

The solution of (55) and (56) are seen to satisfy one or the other 
of the following conditions: 

Kither sin » 0, then cos ^ » ± 1, and cosh a = ± Po (57) 
or 

sinh a « 0, them cosh a = 1, and cos <p — Pq (58) 

We can distinguish bcitween thc^se two cases and can also de- 
ti^rinirie tlie sign to use in (57) by noting that since a and (p 

are reiil 

cosh a ^ 1 (59) 

[cos <p] ^ I (60) 

We shall need to distinguish three cases, according to the 
niiinerieiil value of P®, as follows 

Case t -I < Po £ + h 

CaselL +1, < Po, 

Cast III. Po < - 1. 

Equaiiorii (57) and (58) in view of (69) and (60) give for the 
tlircMi umm the following unique results. 

CaatL M -1 < I\ ^ + 1, then 

a “ 0, and ^ « cos"*^ Pq ^ (61) 
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Case II. If 

+ 1 ^ Plh 


tlien 




(p ^ 0 

and a 

- CiOslr 


(02) 

Casein. If 

p. ft - 

U 

then 




<P ^ TT 

and a - 

coh!i““* j 


(03) 


EquatioriH (CH), (C>2), and (63) girt the mluen of a, which in 
the real attermation comtant jnr mriion, and of which in the 
retardation introduced into the phmc of the CMrrent ptr Mcciiim of 
the line— in the cme of a reHidanadeHn line, 

266. Filter Action of the Resistanceless Line.— It in to In* iioIihI 
that the quantity P 0 , an defined in (f>3) in delerinined by the re- 
actahces of the Berien eleiiKudH and of 1 !h» Hlunii elenieiifH and 
by the mutual inductance iKstwecm adjacent serii^H cdementH. 
Thene reactanccm and the mutual inductance term an if enierH 
into (53) in general involve the angtdar velocity of the imprcHHial 
o.m.f. ; that is to say 

P» « /(w)r 

where 

£*> «® angular velocity of irnpressc!d imii.f. 

For those values of w that bring into tlie range of Vfiliies of 
Pq specified in CJaso I, currents an^ produced in iht! liiat that pass 
through it without attenuation, when the line is rt^sistiinceless, 
so that exc<q)t for the effects of refiections the current in tlie nth 
section has the same amplitudi^ as in the ^,erotii seidioin 

On the other hand, for those valines of w tliai liring into the 
ranges spc^nfusl by Oase ll and ('ase III, the iiiiiuiufition cciristiirit 
a is not ^aro, so that with a sufficiently large riiiiritM:*r of serticuis, 
different for the different frc*quericies, any given frec|i.iericy in 
these ranges not included in ('tm'i I will prculiice ciirrruits thiit. lire 
attenuated to any difsired small fraction of the mmmti in tlie 
TOroth element. 

We shall now examine this filter action with n^fieet to Itireii 

special types of line. 

267. Filter Action of Three l>pes of Resistaaceless Lia#, 
The three 8pc.K?kl tyim to invesligiitiid firit shown in Figi. 
2, 3, and 4. 

In Fig. 2, which we shall call Typi I, iliti iiiiti cofiswii of 
capacities Ci in series and indiictiirices Lt in sliiini Tim eiiil 
TOctiems in order to l>e sectionii of half iitipalaticf! iiiuit tm of 
capacity 2Ci. 


('HA.'. -XVi] LINEH AND FILTERS 299 

I In Fik- 3 the lino, which we shall classify as Type II, consists 

I of iiKiuctance Li as series <ileincnta, and capacities C 2 as shunt 

I elements, and terminates in inductancciS of Li/2. Both Type I 

I and d'ype II are examples of what is called a line of Il-sections. 



Fio. 4. — Line of Typo III. 

The line in Fig. 4, designated Type III, is similar to Type II 
0 xc<!pt that there is mutual inductance M between the parts of 
(soils eotninon to two loops. The condensers Ct are tapped to 
this tnid pointe of these coils. It is to be noted that while the 
inductan(je per loop is L*, this is not the inductance per coil. 
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The inductance per coil will be called L, in Type III. The line 
of Type III is called a line of T-sections. 

268. Reference to T 3 rpe I. — We shall now determine Po for 
Type I. In this case the reactances are 


X\ — \/C\ccj X 2 — N[ — 0 
These values substituted into (53) give 

1 


Then by (61), 
provided 

that is provided 


Po = 1 - 


a = 0, 


2L2C1C02 


1^1- 




£ + 1 ; 


2VL2C1 

If as an abbreviation we write 

1 


^ 0) ^ 00 


L2C1 

the inequality (66) becomes 


= 122 


2~Q- 


(64) 


(65) 


(66) 


(67) 


( 68 ) 


With a system of Type I, Fig. 2, which is supposed to have zero 
resistance^ the attenuation is zero for all currents of angular «;e- 
locity greater than 0/2, where 0 has the definition given in (67). 
On the other hand, for all currents of angular velocity co less than 
0/2, it is seen by reference to (63) that the attenuation constant is 

“ - - '} w 

= c.sh-.{£-:l 

This type of circuit lets through without attenuation frequencies 
higher than a specified value ^ and attenuates frequencies lower than 
the specified value j and attenuates them more the lower their frequencies. 

Computations and curves will be given later. 
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269. Reference to Type II. — In case of the resistanceless 
system of Type* II, Fig;, 3, the impedances are 


A 1 A 2 ^ 1 / (y Af = 0 

( 70 ) 

HO tlmt 



( 71 ) 

In thin typo of Hyntoin, wet shall have, by (61); 


a = 0 


( 72 ) 

providitfl 



-1^1- ^ -h 1 

( 73 ) 

that iS; fjFovidcHl 



^ ^ ^ ^ 0 


( 74 ) 

wlioro iic:nv 



il^ - l/LtC, 


( 75 ) 

On tlio (Jthor hand, if 



" > 2 , then a = coslr* 1 

f LiC^io^ .. 1 

i 2 ' 0 


« (50Hh““* ^ 

‘i- 

( 76 ) 


With a reHi«tanedcm Hydem of Type 11, Fig. 3, the attenuation 
is zero for currenUt of all angular velocities w less than 212, where 
U has the value given in (75). On the other hand, for currents of 
angular vdocitim greater than 2£2 the attenuation is given by (76) 
and incretutes with increasing value of the angular velocity. 

This type of dreuit lets through frequencies lower than the speci- 
fied vnlm without attenuation, and attenuated currents of frequencies 
highir than the specified value. 

270. Reference to Type m.— If a lino of Type III, Fig. 4, is 
tiuido up of elenrents of zero resistance, the reactances are 

Xi “ Ljw, Xj »= ■“ l/Cju, M = M (77) 

If wo think of the inductance elements as made up of coils, 
as AB, having inductance L and tapped at their mid points for 
the attachment of the condensers, it is to bo noted that the in- 
ductance Li i« made up of two coils in series, each of which has the 
inductance of a half-coU AB. The mutual inductance M is 
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tho mutual inductfuicc Ix'twccii fwfthiilf coilK; wliiuifc. if thiTu 
is no niagnof.ic WuikaRC', 

M - Lx/2 (7H) 


If there is magnetic Icaikage, 

M < Lx/2 mi) 

Ivet us now introdiua! tht' coefficient of coupling r, fa-tween 
two a(ljac(!nt loops, 
hen 

T* = My LxLi, 

whence 

r = M/Lx < 1/2 (HO) 


Now introducing (77) into (53) we ol>tain 

2 

■ (/,w /ofW - 2 

“1“ “ - 2(1 + ,1/C,«’) 

C'sw / 

Introducing this value of /*# into lOl), we obtain 



(HI) 


a == 0, 


provided 



- 

1 < .r- 4. 1 

(82) 

that IB, provideil 

2 



. » 
y/lLi - 2M}L\ ’ " 

(83) 


In terms of r, tht^ incsquality (83) can hr* written 


4* 


^ ^ 0 


m) 


Corollary.— -U the coils, mAB, have no tnagtn-(,ic leakage, then 
by (78), equation (84) becomes 


09 ^ W ^ 0 


CB5) 


With a remtancekm line of Type HI, Fiy. 4, hmnny mulmtl in- 
ductance between adjacerU hope, mrrentn are trmnmittrtl mmtten- 
uated for all angular vetoatm gimn by (H3) or (8*1). If the ooik 
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have zero magnetic leakage, then by (85) all possible frequencies are 
transmitted without attenuation. Such a line is not a good filter, but 
will be found useful for its retardation properties when it is desired 
to transmit with suitable retardation all frequencies. 

m. RESISTANCELESS LINES. TERMINAL IMPEDANCE 

271. Surge Impedance of the Three Types of Resistanceless 
Lines. — In order to adapt a line to its terminal conditions, or to 
adapt the terminal conditions to the line, it is important to choose 
the constants so that the line will transmit as large a current 
as possible with the frequencies that it is desired to transmit. 
This means that reflection at the output terminal apparatus 
should be avoided and that the equivalent impedance of the whole 
line, with its non-reflective output apparatus should be adapted 
to the impedance of the input terminal apparatus. 

This requires the determination of the quantity that we 
have called Zi, where 

Zi = the surge impedance = the impedance by which a line 
of an infinite number of sections, or of a finite number of 
sections with a non-reflective output impedance, can be 
replaced without changing the current in the zeroth 
section. 

We have found a general expression for Zi in equation (34), 
which is 



We shall now determine Zi for the three types of resistanceless 
line given in Figs. 2, 3, and 4. In all of these types, since the 
resistances are zero, we may write 

= yXi, - iX 2 , and b = i(Mco ~ Xf) (87) 

Introducing these values into (86), we obtain 

Zi = Jv- + 41f=“co2 - SMoiXi (87a) 

for 

jRi = 0 = 

Now introducing the values of Xi, X 2 , and M for Types I, 
II, and III respectively, as given in (64), (70), and (77), we obtain 
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For Type I, 




For Type II, 

Zi 'y 

IL, 1 

Sl(7i 4(71^0)2 

(88) 

For Type III, 

Zi = ^ 

|L^ LrW 
slC2 4 

(89) 

= 

3 

1 

+ 

(90) 

For Type III, 

with no 

magnetic leakage. 

2M = Li, and 


= V2ii/C2= Vi/Ca 

(91) 


where 


L = inductance per coil of Typ^ III, Fig. 4. 

Equations (88), (89), and (90) give the surge im'pedance, or 
equivalent impedance of a line with non-reflective output terminal 
apparatus, for Type J, Type II, and Type III, respectively. 

Equation (91) gives the corresponding quantity for Type III 
if the coils have no magnetic leakage. In this case it is seen that Zi 
is of the character of a pure resistance and is independent of the 
frequency. 

In (88), (89), and (90) Zi is also a real quantity, and is of the 
character of a pure resistance, but in general this equivalent resist- 
ance involves the angular velocity and is different for currents of 
different frequencies. It will be shown later that by choosing the 
inductances and capacities small, while keeping their ratios large 
the terms involving angular velocity can be made negligible over 
considerable ranges of frequencies. 

272. Condition for Non-reflective Output. — In (37), we have 
seen that the complex reflection coefficient Y at the output termi- 
nal of the line is 

y ^ Zi - gy 

Zi + Zt 

This is zero, if 

Zt = Zi (92) 

Equation (92) shows that for no reflection at the junction of the 
line with the output apparatus the complex impedance of the out- 
put apparatus Zt must be equal to the surge impedance Zi of the line. 
This is true whether the line has resistance or not. 
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''Fd tluH msult to the three special types of line used in 

th(» illiiHtnition, it k only necessary to replace in (92) by its 
kriowfi for tfie tiiree ty{)es, 

273* Condition for Non-reflection at the Input Terminal 
Apparatus.*' Lik«‘wiH(‘, l)y (39), whether the line is resistanceless 
or not» wt* vnn iniikc^ the complex reflection coefficient X at the 
input end zero, if we can make 


ao = Zi (93) 

To nmk-t the line non-r elective at the input terminal apparatus 
it in mT*\%mry to make which in the impedance of the input appa- 
raiuH, equal to the niirge impedance Zi of the line. This is true 
whether the line i*H resintanceless or not. 


IV. RESISTANCELESS LINES. RETARDATION 
COMPUTATIONS 

274. Ratardatiom per Section of Resistanceless Line. — In 

e<|iif4tionfi (01), (02) ami ((>3) we have found that if 

1 + 1 , a « 0, and <p — cos~^Po (94) 

if I\i > + I, a « cosh-^Po, (p = 0 (95) 

if Pii 1, a « co8h“**{ — Poj, ip ^ IT (96j 

In them ec|iiiitiori8 ip m the angle of lag introduced into the 
eiirriuit liy cmch ficndion of the line. 

It m mum that with the resistancelesa line, for the range of 
fri*c|iiffficdi!ii within which Po BatisfioH the inequality in (94), the 
itiigh* of lag {M?r mtctiori m equal to the anticosine of Po, and is in 
geiieritl ii coiriplicated function of the frequency, since Po is a 
fuiicliori Ilf w. 

Ottli^ifli* of this range of frequencies the angle of lag per section 
i» II corwtiuit Of iiiider condition (95), or a constant tt, under con- 

dilkiii (flCI). 

Ilefiire diictiiising further the lag angle v?; let us introduce tables 
giving « iiricl ^ for the three types of lines shown in Figs. 2, 3, and 4. 

Iti C 0 ii:ii»iliiig Tables I, II, and III, arbitrary values were 
taken for the ciuantities in the first column. Corresponding- 
to them iirliitrary quantities, the quantities in the other columns 
were computed by equations (94) to (96). In the second columns 
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3(K) 

of TabloH I and II w given flat affetmadon constant n for the 
oumiiit, per stadion of tia? line. Tliis <jnantity for ’’J’ahlc III 
is not. givcm, sineo it. is zero t hronghoul,. 

Table I. —Resistanceless Line of Type I 

Attenuation Constant a and Retardation Angle y. of Current per Section 
for Different Angular Velocities « of the Current 

Lj ’ Shunt Inductance per Section 


Cl Capacity in Series per Section 

(ay/inCt 

a 

%*» rarliaisw 


0.0 

w 

3 1416 w" 

0,00000 

0.2 

3.13 

3,1416 r 

0 

0.3 

2.20 

3.1416 F 

0 (I0IMM.I4- 

0.4 

1 .385 

:M416 r 

(1 IHKKXtf 

0.45 

0A)B 

3,1416 If 

11 (HXKie 

0.46 

0 8,30 

3, 1416 -V .|r 

0 CMM', ri 

0.47 

0.710 

3 1416 « F 

0 CM'MIH 

0.48 

0.575 

3, 1416 « w' 

Cl 0032 

0.495 

0.288 

3, 1416 F 

0 , 056 

0.497 

0.220 

3 1416 F 

0 111 

0.499 

0 130 

3,1416 F 

« 273 

0.500 

0 (HHi 

3 1416 r 

1,00 

0.501 

i) mm 

1 3 0524 

1 , CKI 

0.503 

0 mm 

2 92;i4 

i 1 CIO 

0.505 

0 mm 

2 , KIKMl 

1 ,fMI 

0.6 

0 mx) 

1.971 

I.IMI 

0.7 

0 mx) 

1.591 ^ 

l.CII 

0.8 

0 000 

1 1,350 

I.CMI 

0.9 

0 mm ^ 

1 „ 178 

1 1 fll 

1.0 

o.mm ; 

1.047 

! 1 IMI 

2.0 

0 ixm 

0,505 ' 

1 1 .III 

3.0 

0.000 

0.335 i 

! LfXI 

4.0 

a (MX) 

0,250 

1 fMI 

m 

0 mx) 

Cl.mMI 

fill 


In the la«t columns of Tablea I and II there is eompiletl 
the quantity which ia obtainial on thei tsuppiwifimt «»f 

line of tea sections or more. This quantity is th(» ratio 
of the current amplitude in the U*nth si'ction to the current 
amplitude in the zeroth section, an*l shows the sharpness with 
which the line of ten sections cuts off fretputneies near the limit 
of frequencies for which the attenuation is zero. Ah an example, 
if we take Table I, currents of all angular velocit«*» from w 
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<H|Uiil infinity to o) c^qual OI^/’s/L^Ci are transmitted unattenu- 
lit eel; on thc^ other hand, if o) is equal to 0.497/V2^^ 

the rnrreni in thc^ iimih section is only 11 per cent, of the cur- 
rent in t int zeu'oth HCMttion, and if w is OAS/^/L^Ci the current in 
th<^ ituifh HCHdion is only 3/10 of one per cent, of the current in 
tht! zf*rotfi scMiion. In a similar manner, one may interpret the 
valuers in tin? last column of Table IL 


Table 11 . — -Resistanceless Line of Type II 

Attenuation Constant a, Retardation Angle <p in Radians, Time Lag T 
in Seconds ““Each for One Section, and Having Reference to Current 

hi ^ Series Induction per Section 
Cf a Shunt Capacity per Section 




0 

05 

0 

10 

0 

15 

0 

20 

0 

25 

0 

30 

0 

35 

0. 

40 

0 , 

Ml 

0, 

110 

0 

TO 

0. 

80 

1. 

IKI 

1. 

20 

1 . 

,40 

1 


1 1 

.mi 

2 

C» 

2 

.(Mil 

2 

MU 

■ 2 

.f»3 

; 2 


2 

.mm 

2 

,.CIl 

S 2 

Am 

2 

M 

2 

10 

2 

.20 



0.000 
().05(HK) 
().1(K)07 
0. 15025 
0/2004 
0.2507 
0.301 I 
0.3517 
0.4029 
0.5053 
0.0095 
0.7151 
0.820 
1.05 
1.29 
1.57 
1.85 
2.23 

3. 1410 *7r 
3.1410«t 
3.14l0»7r 
3.1410-t 

3.1416 *T 

3.1416 »«T 
3.l416*7r 

3. 1416 - T 
S.l416»ir 

3. 1416 

3. 1416 - IT 




1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 

0.549 

0.407 

0.333 

0.273 

0.223 

0.135 

0.055 

0.0183 

0.00184 

0.00014 
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Table ni. — Resistanceless Line of Type III, with no Magnetic Leakage 
Retardation Angle f of Current per Section, and Time Lag T of Current 
per Section. The Attenuation Constant is Zero Throughout 
Li => Series Inductance per Loop 
L -= Series Inductance per Coils 
Cj = Shunt Capacity per Coil 


tay/hifh 

tay/lJ't 

tp mdiiutH 

7'/v'/,C, 

OJKKK) 

O.mKK) 

OCMMH) 

1 m'HM) 

0.05 

0.07071 

0 07071 

I CKMIO 

O.IO 

0. 14142 

0.141 1 

0 im 

0. 15 

0.21213 

0.2117 

0 . 99H 

0.20 

0.2S2H4 

0,2H22 

0.1«I7K 

0.25 

0.35,351 

o,.'5.'vo:{ 

0 . 91M15 

0.50 

0.4243 

0.41 HO 

0 9H5 

0.35 

0.4950 

0.4H,51 

0 9.HI) 

0.40 

0.5557 i 

0.5512 

0 975 

0.50 

O.H4g5 

0,8029 

1 0.947 

O.SO 1 

1.1314 ' 

1.0297 

1 0.910 

1.00 ! 

1.4142 

l,2:W5 

j O.HTO 

1.20 

1.5970 

1 4070 

! 0 K2!l 

1.40 

lAmm 

1 , 5500 

; 0 7HH 

1.50 

2 1313 

1 52fKl 

0 7m 

l.(K) ’ 

2 2527 

I 7045 

0 7m 

l.HO 

2 5455 

KHIO 

0.710 


276. Line of Constant Time Lag per Section over Significant 
Range of Frequencies. — fiihifs h1«o oniifiiiii of thf 

current-lag-angle {Mir wtef ion of the lino in tin- roltnmm hiwloii <fi. 
A related qtiantity is the (innntity T, which is the iniinlKT of 
seconds by which the current in any Het;tion lagK behinti the ctir- 
ront in the preceding section. The quantity T is relattsd to v? 
by the equation 

» wT* (ft7) 

obtained as follows: If the angle of lag is ^ radians, and the 
angular velocity of the current is w radians fsT second, the 
time T is such that the system would tlescribi an angle ^ in 
time T at angular velocity «, provkled tp « otT. We should then 
be able to tabulate T by dividing <p by «, but since w is given 
only as a factorin the quantity at the heading of the second column, 
we have divided the numfiera in this column into the corn»{X)nd- 
ing numbers in the column headed p, obtaining 
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An important result obtained in this way is that for Line 
of Type II j and for ^mall valice^ of(^/\/LiC 2 IclQ T per 

section is approximately constant and equal to -s/LiC^* 

For a line of Type III {assumed to have zero magnetic leakage 
in the coils, and for small values of oi's/LC^, the time lag T per 
section is approximately constant and equal to ‘\/LC<i- In this 
latter result L is the inductance per coil and not the inductance 
per loop of Type III, which is the system containing the mutual 
inductance between the loops. The inductance per loop is Li = 
LI2, 

We have thus obtained a method, using systems of Type II 
or of Type III, of obtaining per section of line a time lag of cur- 
rent substantially independent of frequency over a significant 
range of frequencies. 

Apart from the use of the tables, we can prove this result 
theoretically, by expanding in series the anticosine of Pq in 
equation (94), and neglecting certain higher powers of small 
quantities. We shall perform this operation, later, in connec- 
tion with lines of sensible resistance, to be studied in the next 
few pages. 


V. LINES WITH RESISTANCE. TYPE I 

276. General Equations. Types I and II. — To determine a 
and (p, when the line has resistance, we must return to equations 
(49) and (50), which are general. In order to get U and V for 
use in these equations, we need to start with (42), which in 
view of (3) becomes 


—z 


Zi -f- 2Z2 

2{z 2 — Mjco) 


^P+jU 


(99) 


which may be regarded as defining the real quantities P and U, 
In lines of Types I and II, M is zero, so that for these cases 


l + ^^ = P+jU (Type I, or Type II) (100) 

277. Determination of a and for Line of Type I. — For Type 
I, if we take account of the resistance in the inductance coils, 
we have 


= ““// C lO), Zz = Ri fLz(a 


( 101 ) 
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U = 


These values inserted into (100), give after rat iotializiiigi and 
equating real and imaginary parts, 

P _ 1 ( 102 ) 

^ 2aio,Uh‘ + 

rj _ (HKi) 

Then by the use of (48), W(5 obtain 

V = 4L./;,co- - 1 _ 

86'i^w-(/f2“ + L-jV) 

These values of IJ and V can be put info a form in whieii the 
relative size of terms is more <^vid('nt, Ity infrodueing the 
abbreviations 

7)2 = lUlL-^, and 0 = LaC'jw* (lO.’i) 


U = Z?? (lOO) 

^ 20(1 -H >?»*) 

V = “ L (107) 

Introducing these values into (49) and (AO), we have 
a = sinh"’ 

1 27V27Hv?) ^ ^ + (I “ 

2iV2(\T^F )^'^ + e - »i I ( ' 

Equations (108) and (109) giim the tmluen o/ the aliimmikm 
constant a and the retardation angle ^ per mmlion of the litm »/ 
Type L In these equations rjt and $ have the mdum givm ift ( ICIS|. 

■ Regarding the sign before the inner radical^ it is to Im iwkd ihttl the 
same sign is to be used in both equatiofm^ and ikis sign m f# Im 
selected so as to make both a and ip real quaniitieM. 

278. Determination of Surge Impedance for Dine df Tfp« I 
'with Resistance.— The general expreimion for niirgis iitip;!claiit:ii 
is given in (34), which in view of (101) aiicl (3) givi*ii 


= 1 / r~ 

2 \ Ci*«* 


Jiu + 2(/^s + — {Hi + jXfwj ' 


4 j^ 4 /^ 

Ci« Cl 
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whence 


4v-i 


■iLJ! 


lO)" 


(fk 

L'2ca 


( 110 ) 


Equation (110) qiri'H the general er.-pre.sHion for the surge im- 
pedance of a line of Type / containing resistance in the inductance 
coils. 

279. Approximate Treatment for Small Values of m and for 
4(? not too Near Unity . — We may obtain Hirnplifiod oxpresHBions 
for (lOK) and (100) for Hinall valuoa of t?./ and for 49 groator than 
and not too near unity by (*x[)anding thci radicala in thoso oqua- 
tioiiH and nc'glecting higher terma. AHsuming, to begin, that 

lOd^Tjj'-' < (I - 40)^ 
and expanding the radiealH, we obtain 
a Hirdi ’ 

' ‘ + (1 ■“ 49) (l +• 

:V29*r,2* 

(1 - 46 

anti 


26 V2il + ,3=) 




2 


\ 4 . 


(I 

• •) -+- (1 


4.0) 


)J (111) 


^ ss 8111 *'* 

I 

29 \/2(l + >!a») 


[ ± (I - 4 «) (l + - 

.)-(!- «)]“ 


(1 - 4^)^ 


( 112 ) 


In order to make a and real wo must use the negative sign 
in the bracket, whenever 1 — 4^ is negative; and must use the 
positive sign, whenever I — 46 is positive. 

Ijcrt us now assume that 

nV2 < < 1 , and ^ < < 1 (113) 


a 


(I - 4^)* 

Under these conditions we have by (111) and (112) 
« sinlr' 


and 

a »■ sinh" 


j 

\/40 1 j 

, and tp ■“ 8in“‘ . 

■Vie - 1 1 

20'" i 

20 I 

, and <p * 

f J« 

[ V\ - 40 J 


, for 40 > 1 
(114) 


, for 40 < 1 
(116) 
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In case the ratio of the resistance of the coils to their inductive 
reactance is small and in case 4:6 is not too near unity, so that the 
conditions (113) are fulfilled, equation (114) gives a and cp for 6 
greater than 1/4, and equation (115) gives the corresponding values 
of a and cp for 6 less than 1/4. These results are for line of Type I. 

In regard to the attenuation constant it should be noticed from 
the formulas (114) and (115) that the former gives the case of 
low attenuation and the latter gives the case of high attenuation. 
The transition point is somewhere near 4^ = 1, but neither of 
these formulas can be used in this region because (113) fails 
there. We must go back to (108) and (109) if 46 is nearly equal 
to unity. It is seen by (108) that the last term under the outer 
radical changes from a numerically subtractive term to anumeri-' 
cally additive term when 46 passes from values greater than unity 
to values less than unity, and as 46 goes on decreasing, a increases 
rapidly. We shall call the value of the frequency at which 46 = 1 
the cut-off frequency. 

It will be understood that this cut-off frequency is not a point 
of discontinuity giving a sudden change of the attenuation with 
change of frequency. The increase of attenuation as we pass 
the cut-off frequency and pass into the region of frequencies 
that are more attenuated is rapid for low-resistance coils, and 
after a change of a few per cent, in frequency the attenuation for 
a line of five or ten sections may be such as to reduce the current 
to less than one per cent, of its value at the cut-off frequency. 
We shall later show this by numerical computations. 

To complete the approximate treatment of this type of line 
{Type I) let us note that under conditions (113), equation (110) 
for the surge impedance becomes 


= 



1 

4L2C1C02 


(116) 


Introducing into this equation, the value of 6 given in (105) , we 
obtain 





46 


(117) 


Under condition (113) the surge impedance of a line of Type I 
is given by (117), or by the alternative equation (116). This surge 
impedance is real and of the nature of a pure resistance, provided 
46 is greater than unity, and is imaginary, and therefore of the 
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iKiluic of (t ip.cictnncv if 46 is lofin thnn unity. These equations ate 
md to be used for 40 ton war U> unity for then (113) is not fulfilled. 
It is seen by ( 1 If)) that the surge impedance is in general a function 

of ihr nrujidar miocity o). 

Ifj how(‘Vi‘r, 

i„<<l;-llmU«,if (118) 

equal itHi (117) l>ecouieH 

Zi = ■s/ln/Gi (119) 

wiiic’h in iiuIcqKUKleut of the frequency. 

H ith n line of Type /, in cme the conditions (118) and (113) 
are fnljill(’(i^ eqaaiion (119) gives the surge impedance Zi of the 
liar. This is in the nature of a pure resistance independent of 
the freqimiey of transmitted current. 

We .nhould h(*rc* note also, for future use that by (93) the condi- 
tion for non-rcdleetion at the input apparatus is 

^0 - Zi, 

and tfie e<jriciifion for non-reflection at the output apparatus is 

Zr ^ Zi, 

wlic^ri* Zn iirid Zr are the inqKKlances of the input apparatus and 
the? output apparatus respectively. 


VI. LINES WITH RESISTANCE. TYPE II 


280. Specific Values for Type 11.— For a Line of Type II, 
m given in Fig. 3, the series and shunt complex impedances have 

the vitliies 

24 « Ri + jLiw, Z2 -r-j/C20i . . ( 120 ) 


where now the coils in the Bericis impedances are supposed to 

have ri!i4istj4iice /ii. ’ 

“‘‘tutrodikihg ‘(120) Into (100)‘ we obtain 


P + jU 


LiCW ,jRiC^^ 

2 2^ 


Ifp now as abbreviations, we write 

^ rii ^ Ri/Licaf ‘ ’^'J7 LiCkco^ 


( 121 ) 


314 


ELECTRIC OSCILLATIONS [Chap. XVI 


substitute these values into the preceding equation, and sepa- 
rate the result into real and imaginary parts, we obtain 

P = 1 - 4'/2 

U = vi-^/2 (122) 

and by the definition of V given in (48) 

F =|{l -|(l + ^i^)} (123) 


These values of U and V introduced into (49) and (50) give 


a = sir 

Ni 

ih“^| 



U +j 

[l- f (1 +Vl^) 1 

"2 , 

-|(l +’?i^)]} 


(124) 



Equations (124) and (125) give the values of attenuation con-- 
stant a and retardation angle tp per section of the line for a Line 
of Type II. The abbreviations employed are given in (12). The 
same sign must be employed before the inner radical in both equa- 
tionSy and that sign must be chosen to make a and (p both real 
quantities. 

281. — ^Determination of Surge Impedance for Line of Type II 
with Resistance. — When ilf = 0, equation (3) gives 


b — — Z2. 


This inserted into (34) gives the surge impedance 

+ ^ZiZ2' 

Introducing the values of Zi and Zz gives in (120), we obtain 
2 * = HyjRi^ + ^ + 

whence 



203 

4LlQ) 


LiC 2 ^_^ (125a) 

4 ‘'12 Lict} i 
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Equation (125a) gives the surge impedance of a line of Type II 
with resistance in the inductance coils. 

282. Approximate Treatment for Small Values of 771 , and for 
^ Less Than and not too Near to the Value 4. — If as a temporary 
abbreviation we put 

^ = 1 - I ( 1 + ^ 1 ^) (126) 

and assume 

771 ^ < A^, 


we may expand (124) and (125) into 


a = sinli“^ 
and 




± A 1 + 


111 

2A2 



. .)+ (128) 


If A is positive, we use the positive sign, and if A is negative 
we use the negative sign, giving, in the case of positive A, 


a = sinh-ij^i^^ (1 “ & + • • ^ ^ 

and 

^ + ^ } A > 0 (130) 

Equations (129) and (130) reduce to 

a = and ^ = coVX^c; (131) 

provided 

< < 1 , and < < 1 (132) 

In the case of small decrement and small value of as 

stipulated in (132), approximate values for a and <p for a line of 
Type II are given in (131). When the conditions (132) are not 
fulfilled f the exact equations (124) and (126) are to be used. 

As in the case of line of Type I, other approximations to suit 
other conditions will be apparent to the reader. 

It is to be noted also that under conditions (132), the equation 
( 125a) for the surge impedance becomes 



mji(^TIifr f)S(*ILLA Tinxs 


•I'llAf. >iV| 


With a line of Type II, in rone rfonUtioiiH r IM2| fir#* 
the unrtje inipeddtiee of the line i,s giecu npprini oioirig hg 
and h in the nntnreof a pnreyrMdanre iodr prudent i f tlo^ fmpi* 
long a.H oj mtisJieH ( 132). 


VII. LINES WITH RESISTANCE. TYPE III 

283. Determination of a and v' for Type III with Refiislince^ 
This typci of line is .shown ciiaKniiniiiaf ii'rilly in I. If fhr ri*' 
sistan(*(‘ pnr lo(»p i.s //j, wn havo 

Zi /]fj jljiOS, Zt - j/Id'JLO), h 

By (42), in view {)f (3) 

/>-f. jr; - z '2b - 1 + 


whieh hy (134 1 


2b 

(In 

K 


■ j M f" j I IM'ii 

I -h 2j4/u? 


1 


2(:. 

- J/.^) 


jM u I 
! 


2( : * M.e) 


We (‘.an inak<‘ a Himplifieiifioii in I his Ih’ inf rotliiring 

th(^ indue! a, ma^ L of laieli cd the whole roiln, that are ta|i|ie'*l iif 
the* middle. Hitna! Li is tvviee thf* iiidneiaiiei* of a loilf emh 
and Hi is twica* tfu^ resist anee of a half eoil^ 


L Li -f 24/, and li . ^ //i 


c i:i:ii 


where! L and li are now I hi* inclurtiiiiee and rt^sistunrr* fU'^r emil 
of the system. Using these values, imd i'f|iintiiig rtai! iiiifl 
imaginary parts of the effiiation preeeding (t.loi ire Inivi* 


P 


! 




tiPy^ 

2(1 f 2 il -I 

We may now find U, its defined in MM|, irtiirli is 


1 I/Aw^ I 

2 i ^ 


4(1 -I- 


I/’ 


Let ns now iritroduee ns itlibreviafions 
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By comparing these values of XJ and V with the corresponding 
quantities for Type II, as given in equations (122) and (123), 
we see that the values of U and V are analogues for the two 
cases. By replacing ^ and 7?i in (124) and (125) by Q and rj 
respectively, we obtain for the present case 



Equations (140) and (141) give the values of the attenuation con- 
stant a and the retardation angle <p per section of the line for a line 
of Type III. The abbreviations employed are given in (138). 
The same sign must be employed before the inner radical in both 
equations, and that sign must be selected to make a and cp both real 
quantities. 

284. Surge Impedance for a Line of T 3 rpe III with Resistance. 

The substitution of (134) and (135) into (34) gives for the surge 
impedance 



i f (L-4M)(72co2 , .\RC2C^ ' MRC2C^ ..R] 

+ iLcc 4 I ”2 L I 

Equation (142) gives the exact value of the surge impedance 
for the line of Type III with resistance in the inductance coil. 
L and R are the inductance and resistance of each of the coils to 
the ' middle of which the capacities C 2 are attached. M is the 
mutual inductance between the two halves of one coil. 

286. Approximations for Type III. — Out of analogy of the 
equations in this case with the equations for Type II, and by an 
examination of the constants in the two cases, it . is readily seen 
that 


provided 




and <p — C 0 A/LC 2 


R^ 


<< 


1 , 


and 


LC2C02 

8(H-M(72Co2) 


<< 1 


(143) 

(144) 


In this case, (142) becomes 


[L 
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In case of small decrement and small value of LC 20 ^^) as stipu- 
lated in (144), equations (143) give the attenuation constant of the 
current and the retardation angle of the current per section of line 
with a line of Type IIL Under the same conditions the surge 
impedance of the line is given by (145). 


Vin. COMPUTATION OF APPARATUS 


286. Design of a Filter to Cut Out Frequencies Below a 
Specified Value, and to Operate Between Input and Output 
Terminal Apparatus of Given Resistance. — For this purpose 
we require a line of Type I. The coils of such a line will neces- 
sarily have certain resistance, and we shall take account of the 
resistance of these coils in the computation. The equation for 
the attenuation constant is (108). This expression for a begins 
to increase rapidly in the neighborhood of the value of d at which 
1—40 becomes negative, with increasing 6. 

We shall call the value of o) at which 

40 = 1 (146) 

the cut-off value of angular velocity. 

Now in general 

0 = L 2 C 1 C 02 (147) 


Let coo =T angular velocity below which the filter is to give 
high attenuation. 

Then by (147) and (146), we must make L 2 and Ci such that 


COo 


1 

2VL^i 


(148) 


Equation (148) gives one relation for determining L 2 and Ci 
to comply with the cut-off requirement. 

We shall next find another relation determined by the re- 
sistance of the terminal apparatus. To avoid reflection the 
complex impedance Zq of the input apparatus and the complex 
impedance Zt of the output apparatus shall each equal the surge 
impedance of the Kne, which is Zi] that is 


Zo,= Zt = Zi (149) 

Now the value of Zi for this type of line is given in (110), 
and is a complicated function of the frequency. We cannot in 
general make Zi equal to zq and Zt for all values of the frequency. 
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Let it be supposed that while we wish to cut ofJ all frequencies 
of angular velocity less than coo, we are also interested in trans- 
mitting especially the high frequencies for which the conditions 
(118) are satisfied. For these frequencies 

= VWCi (150) 

and is in the nature of a pure resistance independent of the 
frequency. We should need to make our terminal apparatus 
as nearly as possible a pure resistance, of value 

Ea = VlUcI (151) 

where 

Rq = resistance of input apparatus and of output appa- 
ratus, which are to be nearly pure resistances. 

Equation (151) is another relation for determining L 2 and Ci,. 
and is obtained on the assumption that the line is to be non-reflective 
at the terminal apparatus for high frequencies. 

Elimination between (151) and (148) gives as the required con- 
stants of the line 


L 2 — Ro/2iO)qj and Ci — l/22^o^o (1^2) 

Equations (152) give the value of the inductance and capacity 
elements of the line to cut of angular velocities above coo to operate 
between an input terminal apparatus of resistance Ro {inductanceless) 
and an output terminal apparatus of the same resistance, . 

Now as to the resistance of the inductance coils used in the line, 
it is desirable to have this resistance i?i as low as possible, con- 
sistent with space available and cost. Let us suppose that the 
coils are wound of wire of such size as to give 

E 2 /L 2 = 2A (say) (153) 


Assuming this value, and making preparation to employ (108) 
to determine the performance of the computed filter, let us note 
that by (105) 


1)2 — JK 2 /L 2 CO 

C02 

^ = W 


2A coq 

COq CO 


(154) 


As soon as we specify the ratio of A to « 0 ) we can compute o 
and <p by (108) and (109) for various ratios of co to coo- 
Let us now compute a numerical example, given 

2A = 250 and «o = 5000 


(155) 
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This means that the coils Z /2 have 250 ohms per henry, and 
that we wish to cut off angular velocities below 5000 radians per 
second. 

The results are given in Table IV, 


Table IV. — Performance of a Filter Computed ’to Cut Off all Angular 
Velocities Less Than coo = 6000 . Given R2/L2 = 260 


co/coo 

a 

^ (ra dians ) 

g"I0a 

0.2 

4.61 

0.250 

0 . 00000000000000000001 

0.4 

3.22 

0.136 

0.00000000000002 

0.6 

2.42 

0.104 

0.00000000003 

0.8 

1.386 

0.104 

0.000002 

0 . 9 , 1 

0.956 

0.127 

0.000068 

0.95 

0.661 

0.164 

0.00136 

1.00 

0.311 

0.322 

0.044 

1.05 

0.138 

0.583 

0.25 

1.10 

0.0981 

0.868 

0.374 

1.20 

0.0644 

1.175 

0.525 

1.40 

0.0364 

1.546 

0.694 

1.60 

0.0250 

1.351 

0.778 

2.00 

0.0144 

1.047 

0.865 

2.50 

0.00873 

0.823 

0.916 

3.00 

0.00589 

0.680 

0.942 

4.00 

0.00323 

0.505 

0.967 


287. Design of a Compensator to Give a Retardation Time 
of a Constant Amount T Seconds per Section Substantially 
Independent of the Frequency over a Significant Range of Fre- 
quencies, and to Operate with Terminal Apparatus of Given 
Resistance, — For this purpose we shall use a line of Type II. 
In equation (131) it is shown that for ranges of co for which (132) 
is fulfilled, the angle of retardation per section is 

<P = CU\/LiC 2 , 

whence 

r = (156) 

where 

T = time lag in seconds per section of the line intro- 
duced into the current by the line. 

The discussion of T is found in equation (97) and thereabouts. 
The value of T given in (165) is correct only provided w is 
sufficiently removed from the cut-off frequency which we shall 
specify as having the angular velocity coo- 
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The angular velocity of the cut-off frequency is the value of 
03 at which the last brace under the outer radical of (124) changes 
sign. This is approximately the value of ta at which 

'1^ = 4 (.157) 

or by (121) 

coo = VVLiCi (158) 

where 

0)0 = angular velocity of cut-off frequency, 
which is the angular velocity above which 
the currents are highly attenuated. 

It is to be noted that we can determine the product of LiC^ either 
by specifying the desired time lag T per section and using (156), 
or by specifying the cut-off angular velocity o)q and using (158). 
If we proceed by specifying T, we must make T small enough to 
raise the angular velocity of the cut-off frequency to give the operating 
range of frequency required of the apparatus. 

The next step in settling upon the essential constants of the 
compensator is the choice of the impedance of the terminal 
apparatus. The impedance of the input apparatus zo, the im- 
pedance of the output terminal apparatus Zt and the surge im- 
pedance Zt of the line must be equal to avoid reflections in the 
line, and to obtain a maximum transfer of energy to the output 
apparatus. If we operate the line in the region of frequencies in 
which (156) holds, then by (133) 

^ = Ro (say) (159) 

The several impedances in (159) being equal to the radical 
expression are real quantities independent of the frequency, and 
must be of the nature of pure resistances. 

Ro = resistance of the input apparatus and of the output 
apparatus, which must be both inductanceless to avoid reflection. 

It may not be possible to utilize terminal apparatus of the 
nature of pure resistances and attain the results desired. In 
that case, we can not avoid reflections at the junction of the 
line with the terminal apparatus, and we shall sometimes need 
to make a compromise in practice. We shall not here enter into 
the nature of a profitable compromise, but shall proceed on the 
assumption that (159) may be fulfilled. 

Now eliminating between (159) and (156), we obtain 

Li = RoT, C, = T/Ro 


(160) 
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Equations (160) give the inductance and capacity per section 
of a line of Type II, designed to give a time-retardation of current 
by the amount T seconds per section, and designed to operate between 
non-inductive input apparatus of resistance Ro and non-inductive 
output apparatus of the same resistance. 

By equation (148) this line, if its elements have sufficiently low 
resistance, will let through with small attenuation all frequencies 
of angular velocity less than 

To compute the performance of such a line we need to specify 
T and also to specify the resistance Ri of the inductance coils, 
but this need be done merely by specifying the ratio of Ri to Li. 

We give in Table V, the computation of the performance 
of such a compensator with the specific values. 

r = 6.5 X 10~® seconds, and ^ = 250. 

JUi 


Table V. — ^Performance of a Compensator Computed to Give a Time-lag of 
T = 6.6 X 10"® Seconds per Section. Given Ri/Li = 260 


CO 

n 

a 

<p 

T 

seconds 

g-lOa 

770 

123 

0.00802 

0.0505 

6.55 X 10"® 

0.923 

1,540 

245 

0,00812 

0.100 

6.50 

0.922 

3,080 

490 

0.00812 

0.201 

6.52 

0.922 

6’, 160 

980 

0.00825 

0.403 

6.55 

0.921 

9,240 

1,470 

0.0085 

0.607 

i 6.60 

0.920 

12,320 

1,960 

0.0088 

0.825 

6.75 

0.916 

15,400 

2,451 

0.0098 

1.06 

6.88 

0.906 

18,500 

2,944 

0.0101 

1.29 

6.97 

0.903 

21,600 

3,438 

0.0114 

1.54 

7.14 

0.892 

24,640 

3,922 

0.0135 

1.86 

7.54 

0.873 

27,720 

4,412 

0.0185 

2.25 

8.04 

0.831 

29,300 

4,660 

0.0258 

2.54 

8.70 

0.773 

30,800 

4,902 

0.127 

3.01 

9.80 

0.281 

30,954 

4,927 

0.133 

3.02 

9.80 

0.264 

31,108 

4,951 

0.171 

3.05 

9.80 

0.180 

31,416 

5,000 

0.216 

3.07 

9.80 

0.115 

33,880 

5,392 

0.339 

3.09 

9.15 

0.033 

36,960 

5,883 

0.487 

3.10 

8.40 

0.007 

38,500 

6,128 

0.837 

3.12 

8.05 

0.0002 


In the first column of Table V is the angular velocity of the 
current, which is determined by the angular velocity of the 
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impressed e.m.f. The second column contains the frequency 
n corresponding to the given values of co. The third column con- 
tains the attenuation constant per section. The fourth column 
contains the retardation angle per section. The fifth column 
contains the time-retardation per section of the line. The last 
column contains the ratio of the current in the tenth section 
to the current in the zeroth section. 

Notice that the time-retardation per section changes only 
about one per cent, in the range of frequencies between n = 
123 and n — 1470. Over this range of frequencies the line can 
be used to introduce known amounts of time-lag by introducing 
various numbers of sections of the line. The attenuation for 
ten sections of the line in this range is slight since over 90 per 
cent, of the current gets through. 

As we pass up to higher frequencies, the time-lag per section 
changes considerably. 

At n = 4902 the cutting-off effect of the line begins to make its 
appearance, and at n = 5883, the current in the tenth section 
is less than one per cent, of the current in the zeroth section. 

It is to be' noted that by making T smaller, the time-lag per 
section can be made nearly constant for higher frequencies than 
those given in this table. In fact by making T sufficiently small 
this compensator action, by which is meant the introduction of 
time-retardation substantially independent of the frequency, 
can be made applicable to the ordinary ranges of radio frequency. 



CHAPTER XVII 


ELECTRIC WAVES ON WIRES IN A STEADY STATE 

288. Two Methods. — There are two. possible methods of 
treating the propagation of electric currents along wires; namely: 

I. By considering the wires as a limiting case of an electrical 
system, with recurrent similar sections/ utilizing the facts 
obtained in Chapter XVI; 

. IL By building up directly, the differential equations for 
the currents on the wires and solving the equations anew.^ 

We shall employ the former of these methods. We shall treat 
the problem only for the steady-state condition. 

289. Diagram, Notation, and Impedances. — Referring to 
Fig. 1, suppose that we have two parallel wires^ with a source 
of e.m.f. at e, having a complex impedance and with an output 
apparatus at T, having a complex impedance Zt, let it be re- 
quired to find the current i at any time t and at any distance 
X from the e.m.f. 

The .wires_ _haye certain resistance, and inductance, per 
element of length, and they have a certain capacity per’ element 
of length. 

Let there be a certain current i flowing out through the top 
wire at a distance x from the e.m.f., and, on account of sym- 
metry, let there be an equal current in the opposite direction 
in the lower wire at the same distance x from the e.m.f. 

As in Fig. 2, let us divide the wire into lengths Arc, and for 
each length Ax let us suppose a capacity C% between the wires. 

^ Por an infinite line this method was employed by E. P. Adams, Froc. 
Am. Philosophical Soc., 49, 1910. 

2 This method was employed in a special case by Sir William Thomson 
(Lord Kelvin) in an examination of the feasibility of the Atlantic Cable in 
1855, published in Proc. Roy. Soc., May, 1855. The general problem of 
waves on wires was first treated by Kirchhoff, Pogg, Ann.^ IDO, 1857. 
Further extensive work on the subject was done by Heaviside, PhiL 
1876; and Mectrioal Papers^ Vol. 1, p. 53. 
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The wire is thus divided into elemental sections of length Ax. 
The shunt capacity per section is then, 



Fig. 1. — Two parallel wires. Pig. 2. — Resolution of two parallel wires into a 
system of elemental sections. 


Assuming that there is no current leakage between the wires, 
and designating the complex shunt impedance per section of the 
system as Z 2 j we have 

2^2 = — j/CcoAx ( 2 ) 



Pig. 3. — The wth section of two parallel wires. 


Treating the line as made up of sections of length Ao?, equation 
(2) gives the complex shunt impedance per section, provided there 
is no current leakage between the wires. 

Let us consider next the series impedance in each of the sec- 
tions. A typical section is shown in Fig. 3. If we call this 
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section, the mth section, a current im flows in the parts of this 
section riot common to the next sections; that is to say, this 
current flows in each of the wires, as shown in Pig. 3. 

The complex series impedance of this section is 

Zi = RAx + jLcxiAx (3) 

where 

R = resistance per loop unit of length = the resistance 
per unit length of outgoing conductor + resistance 
per unit of length of return conductor; 

L = inductance per loop unit of length = inductance 
- of the two wires per unit length of the duplex system, 
when one of the wires is a return conductor for the 
other. 


Equation (3) gives the complex series impedance per section 
of length Ax. 

Here we may note one other simple relation. If x is the 
distance from the e.m.f. to the mth section, then 

X — mAx (4) 

290. Attenuation Constant and Retardation Angle per Loop 
Unit of Length of the Wires. — The system of Fig. 2 is an example 
of a line of Type II of Chapter XVI, and has the attenuation 
constant and retardation angle per section (that is, per length Ax) 
given in (124) and (125), Chapter XVI, in which by (121), 
Chapter XVI, and (3) and (2) of the present chapter, 

171 = jR/Loj, \l/ = LCoi\Ax)^ (5) 

Introducing these values into (124) and (125) of Chapter XVI, 
and calling the resultant quantities Aa and A(p, since they are 
values per length Ax, we obtain 



In deriving these equations, we have omitted within the radi- 
cal terms added to unity and having a factor Ax, because we are 
going to make Ax approach zero, and such terms would ultimately 
disappear. The external multiplier Ax we keep, because the 
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quantities Aa and A<p which appear on the left-hand sides of the 
equations are increments of the same order as Ax. 

If we now look at equation (28), Chapter XVI, we shall notice 
that the complex current amplitude in the mth section contains 
factors of the form e“*”, where by (40) of Chapter XVI 

^ = a + jp = Aa + jAp, 


in the present case of small sections. Hence, employing (4), 
we obtain 


where 




( 8 ) 


a 


Aa 

y 

Ax 



(9) 


in which for continuous values of a;, we must take the limit of 
(9) and (8) as Ax approaches zero, giving 


a 




( 10 ) 


Equations (10) give the attenuation constant a and the angle 
of retardation (p per unit length of the wires. 

In terms of these quantities taken for a continuous line 
the form given in (8), where x is the length from the e.mf. along 
the wires to the section of the wires under consideration. 

We may now obtain values of a and jS from (6) and (7) by 
dividing by Ax and taking the limit as Ax approaches zero, noting 
that the antihyperbolic sine and the antisine approach their 
moduli as Ax approaches zero. By this operation we obtain 

« = + 1-1 ( 11 ) 

^ +1 + 1 ( 12 ) 

Equations (11) and (12) give respectively the attenuation constant 
and the retardation angle per unit length of the pair of wires, co 
is the angular velocity of the impressed e,mf. R,Lj andC are re- 
spectively the Resistance^ Inductance^ and Capacity per loop unit 
of length, 

291. Approximate Determination of a and jS in Special Cases. 

L In the range of frequencies in which 


jK/Lcc < 1 


( 13 ) 
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we may expand the radicals obtaining 
R IC I ^ R^- , R* 


1 - 


AJA 


+ 


^ = Wlc\i^ 


R^ 


SL^oi* 

R* 


•1 


H 


■} 




II. In the range of frequencies in which 

R^/SLW < < 1 
equations (14) and (15) become 

III. In the range of frequencies in which 

R/Lo) > 1 

we may expand the radicals in (11) and (12) and obtain 

L^oj^ 


^4 




R_^( 
2 1 


1 - — + 

R ^ 2R^ 

Leo L^co^ 
R ^ 2R‘^ 


L*o,* 

8R^ 

SR^ 


+ . 


+ 


IV. In the range of frequencies in which 
Lo) 




■/R<<1 


|8 


= 


(14) 

(15) 

( 16 ) 

(17) 

(18) 

(19) 

( 20 ) 

( 21 ) 

( 22 ) 


Equations (14) and (15) give respectively the attenuation constant 
a per unit length of the line and the retardation angle per unit 
length of the line, provided (13) is satisfied. 

If (16) is satisfied, the corresponding values of a and P are given 
by (17). Under conditions (18), a and ^ are given by (19) and 
(20) respectively. Under conditions {21) , these quantities are given 
iy{22). 

In these equations R, L, and C are respectively the Resistance, 
Inductance, and Capacity per loop unit of length. 

292. Surge Impedance of the Line. — If in (125a) of Chapter 
XVI, we replace Ri and Li by RAx and LAx respectively and 
neglect terms involving (Aa;)® in comparison with unity, we shall 
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have for the surge impedance Zi of the continuous line, the value 

= ( 23 ) 

Equation (23) is the exact expression for the surge impedance 
of the continuous line in which Rj L, and C are respectively the Re- 
sistance, Inductance, and Capacity per loop unit of length of the 
line. 

This becomes 


It becomes 


provided R^l2L^o)^ 


« 1 


Zi = 


j provided L^o)^/2R^ < < 1 


(24) 


(25) 


293. Reflection Coefficients. Condition for No Reflection. 

The complex reflection coefficient X at the input apparatus 
by (39), Chapter XVI, is 

Zi — Zo 


X = 


Zi + Zo 


(26) 


where zo = impedance of input apparatus. 

Likewise the complex reflection coefficient Y at the output ap- 
paratus is 

Zi — Zt 


Y = 


Zi + Zt 


(27) 


where zt = impedance of output terminal apparatus. 

294. General Expression for the Complex Current Amplitude 
at a Distance X from the Impressed e.m.f., When the Length 
of the ParaEel Wires from Input Apparatus to Output Apparatus 

is 1. — To obtain this value, we. shall use the general equation . 
(28), Chapter XVI, with proper transformation to suit the smooth 
line problem. . . ; . 

We have already found in (8) of .the present chapter that 






In this we have made .tlio.?7ith . section a .clistance ;c.i^om 
e.m.f. The total length, of the present line Is to be I, and tfee 
total number of sections of the discrete line of equation ( 28) , 
Chapter XVI, was n, so that if we replace m by n and ^ by .Z, 
we have by the equation next above w v/ 


( 28 ) 
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Also in Chapter XVI, equations (30) and (32), we have 

— 6(€* — x) = Z0 + Zi (29) 

Substituting these several values into (28), Chapter XVI, 
and designating the resulting value of Am by the^Aj,, wo have 

Zo + Zi 

+ ! 

In deriving this equation we have assumed that the impressed 
e.m.f. is 

6 = (31) 

The complex current at x is 

ix = Aj^* (32) 

and is valid only in the steady stale. 

Equation (30) is a general expression for the complex current 
amplitude Ax at a distance x from the impressed e.m.f., for the. case, 
of two parallel wires each of length I, terminated by an output appa- 
ratus of impedance zt connecting the two wires together at their 
outer end. The input apparatus has impedance Zo and connects 
the wires together at their input end. The values of Z{, X, and Y 
are given in (23), (26), and (27). 

296. Real Current for an Infinite Smooth Line or a Line with 
Hon-reflective Output Impedance. Velocity of Propagation. 
Phase Change by Reflection. — If the line is infinite, or if K « 0, 
aU of the terms after the first in (30) disappear, and if we make 
the impressed e.m.f. 

c = sin ut (33) 

and take 1/j times the imaginary part of (32), in which A* has 
been replaced by its Value from (30), with all the terms of (30) 
aftor the first set equal to zero, we obtain 

4 = 1 e-" sin {«(< - ^) - 6'} (34) 

where 

H » VWTW*> ^ ’’ tan-i{|} 
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The values of R and X are resistance and reactance, respec- 
tively of zq + Zt-; that is, 

ZQ-+ Zi = M+ jX (36) 

Equation (34) gives the current at distance x from the source of 
e.mf. for two 'pdrallel wires infinite in extent, or with a non-re- 
flective output impedance. 

The expression (34) may he looked upon as made up of the 
product of three factors as follows: 

E 

^ = amplitude of current at r = 6. 

n 

= attenuation factor, 

by which the current-amplitude at a; = 0 is to be multiplied to 
get the current-amplitude at a? = a?. 

sin{w(i— i3a;/a?) — = the periodic factor, which is periodic in 
t and periodic in x. 

It may be noted that in the periodic factor 

= lag of current behind e.m.f. at a: = 0. 

^x = lag of current dt x == x behind current at 
a: = 0. 

We may now obtain the velocity of propagation by noting that 
the periodic term sAt = U and x = will have the same value 
that it has at i and x = xi, provided 

t2 — ^Xi/iO = tl — ^Xif 0) (37) 

whence 

^ = velocity of propagation (38) 

h h 

The quantity on the left of (38) is seen to be the velocity of 
propagation, because ti is the time that must elapse for a 
given phase of the disturbance to travel from Xi to x^, and what- 
ever the values of Xj and X 2 the ratio of the distance to time is 
independent of the distance. 

Equation (38) shows that the velocity of propagatim of the dis- 
turhance along the wires is 

V = wl C39) 

where P is given exactly iy eguation (12), and is further given 
in approximate form for special cuses in (15), (17), (20) and (22). 
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Although we derived v on the assumption of a non-reflective line 
the result is correct for any line, for the terms after the first in (30) 
give the same velocity v for each term. We must, however, when 
X and Y are complex quantities attribute to the reflected waves a 
change of phase at reflection, which is 


and 


, .coefficient of jin the imaginary part of F, , . 

= real partly ^ ^ 

, .coefficient of j in the imaginary part of X, , . . 
^0= tan-i { ..ai Y 1 


Equations (40) and (41) give the angle by which the reflected 
current lags behind the incident current at the output impedance 
and the input impedance respectively, 

296. Velocity and Attenuation of High-frequency Waves on 
Parallel Wires or on Two Concentric Tubes. — The velocity of a 
sinusoidal current in the steady state on two parallel wires is 

V = co/jS. 


By reference to the value of given in (12) it is seen that v 
is in general a function of the frequency. But by (16) and (17) 
it is seen that if co is sufficiently large to make 

R^/8L^o)^ < < 1, then v =1/'\/LC (42) 


Equation (42) gives the velocity v of propagation along two 
parallel wires. The same equation evidently holds for propagation 
along two tubes, one inside of the other and coaxial with it. In 
(42) L and C are inductance and capacity per loop unit of length, 
and the unit of length must be the same as the unit of length occurring 
in the velocity. 

The inductance capacity and velocity must be measured in some 
consistent set of units. 

Formulas for the inductance and capacity of parallel wires 
and of concentric tubes are well known as follows: 

For two parallel wires in which the current is flowing only on 
the outside surface, one being a return wire, 


4)Lt log€— c.g.s. electrostatic units per centimeter of 

Ij = — length of wires 

c 


(43) 


= 4/i log, — c.g.s. electromagnetic units per 
centimeter of length of wires 


( 44 ) 
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4:JJ. log. 


henries per cm. length 


in which 


L = inductance per centimeter (loop) of length, 
r = radius of one wire, 
d = axial distance between wires, 

u = magnetic permeability of the medium between the 
wires, 

c = ratio of electromagnetic unit of quantity to electro- 
static unit of quantity = 3 X 10^*^ cm./sec. 

In the same case the capacity is 
k 

C = — c.g.s. electrostatic units per loop 

4 log, — centimeter of length of wires 
r 

k 

= 2 electromagnetic units per loop 

4c^ log, -- centimeter of length of wires ) 


= ^ farads per loop centimeter 

4c^ log^ — of length of wires 


where 


C — capacity per loop centimeter of length of wires, 
k = dielectric constant of the medium between wires, 
c = ratio of units = 3 X 10^® cm./sec. 

In like manner for two coaxial tubes with the current only 
on the adjacent surfaces 

e.s.u. e.m.u. henries 


2m log- 




in which 


e.s.u. 

k 

R 2 


21ogg 


e.m.u. 

_k 

2cMog,| 


o 1 1^2 per loop 

2m log ^ ^ 4. • ^4. 
Ri centimeter 

10^ of length 

farads 

felO^ per loop 
1 ^ ^2 centimeter 


2c^ log 


Ri of length 


R 2 = inner radius of outer cylinder, 
i?! = outer radius of inner cylinder. 
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a-nd 


a 



for coaxial 


(54) 


wlH*rc^ fc, p., d, R, III aocl R 2 luive valuc*.H given above. 

Equaliom (5.3) and (54) give the attenuation constants per loop 
miit of lingih for two parallel wires and for two coaxial tubes 
respectively. In these equations It is the resistance in ohms per 
loop unit of hmgth, using the same unit of length that is applied 
to the atteriHiilion conslanL 

These equations apply only to cases of sufficiently high frequency 
to make negligihle in comparison with unity, 

297. Stationary High-frequency Waves on Two Parallel 
Wires Open-ended at Outer End and Non-reflective at Input 

End,— Inference in made to Fig. 4. Let the length of one wire 



Fm, 4, Showing dimH and r 0 fl€»cto<i dintancoM. 

from th<5 o.m.f. to the ofMin end bo 1 . Tho open ond is cijuivalont 
to an infinite teriniriai roHistanct;. Therefore by (27) 

F = — 1 (fifi) 

We ahall now make the input imp(f(ian(5e non-roflectivo, 
which by (26) and (24) givea 

A' *> {); 2o »■ \/ L/C, 

provkiecl (50) 

<< I I 

Also Htferring to (3S) and {M) we have 

Z - 2VL/C, and (»' - 0 (57) 

If now 

€ •» E sin ut (58) 

and we take the sine part of (30), with attention to (55), (56) 
and (57), we obtain 

4 » — |.^^J«-«*8in [a)((-a:/i>)l-«-‘‘»^-'> sin [w(<-(2f-a:)/!7)]( 

( 50 ) 
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where 

V = cjs/'kij. (60) 

fc and n = dielectric constant and permeability of medium around 
the wires, and where _ 

“"Wz <“> 


Equation (59) gives the steady-state current at the distance x 
from the e.m.f. for the case of high-frequency waves on two 'parallel 
wires of length I open-ended at the outer end and non-reflective at 
the input end. The current is seen to he the resultant of two wave- 
systems — one passing direct from the source of e.m.f., and the 
other reflected with a reversal of sign from the open end of the system. 
The out-going wave has traveled a distance x and the reflected wave 
has traveled a distance I + l — x. 

It is to be noted that at the outer end of the wires, where 
X = I, equation (59) gives i = 0. 

On the other hand, at a; = 0, the current is 


io 


E 

2VL/C 


sin (xit — sin a)(^ ~ 


(62) 


Equation (62) gives the current at the input end of a line with 
non-reflective input impedance and with outer end of the line open. 

From equation (62) it may be noted that if is nearly 
equal to unity, we shall get the largest value of io, if we make 
the length of the line such that the second term is brought into 
phase with the first term; that is, if 


2(joIIv = TT, StT, BtTj 


(63) 


If we multiply numerator and denominator of (63) by T, the 
period of the e.m.f., and note that 


coT — 27r, and vT = Xi 

where Xi = the wavelength of the waves on the wires, we have, 
as the condition for a maximum value of io, 

I = Xi/4, 3Xi/4, 5Xi/4, . . . (64) 

When the attenuation factor is nearly equal to unity, 
we obtain a maximum amplitude of current at the input end when 
the length of each of the wires is an odd number of quarter wavelengths 
of the waves on wires; provided the outer end of the system is operir 
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ended, and provided the, input impedance is 7ion-^eJlective and is 
excited />// a high-frequency sinusoidal e.m.f. 

298. Stationary High-frequency Waves on Two Parallel Wires 
Non -reflective at the Input £nd and Terminated by a Con- 
denser C' at Outer End. — is rnadc^ to Fig. .'5. 

The output terminal imp<idanee in this case is 

= -j/C-'o, (OD) 

The input imptnlance and th<^ surgii iinpc'danee of the line are 

20 = 2< = VL/C = R» (say) («(}) 

where L and C art! indu(;taru;<! and capacity pcir loop unit of 
huigth of th(‘ win-K. Eejuation («()) in th(i condition for non- 
reflection at input end. 



Pio. PitritliftI win*« c»ut(»r <md thmtigh a condcmHcir C'. 

Introducing (0,5) and (00) into (27) ^e have for the reflection 
e«H*ffi<!ient at the f)Uter end of the lino 


«# ~ j/o w ' ' 

'I'he last step is taken by the principles of Chapter IV. In- 
tr<slu<dng thews valutw into (.30) and passing to tlus case of 

c *» A' sin wf (68) 

we have 

M f 

* 2i^ * I x/») + 

i^iii _ (21 — x)/v) + 2 tan*"^ 7i7<'ycd] | 

EquMim (§9) §tpm the currmi at x ufukr the carulitiom dipulated 

m ifm captiiM. 

If WB make x - O, we obtain for the current 

iirt mi + i“^8m — 2l/v) + 2 tari'”'^ ^,7- j | (70) 

n 
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We may call the system resonant with the angular velocity 
CO, when the length of the wires or when the capacity C' is so 
adjusted as to give a maximum amplitude of the current io. 
When is nearly unity, to is a maximum if 

- 2 tan-i + ^ = 4 x, Ctt, . . . (71) 

iXoC CO V 


Equation (71) gives a series of relations among C', Z, and co, 
which are proper relations to make io a maximum with the system 
of circuits shown in Fig. 5, consisting of two parallel wires terminated 
at their outer end by a bridging condenser C' and having the e.m.f. 
applied through an impedance that is non-reflective with respect 
to the line. 

299. Examination of the Resonant Fundamental System of 
the Type of Fig. 6. — ^As an introduction to the general subject of 
distributed capacity in coils, we shall examine further the system 
shown in Fig. 5 with reference to its adjustment iox fundamental 
resonance with the impressed e.m.f. By fundamental resonance 
we shall mean the resonance that gives a maximum amplitude 
of current at a; = 0 without any other maximum amplitude of 
current along the wires. This is to be distinguished from har- 
monic resonance in which there will be a series of current maxima 
between the e.m.f. and the condenser. 

At fundamental resonance, the quantities satisfy (71) with the 
right-hand side set equal to zero, so that 


Ico 

V 


tan' 


-1 


R 


1 I 
)C'co; 


(72) 


Taking the tangent of both sides of this equation, and re- 
placing Rq by its value from (66) into which v is introduced 
from (42), we obtain 

lo) 


whence 


lo) 

V 


__ c __ 

Cv 

(73) 

C'Wlc 

C'co 

^ Iw Cl 
tan — "777 
v C 


(74) 


Equation (74) gives the relation between the attached condenser 
C', the length of the parallel wires I, and the impressed angular 
velocity co that must he fulfilled to give the maximum current ampli- 
tude at the e.m.f. for the fundamental adjustment of a system of 
the form of Fig. 5, actuated by a high-frequency e.m.f. 



Chap. XVll] ELECTRIC WAVES ON WIRES 


339 


As an approximation, let us expand the tangent by the formula 

.,3 <>.,6 P 2 -^ 

• [»’ < i] 


tan y = y + ~ + 

y j T 3 -r 1^ -r 31^ 1- . 

and take the reciprocal of (74) obtaining 


C = Cl 


1 



l+5(- 

3 \ y > 


4 

1 + . 

l^co^ 

= Cl 

11^0)2 31 

, provided 

3 /la 

mu 

)‘« I 


( 75 ) 

If now we wish to express this result in terms of the wave- 
length X in free space of a wave of angular velocity co, we may 
write 

2tc 

^ (76) 



I’ 


whence (75) becomes 

C 



1= 4jrV 



By transposition, and replacing Cv"^ by 1/L, we obtain 



X2 - 43rV(ZLC') 

(77) 

provided 

1 J^ttcVLCP]*^ 

45l X I 

(78) 

Equations (77) and the inequality (78) may 

also be written 


X2 - Xo^ = B^C', provided ^ (^) "< < 1 (79) 

where 

5* « 47r W, and Xo* = BHC/3 

m 
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301. Difference of Potential Between Two Parallel Wires 
in Relation to Current Distribution Along the Wires. — Returning 
now to the general problem of the transmission of electric dis- 
turbances along two parallel wires, we may note the following 
general relations that are true whatever the terminal conditions 
of the wires and whether the currents are in a steady state or not. 

We omit only from consideration the cases in which there is 
leakage of current across from one wire to the other in the region 
of length under consideration. 

Reference is made to Fig. 8. Let rr be a distance along the 
wires measured from some arbitrary origin. Let Lx be an ele- 
ment of length at x. Let i be the current flowing into the ele- 



Fig. 8. — Used to obtain relation of e to i. 


ment Lx at any time t, where i is some function of x and t) that is 

i == i(Xj t) (81) 

where the ^ on the right-hand side indicates a functional relation. 

Equation (81) is a formal expression for the current flowing into 
the section Ax at x and t. 

To get an expression for the current flowing out of Lx, we need 
merely note that this current is at a distance a; + Ax from the 
origin, and write 

V = i(x + Ax, t), 

which expanded by Taylor^s Theorem gives 

i’=i + ~Ax+ ... (82) 

where the dots represent terms of higher order in Ax. 

Equation (82) is a formal expression for the current flowing out 
of Ax, : 
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Substituting this value of i into (85), we obtain 

de 1 di 

^ C to 

1 ^ E , 1 . r. 


C V 2VL/C 


{cos 6;[^ — x/v] + COS 0 )[t — (21 — x)/v]}.’ 


Integrating this equation with respect to t and replacing v 
by its value 1/'\/LC, we obtain 

E 

e = —{sin <4t — x/v] + sin co[t — (21 — x)/v]} (87) 

Equations (86) and (87) are the values of current and 'potential 
at distance x from the origin at time t, 'with the electrical system 
shown in Fig, 4. 

Let us next take the special case in which the amplitude of 
current on the wires is a maximum. By (63) and (64) this is the 
case in which the length of wires I satisfies the equation 

I = Xi/4, 3Xi/4, 5Xi/4, . . ' 

or (88) 

col/v = 7r/2, 37r/2, 57r/2, . . . 

In this case (86) and (87) become 


■2VLfC 


{sin oi(t — x/v) + sin oo(t + x/v)] 


e= — {sin ca(t — x/v) — sin oi(t + x/v ) } (90) 

JU 

By expanding the sines of the sum and difference terms and 
collecting, these equations become 

i = — 7 ^..-: sin wt cos — (91) 

VL/C ’ V 


e= — E cos o}t sin 


Equations (91) and (92) give the current and potential along two 
parallel wires of length an odd number of times the quarter wavelength 
of the waves on the 'wires, provided the outer end of the wires is open, 
and provided the e,m,f. is impressed through a non-reflective im- 
pedance at the input end. The current and potential are out of 
phase with each other in time and space. 
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Pig. 9. — ^Stationary waves on wires. 
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303. Plot of Statioiiary Current and Potential Waves on 
Wires of §302. “A of (tcjuatioim (91) und (92) for twodiffon^rit 
ciiHOH id giv<»n iii Fig. 9. In ihin figun^ (a) rc^prciHontn tho wiren; 
(b) ropn*H«‘ntH tlic* (*urn*nt <ii8tril)ntion along ihc^ wires if tlui wires 
are }4 wavelength long; (c) rapruHeniH the poknitial distribution 
ill that eaw^. The* (!urvt*H i/l) and (r) sliow respc^etively th(J cur- 
nuit diHlrihution aiul the potential distriliution if the length of 
i*aeh of till* wires is '*4 of a wav(d(*ngth. 

In (^acdi of the <iiagranis the difT<n*(uit curves correspond to dif- 
hwent times. For example, in (b) and (c) thes(^ (uirvc^s arenurn- 
lM‘rc!d C) to 1 L Th(* curves numlxwtsl 0 in thci two diagrams arc^ 
rc!H|K*rtivc*ly the current and potimtial at t = 0. Tlui curves 
mimiiered I, 2,3 . . . show the values of current and potential at 
times equal to Il2f ?12» ?12 ... of a whole p(u-iod aftew t = 0. 
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CHAPTER I 

ELECTROSTATICS AND MAGNETOSTATICS 

1. Electric Intensity. — In a field of electric force the force is 
said to have at every point a certain intensity ^ which is defined 
as the force with which a unit positive charge of electricity would 
be impelled if introduced at the point without changing the ex- 
isting distribution of force. In order not to change the existing 
distribution the exploring charged body must be a very small 
body with a very feeble charge, and the force per unit charge is 
obtained by dividing the force by the charge. 

The electric intensity is a vector j which we shall designate by 
E in Clarendon Type. Throughout this volume all vectors shall 
be designated by heavy-faced, or Clarendon, type; all scalars 
by light-faced type. The vector components of E in the direc- 
tions Xj y, z shall be designated by Ea>, E^,. and E^. The scalar 
magnitude of E shall be designated by E with components Ea:, 
Ey, and Ez; unit vectors along the axes of x, y, Zj shall be desig- 
nated by i, j, k, respectively. 

A plus or minus sign between vectors means a vector sum or 
difference. For example, 

E = Ex “f- Ey + Ea = E^ + Eyj -p 

means that E is the vector sum of its components; that is, E 
is in magnitude and direction the diagonal of the rectangular 
parallelopiped with Ex, E^, and E* as adjacent edges. The 
magnitude of E is seen to be given by the scalar equation 

E^ = EJ + Ey^ + Ez^ 

in which the plus sign indicates ordinary addition. 

2. No Simple Method of Computing E;— In the most general 
case in which there are various conductors and insulators 
aggregated into a system there is no simple method of computing 
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the electric intensity E. We shall be able to arrive at the laws 
governing such a system only by successive generalizations 
from simpler systems. The generalizations made will involve 
the introduction from time to time of new assumptions which 
may not have been submitted to immediate experimental tests. 
Instead of resting on direct tests of the assumptions themselves, 
the validity of the assumptions may require to be established by 
tests made on the consequences of the assumptions. 

3. Electrical Intensity Dtie to a Single Point Charge in an 
Infinite Vacuum. — ^In this simple case where there is a single 
point charge in an infinite vacuum the electric intensity at any 
point distant r from the charge has the magnitude 

E = q/r^ (1) 

The direction of this intensity is the direction of r, so that the 
magnitude and direction of E is expressible in the vector equation 

E = (2) 

In these equations 

E = electric intensity at P in dynes per electrostatic 
unit charge, 

q = electric charge at 0 in electrostatic units, 
r = distance from 0 to P in centimeters, 

Ur = a unit-vector in direction of r from 0 to P. 

The inverse-square law^ for electric intensity, as expressed in 
equations (1) and (2), has been put into an integrated form and 
submitted to rigid experimental tests by Cavendish.^ 

4. Effect of Dielectric on Electric Intensity. — If into the field 
surrounding the point charge various dielectrics are introduced, 
the intensity is in general changed in a very complicated way. 
These various dielectrics are said to have different values of 
inductivity j or dielectric constants 

The inductivity, or dielectric constant, of the medium at any 
point will be designated by c, which is in general a function of the 
coordinates a;, y, Zj and in some media (those of a crystalline 
character) the inductivity is also different in different directions. 

7/ the medium is infinite in extent afid is everywhere of the sarm 

1 Due to Coulomb. 

2 Left in manuscript published by Maxwell in 1879. 

3 Attributed by Faraday to a “certain polarized state of the particles 
Experimental Researches ^ 1295, 1298, and 1304 (1837). 
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indmimi'iif tlie iiitcnisity is inverncly proportional to the 

iiiiivictfiviiy of tho iiiiHlinni, and tlio law of force Ib givcsn correctly 
!)y the equation 



witli iiiagniiiide 


( 3 ) 


Jfi] ss 




( 4 ) 


where q inlrinMic charges (dcifuied in ruixt Hoction). 

Thw prcipoHition in provid by the fact that it givcB the proper 
value for the capacity of a condeuBer with lionu)g(uicouH dielectric. 

6. Defiaition of Intrinsic Charge.— In tlu^, BtatcurKuit of the 
law of force! iiniuediately preceding, th(! (diargci q in deHignated 
as inirimic charge. An Inirirmic Charge in a (diargc whone tiiiK! 
derivalivt! within a ntgion giv(!B th(! ordinary eku^tric current 
Howiiig into the region. A body whicdi contairm an intrinnic 
charge will Buffer a trauBlation if plaecnl unHupport^Kl in a uniform 
electric field. IritrinBic ehargc^B arc! to b(! dintingiiiHluHl from the 
indticofl chargcB, that ar(! BometirncB BuppoHcuI to exist iii dielcKj- 
tricB, in the form of a union of poBitive and nc^gative charg<iB capa- 
ble of lieing orientced iiridc!r the action of a uniform field, but 
undergoing no traiiBlation in such a fi(4<l 
In mcKlern cdecjtron theory, intrinsic chargers are supposed 
to Im* duct to free deetram; and induc<Kl charges due to bound 
dedram. The mcitioni of the free electrons throughout conduct- 
ors constitute the ordinary conduction currents of electricity. 
This siiliject will Imi coriBidcered later, but for the present the only 
ehiirgfii referred to shall im the intrinsic eharg<!s. 

6. lleetrie Induction.- — ^Ilcdated to electric intensity it is 
eorivenieiit to employ a gitcond vector called Electric Induction^ 
which we shall designate l)y D, with components !>«-, Dy, and D,. 
Whether the medium is homogeneous or not the B]lectric In- 
diietion at any point is defined as the product of the electric 
inteiniity at the point by the inductivity € of the medium at the 
point. In a aonKjrystalline, or isotropic, medium the dielectric 
coastaat is the same in all directions, and 

D - dB ' 

Dy »» iEy 

Hji * fE# ^ 


( 6 ) 
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On the other hand, if the medium is crystalline (anisotropic) 
the dielectric constant at a given point has different values in 
different directions, and, in general, 

Dx = €xxEx + €xyEy “h ^xzEz 1 P 

Ey = eyxEx + ^yyEy + €yzE z | (6) 

Dz = ^zxEx + ^zyEy + ezzEz J 

7 . Definition of Flux of Induction. — At any point P in a given 
field of force the electric induction has magnitude and direction 
that are functions of the coordinates of P. Suppose an element 
of surface dS to be drawn at P, and let the normal to dS have 

the direction N, Fig. 1. If the induction 
at P is D, the flux of induction through dS 
is defined as the 'product of dS by the normal j 

component of D ; that is, I 

d<j>D = MS cos (D, N) (7) 

where 

d<t>D = the flux of induction through 
dS, 

D = magnitude of D, 
cos (D, N) = cosine of the angle between 
D and N. 

The flux of induction through any ex- 
tended surface S is obtained by integrating 
d<l>D over the entire surface: 

4 , = fDdS cos (D,-N) ( 8 ) ♦ 

8. Proof of Gauss’s Theorem for a Homogeneous Dielectric. ^ 

We come now to an important proposition due to Gauss, concern- 
ing the flux of induction through a closed surface. Let us suppose 
that we have throughout a certain region a homogeneous di- 
electric of dielectric constant e and that there is an intrinsic 
charge q of electricity concentrated at a point within the region, 
and let us draw within the homogeneous re^on any closed surface 
S completely enclosing the charge q, Fig. 2. At any point P on 
the surface the electric induction is in the direction of r and has, 
by equations (4) and (5), the magnitude 

D = q/r^ (9) 


n: 
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The* total flux of in<liiofi<ui outward through the cloBcd Burface is 

- S DdS vx)H 0 (10) 

wliero O in tho iiiitgic* }>etw(*(ui D and N, 

Now if tin in thi! Holid anghi Huhtendod at q by dSj it in Been by 
tli«* gocnri<*try of the* figure that 

(IS (iOH 0 s rhlil (11) 

whc*nc*e, by Hulmtitution of (0) aiul (11) in (10), 

^ q Sdil » 4vq (12) 

wlM*ri* 

s- flux of induction outward 
through the* ('loHC'd surface. 

It fl'itiH fippcfirs that in a horno- 
geneouB iiiediurn the flux of iruluc- 
tkin outwarel througli any cloned 
HurfiiCf! in iiidepfUKlerit of the posi- 
tion of q within the enclosure. The 
lirriitation that q is to Ik 3 coneen- 
triiietl at a point nmy hencje be 
removed, nnd the charge q may be 
dmiribuied in any nmurm’ whatever 
urilkin the melmure. 

If on the other hand we have a charge within the homogemeous 
iiiediiiiii but outside of the cmclosure, 3, and if wo draw a 
iolid aiigia rill at gn, intercepting, from the cIoBod surface, ele- 
ineiits dSu dSt, etc., it will be seem that at ewery cdornent dS% 
where the direction of r m into the enclosure, cos (r, N) is negative ; 
tlieridore, 

dStrnBj P.m ^ _ 

> 

and lit every element dBt at which r points out from the enclo- 
sure, eoi (tf M) k positive; therefore, 

dBt e m(D, N) ^ ^ 

and tlmt there mm m many pmitive elements as negative ala- 
iiieiito; Iienc# Ih© ini of induetion outward through all the ale- 





zm KLKi'rUIr II „|| I,. ^ 

iiHiniK iiili*m»pf<»«l hy du in llir |ii|*|| 

iif imluethm ihmmjh a ckm-4 fiurj^ir»' dur hi ir| rlniri/f^ Miij^ule 
^/w:? mdfmure m srnK 

For rl»4rg«*« l^ofli aii«i oof, tJp-* p-*tiilt mny h* mmmmi up 

m follows: 

(kiUMHM Thmrrm.^--Thr Mtl f us <4 rirrinr tmiuriimi mthrmi 

ihraugh amj dmrd nurfirr dw h* tlmrgr^ p^nlly Ilir rfirfo, 

mire and pmiUj tndmdr rtf it It Umr^ ihr fp.mnhiy r»f i>ilriri#|^ 

cltGirieMy nnihiu (he rnrimurr. 


SH I Ilf* |irf^r«*f||Oi .»i*“rl|#j|| Wi^ Imvrr fjliiflrtl Willi a mff 
Iiriiit4*4 etinsimpuiiil rwill ilint ili**- r-Irctu,- ii4f,cii,}|.|iy ijnp im 

I'Kiiiit rtiiirg** iVi o. umfnrm $nedn»m i» itiaii gn-rti ^“<^ 11111*111 |||^ 
To lIllM wo lili%'i* mMed lllf* t|rf|iiil|*iii $4 ||p|i|*'lo4i III i* 4 r p|^ 

tiOfi fH}* l*‘fl)l|| tlilH ||||||tt!=f| W’r' I'iUtr «|rf|t|rr«| 

which i» rigonHunJy (Ktiihlii»hr«ti Im « iwwhiim 

The fh*ri%iij nwtilt ip }»^»»« ihfimtivr ,4 O ,{,«!» ih« wrWwiI 
ecjUiitidii {4), I hi* i* imut lh«* « Ihai mih* 

f(ivfin tiiKtrihiithiiti i»f ch*iig;«-» i|j«? 

(4) wntthi tieti'MIlilie Mlie ii,i4 uulf t»i*# ,,i |J„- 

D| Cmy) lit a given wh^o^iM » f» 

wtwfiMl hy Ds j4u* my inh.-r D, „,rh ?l»«f the rtirfi« 

integrn! of D» iivi'r the ej»»!t«-i| «»if<arr i* w-tti 
10. Assumptioa that Claana'i ThtBr*-® »» Pis-rferiiy CtnmnL 

hii|iiati()ti (IJ), rhw»n*m. t*. ih ar****,*} il,*? 

(4) anti the dchnitititt (S) when the dielerifir i* awJ k 
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t,h(!r(!fon! in accord with cxporimentH performed on uniform di- 
(dcctri(;K; for example, exiK^riuHmtH on the capacity of condenBors. 

Ah the* rK!xt Kteep in our Heearch for general lawH of the ehictric 
field, wef: are going to iiHHume that OauHH’g Theorem without 
any modification whateiveir ih jMirfeedly gemeiral for every possible 
diHtril)Ution of (diargiw, conductor, and dielectricB at rest. The 
juHf ifiiuition of thiH uHHumption is to he sought in a comparison 
of experinutntal rfssults with deductions from the assumption. 

11. Gauss’s Theorem Expressed in Terms of a Point Relation. 
\V(i shall next <!xpr(SHH (lausH’H Theorem in terms of a point- 
rtdation. I/«d, uh tak(! a |K)int whose! coeirdinatew are x, y, and z, 
and for ovir clowid surface, leet us take the surface of the elemental 
vohnne 

Ar AxAyA? (,13) 

lA’.t p Iw! the intrinsic rhuisity of electricity at thee point x,y,z, 
and li!t ?Ih! the* aveerage deensity in the! e!le!me!ntal volume; then 
the total intrinsic quantity of electricity in the volume is 

Ac * PAxAyAz 

- pAr (14) 

whence by Gautm’s Theorem, equation (12), the flux of induction 
is 

” 4jrpAr (15) 

or taking the limit as Ar approaedms zero 

47rp (1(5) 

df 

The left-hand side of this equation is seen to be the limit as 
thc! volume approaches zero of the flux outward of D from a small 
volume divided by the volume. This quantity is called the 
divergence of D. '^ere follows a digression in which the diver- 
gence of a vector is obtainotl in a different fonn. 

12. l^esslon on tire Divergence of a Vector. — ^Let bo 
the surface integral of the outward normal component of any 
vector A over a closed surface, and let it be required to find an 
analytical expression for the limit of the ratio of tho surface 
integral to the volume as this volume approaches zero. 

In Pig. 4 is Kiprwent^ the element of volume AxAyAz with 
one of its comem at the point x, y, z. Let A be a vector whose 
componente are anaijrtie functions of the eofirdinates x, y, z. 
Let km be the average value of the aMjomponent of A over the 

S3 


;j54 KLKCTh'li H .U hu’. i 

Hurfacc (1) ThiH quantity in in ih- .iiivti.u. ..f li.r nuruuil 
inward to tho mirfm-o. '!'!»■ avraK.' va!„.^ov. r t!..- uj.jk.h,!,. 

Hurfaw^ (2) in, »>y 'raylorV A, i ’ . and 

i« Hwni to l«M)Utwar«l. - * . ,i ^ 

LikfwiHC t.h<- avoruK.' la.nnal ruriii.ot..!.t o! A at ihr Mirfa.-o 

, . dA,^ 

(2) iHAvinvvani.and that ulthf-.>^urfa.-r(t .iH Av * ■ ■■ 

outward Ki.nilarly for tliooth. r l wo fa. i w of t!..- . l. iio-nf . wiu<-h 
an* tHTIK'talicular.fo tho .-axi., th- avi-ra«.- nornad , ,.,n, nt« 

of th(! vo(-torarorcHiMTtivi-ly A. iti"ardand A, i A.- f . . 

outward. 



(iiviug li iidtiat* nign to tip* riioiiitil vrrUm tli»t art* iiiwiirili 
aud miiitifdyirig tip* iii»giiit«pli*of nf tlir ufiriual liy ll» 

corr.!«r«»'»l«»iK «r'*» oiM.irnt throuKh wjurli it 

ftcte, Wf! Itavi!, iw tin* total oiitwaol normnl »iirlai-o int#<«r»l tte 

oqttation , . 

f - #4 1 

jAndH « .^4 - - AtAyAi 4- jd, + | 

~ AA^As + A - ' ArAt , itlf 

- AAxAy “f ■{ A* 4* ‘ 

Dividing by Ai.AyAi » At «»d taking lb«' limit »» anfirrmi’timi 
zaro w« have* 

Lirn. | f A .I#. *14, ’’*A^ '».l, 
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whi!re tli€! d(!rivfitivc‘ with roBpect to r |tB a partial derivative 
f>ecaiiHCi rnay !>o regardcHl an a function of y, z and r; 
80 that tlic^ partial clf^rivativc^ with ninpect to r means the deriva- 
tive at a foccicl point x, i/, 2. 

Equation (18) may lie l)ri(dly written 


where 


Lim. _ (^4>a 

At C) I I 


div. A 


div. A 


(lAy 

Bx By d; 


(19) ^ 

( 20 ) 


The diimgeMce of a imelor A is the flux 0 / the vector outward from 
a mnall mlume dimkd by the volume. It is a scalar quantity, 
hm in germral diffmnt milium at di^trent points, and may be 
obtnirmi dirmly by performing the ope ration indicated in equation 
{2i))A 

13. Poisson’s Equation. -In view of (apiation (20) we may now 
exprcHH equation (16) as follows: 


div ..sp (21) 

wherever p m finite. 

The dmrgmer of ekdrirnd induction at any point where p is 
fmi(£ is 4r timen the intrimic charge density p at the point. 
Kc|ijatioii (21) is known m Poisson’s equation. 

At all fjoints in space where there is sero intrinsic charge 
density 

div. D « 0 (22) 


» t 

14. Gauss’s TTieorem Applied tp a Surface Distribution. Sur- 
face Divergence.— Suppose that there is an intrinsic charge 
distributed over 11 surface^ with a surface density <r. At a point 
in siieli m iurface p is no longer finite, so that Gauss’s Theorem 
cannot Imi rfidiiciMl to the divergence equation (21), but is pref- 
eriibly rivliicifd to a new point relation as follows: 

^ A*»iiim|aifjiii have bi#ii mad# in sections 10 and 11 mi follows: 

1, In pmsln^ Up the limit In deriving ( 16 ) it was awumed that the in- 
trinsic charge d«»ity p at the point x, y, z, k spatially continuous in such a 
way that for a iuikiiintly «mall region about x, y, z the average density diffew 
from Hill tkailiy at the iKiint by an amount le« than any predetermined 
quantity. 

2. Il wm that Aka function of y, z of a form capable of 

being devtloprf by Taylor** ih«o»ia.. 


356 


ELECTRIC WAVES 


[Chap. I 



At any required point on the surface (Fig. 5) let us mark out SbXi 
element of surface AS, and through the periphery of AS, draw 
lines in the direction of the electric induction. These lines 
bound a short tube of induction, which we shall suppose to bo 
terminated by the surface elements ASi and A>S 2 parallel to A>S- 
Let h be the distance between ASi and AS 2 . ' Over the convex: 
surface of the tube the normal component of induction is every^- 
where zero, since the induction is in the direction of the convex 
surface. Over the ends of the tube, let the average components 
of induction away from AS be Dini and D 2 n 2 - Then by Gausses 

Theorem __ 

LlnlASl + D2n2AS2 == 47r(rA5^ (23) 

If now we allow h, the height of the tube, to approach zero, 
AS I and AS 2 both approach AS as a limit; whence 

Dlnl + I)2n2 = AiTG ( 24 > 


Fig. 5. 

If now we allow the surface AS to shrink toward a point P on 
the charged surface, the average values in (24) may be replaced 
by their true values at the point, giving 

■Dim + D2n2 = Ak<T C 2 S) 

in which Di^i and D 2 n 2 are both drawn away from the chargctd 
surface. The sum of the two normal components thus drawn im 
called by Abraham and FoppP the surface divergence of tli€* 
vector D. The result (25) may be stated as follows: 

The surface divergence of induction at any point is iir times thm 
intrinsic surface charge density at the point 

As a corollary, the surface divergence of induction is 2;ero 
at all points where there is no intrinsic surface charge. 

If instead of drawing the two normals both away from the 
surface under consideration, one of them be reversed so that they 
^Abraham und Fdppl: Theorie der Elektricitit, VoL 1, p. 77, 1907. 
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point in the same sense through the surface, equation (25) 
becomes 

Dinl — Z)2nl = 47r<r I 

or (26) 

D2n2 — Din2 = ^T<T I 


that is, there is a discontinuity in the magnitude of the normal 
component of D amounting to Aircj where cr is the intrinsic surface 
density. 

16 . Analogous Treatment of Magnetic Field. — In a field 
of magnetic force, the force at any point per unit magnetic 
pole is called the Magnetic Intensity and is designated by H. 
The unit magnetic pole is a pole that will repel an equal pole 
at a distance of one centimeter with a force of one dyne in vacuo. 
The product of the magnetic intensity by the permeability of 
the medium at the point is called Magnetic Induction^ and is 
designated by B. 


B = mH 

B * == ijHx 
By = juHy 
B« == fiBiz 

where 


(27) 


/A = magnetic permeability. 


The question whether there is or is not any intrinsic volume 
density of magnetism is open to disputation. It is proposed 
to limit the discussion in the present work to cases where this 
volume density is zero; so that reasoning similar to that used 
in the discussion of electrical quantities in the preceding para- 
graphs gives from the inverse square law for a uniform magnetic 
medium the result 

div. B = 0 (28) 


and this is assumed to be universally true. 

Also in all cases that will come under our observation 




surf. div. B = 0 


(29) 



MAXWELL’S EQUATIONS 

16 Summary of Chapter I. Tin- \mimrUmt r.-.nl!. ..htuiu.-.i 
in thi. pnT.-.UnK rhnpt.T an- .■r.ntaiii.'.i in fit- . citiuttnn., 

whinh luc fakcn wilh llifir nriKitta! nnm-ru'.’il «ii-‘.tKn;if nmn- 

(liv. D 4s-p, wliwviT p iM fiuifr. f'Jl ». < It. I. 

Kiirf. iliv. D ■Itf'r. 

div.B 0. fiHt.fh. I. 

Hurf. tiiv. B 0. I. 

whiTt' U and B nr- rcH|HH-fiv.-ly i-l«<trir nfni inttKiff »«• indnt’fbn 
lit any iMiint, p in infrinwr vkIiuik' •I-nt'fty nf « t rharK-, iind 
ff Ih intriuHie Mirfar- <l.«nbfy «.f iharu.* nf fh- )«'i»f. 

Th<* «*lfH*fnr. irif<*ii,4ty E riiii tA^irntw^ by *iivi*lirig D by tli« 
tlinlfftric c-nn.Hlnitt «; fit- nniKn-fi- ijtf«'ri«ily H «nJi 
by (iividifijt B l.y ih- in<rnit'iibiln y p. r. i » 

*Thc abttv- lajiiaJioiin nr- not Huffi-i-nf f«» «|H-nnin- P ami ». 
17. Note as to Additional Requirement*. In .Mi-tiunn tn the 
(liv-rg-nc- of a v— for w- n— «! >il«n itt* *”>-^1. 
vactnr to In* labT d-fin-«l. Tb-«- *««' qnafifftt-f*. ilii -fKi n— »wl 
-url, toK-lb-r wilh — rlttin InMintlnry i -ntidifiitus, nr- Mifh-i-nl to 
det-rmin- a r-quir-d vwfnr. 

In -l-ptriwfafi-n, wh-r- ll»-r- ar- !W*«»iJ*»rd l«» b* »»»» «d-«tric 
eiirritnla or iimfh»n« of -I— trir -hniK-** and i>‘t vnrininuu* «f 
D anti B with lln* fiiti-, it -an la* f*b»»wn fhnf lb- *d U ami 
th« -uri ttf B nr- l»Mth r-m. Ii -aii th-n b* »b«»wii ibnt a f-alsr 
potential fun-lion an«l fiinulinr ni-tb«nh »r»* at band for 

compltttely d-t-riiiinitm D, B, E, and M in ••w«*n wlwf 
lioundary eonditiona an* jtiv-n. 

When, how«v»*r, w- 1-iiv- ih- fi-ld *»f -i—ir*-! aii-» and -fil-r 
upon the general probl-tn, ihi* puiIk •»! D an«l B *»•»* n** loiiji-r n*ro, 
the Hitalar potential fuiielion>* for thw i»'i no* b iv* *♦«» -\i*i« nr-, 
and the older theornlical inv-^iigaiiona of I.apla— af-i of I’oiwn 
are iiiKuflicient to deaerilai the rhara-t-nat i-i* of ih- tl-rtro* 
magnetic field. 
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Tlie way to procood undor thcae more difficult conditions was 
pointed out by Maxwell in 1805-6, in a mathematical research 
which contuiraal a prediction of the existence of electric waves, 
det(^rmined the velocity of propagation of the waves, and cx- 
plaiiual th<‘ nature of light. 

18. Further Experimental Relations for the Electromagnetic 
Field. — In (hweloping tfi<i th(;ory of (shictric waves, we may 
makis use of tin; following (^xptiriinental laws: 

/. THE M.M.F. EQUATWN.—'nxv. work done by the 
magneti<! fndd in (uirrying a unit magiadlcj pole once around a 
closed path, Fig. 1, linking positively with a cloned circuit carry- 
ing a steady current I is 

W = 47r/ (1) 


in which W is work in ergs fKsr unit 
pole, and / is eurrimt in absolute 
c.g.s. cd«s(!tromagnetic units of cur- 
rent (abHani[»eres). 

Throughout this volume, in ord(tr 
to ol)tain symmetrical restdts, wo 
shall measure all electrical quantities 
in absolute c.g.8. ekctroetatic units, 
ami all magnetic ([uantities in abso- 
hite c.g.s. electramagnetic units. Such 
a composlto systtmj of units is called 
the Qamnian system. In Gaussian units, equation (1) becomes 

( 2 ) 



Fia. 1.— Arrows marked W 
and / in thci direction of 

IKisitivc linkage. 


in which 

€ « the murtber of electrostatic units of quantity of 
electricity in one electromagnetic unit.’ 

II . THE E.MJF. EQUATION. — ^The electromotive force pro- 
ducciti in a clc^ circuit, Fig. 2, by varying the flux of magradic 
induction Unking with it positively is 

V - - ’’f ■ w 


in which F is in electromagnetic units (abvolts). If we put F 

‘ It. i« a characteristic of the Gau^tan units that c always enters along 
with t, whether t w expressed as in (4) or implied as in (2)— implied in 
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into electrostatic units so as to conform with the Gaussian system 
as above specified, we have 


1 d(l>B 
C dt 


(4) 


The direction of positive linkage is shown in the diagrams 
of Pigs. 1 and 2. 

•Equations (2) and (4) are called respectively the magneto- 
motive force equation and the 
electromotive force equation, ab- 
breviated M.M.F. and E.M.P. 

They are now to be transformed 
into point relations. For this 
purpose a system of rectangular 
axes is chosen as follows. 

^ ^ 1 ^ tr 1 D Choice of Axes. — Follow- 

FiG. 2. — Arrows marked V andB . , , 

point in direction of positive linkage. What nOW SCCmS tO bo the 

prevalent usage in electromagnetic 
theory, we shall adopt as our system of rectangular axes the 
system shown in Fig. 3, in which z points out from the plane of 
the paper toward the reader, when x is to the right and y is up- 
ward in the plane of the paper. This rule merely gives the 
relative orientation of the axes, and it is evident that the 
scheme of Fig. 4 is the same system of axes. 





X 


Fig. 4. — Also positive 
set of axes. 


20. Transformation of Magnetomotive Force Equation into a 
Point Relation. — ^Let us take any extended region (for example, 
the room of a building) and suppose that there are electric cur- 
rents flowing in conducting masses within the room, and let the 
current density at any point x, y, z he u with components u», 
Uy, and Ut, along the three axes respectively. As a special case 
u may be zero at some or aU points. 
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Jjci us now consider the magnotomotivo force around a roc- 
1 angle AyAz, Fig. 5, drawn with omr conuir at tiie point x, z. 
'I'hc coinpoiu'nt of cnrn'iit d«ai.sity a(. ili(^ point x, y, z pcrpcin- 
diculur to tin* ar<‘a XyAz is Ui. Th(! oth(fr coinpotuinis of ciirrent 
density, those in the dire<d,ions ?/ and z, contribute nothing to the 
M.M.F. nrouiiii the area. 

Now th<? average vuhwi of u* over the area is diffennit from Ui 
at T, y, z, and we shall designuto this average value by Ux- 
'fhe cnrrtuit througii the urea is them 

I = uxAyAz (5) 



wlaH|«e by ('2) the M.M.F. yoiind the area is. . 

W = AyAz (tl) 

c 

I^'t ns now get a second expression for this M.M-F ) fF,, by 
e.HtiiMfding directly from the geometry of thit' prtjWem- the'whric 
done hy the magnetic forces Jn.. driving a unit magnetic pole 
annmd the area AyAz. ’^^arnragTwilic foFce on a unit poh* at the 
point X, y, z is H, witJj corrtp^jnents H*, H,,, and H, along tlut t hree 
axes. The timgiK'tie force and its components arc dithirent for 
different pcants of tlie region. 

Hince tiin work by a force in displacing its point of apiSlicatimv 
in tlie magnitude of the force times- the displacement in the 
clrMjtiou of the force, wo'&l^^aVrfor the work of carrying a 
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unit maKiiftic pole? in fh<* ponifiv<; tiiroction around flu* res fangie 
thf! equation 

ir = J/iAy + Ti'jii Tl'^if — 71, sz 17 ^ 

in which 11 ^ ia the? average value of H„ along the Hi?ie ( 1 1 , ]/', jf, 
the average value of II, along the Hide (2), efe. 

Now iH a function of x, y, z, iukI Ay, and may l«* written 

II y - II^(z,y,z,Ay}. 

AIho wc may write 

71 „ - //y(x, y, i "h Ac, Ay} 

which in the Karne function with i:*f Az Hulwtituti’?! for r; 

whence by Taylor’a Theonuti, amuming pit*ja:r continuity and 
writing only finit onler f ernm, 


In like manner, 


77'. - 77. + 
T!\ - 77. I 


d7?. ^ 

A* 

Bz 

m 

BTl, ^ 

. Ay 

f||/ 

(p) 


'faking the right-hand Mtle of (<J) unfl e(|tiiitii}g ji to tin; right* 
hanil (iide of (7) after replacing II\ and //', by their valuin 
from (K) and (0), we have 


Irw, 

c 


AyAz 


\ By d// 


AyAz 


(lOj 


Divkiing through by AyAz and taking the limit m Ay and As 
approach asem, we have 

IrM, B/f, Bif,, i 

c By Bi ‘ 

and by similar reaaomng, 

c St Sz 

iru, all, BH, 

c Bx By 

or briefly the vector equaUon 

dvtt 

c 


(U) 


ctiri 8 


cm 
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wIktc curl H is a vcclor, tlwt luagiiitudo of whoRC x, y, and 
2 couip(Hii*nfH' ar<! rcKpcciivcly 


curl, H 
curly H 


ly 

dllx 

dz 


curl. H - '’5" 

(lx 


dljy 

hz 

(III, 

dx 

BH X 

dy 


aiiii whf^ra 


(13) 


eml H ^ i curl, H + j curly H + k curL H (14) 


The rmi.or etimitum (12) or the equivalent Cartesian equations 
(I!) give a rekdion^^ between the electric current density at a point 
(in elect rimiuHc uni in) and the maymtic intensity at the same point 
{in idmircmtagneiic tmiin) (ierimul muUrr the limitations: 

L That v<*(!tr)r8 u and H aro continuoua functionH of the 
ca)«rdirniti*« of IIm! iKiirit; and 

I L That the ciimuit in of aiicli a (dmractor that the original 
M.M.F. oc|uatiori (2) in true. 

21. TrmBtormMtion of the Electromotive Force Equation into 

a Point Rektioa.~We shall now transform the other funda- 
ineritfil «?c|iiiitiori (4) into a form analogous to (12), and obtain 
a Mcteoricl nmi of Maxwell’s cx|tiations. Wo can do this by the 
siinilfirity of the eciuatioris (2) and (4), without going again 
through the cletiiilii of ii demonstration like thc^ prcKJoding. 

It m to Ih! rioted that W of (2) is a line integral of the magnetic 
intensity H fircmrid ii elowxl curve. Likewise, in (4) the electro- 
motive fcircxi F, defined m the work hy the field in driving a 
unit ehfirge aroiinci a cd.OMxl circuit, m a line integral of the electric 
intensity E around the circuit. Also the magnetic induction B 
m niktixi to the fiiix of induction in the same way that current 

* From the ahcwii analysis It It niim that tha method of obtaining the 
coiiifMiiiifiit of curl H In any pardcular direction If at any particular point 

P m $m folfowi: 

Siirrciuiici F by » cloiitcl ciirvii 8 in a plane perpendicular to H. Let 
AS th# wtlhin lli« curvii, then 

that l«, mryM i# the dm imi^al of H urmnd the p&dphery of a emad arm 
][mp$fi>ikmkr Im W dmidmi by ^ ^mli area^ 

* Maxwill: ‘‘Itetrkity and Magnetism,” VoL IL 
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II 


flf*iii^ily u i^^ l<» riim^nt /. M lii.- 

tlirniigli a pHH'i'Hh lu Hiat liiipluyi'*! iii f raii^ffiriiiiiii^ 

(2), w<».s!H»uhl uiiliii^i Hi tUv i^i|iia!iMfiH 

i tiH, 

r tif 

I tlh^. 

#• ’ flj 

I iiHf 

r" ill ill , 


t»r, l^riffly, in vi’*‘tr>rial imtnttntu 

I m 

r 


tnirl E 


fill) 


Tht vtTtf'ff tquiiliun (IM)* Ihr ■t"*fwiljr$m 

(la|« rriiilitiu^ hrfmru ihr limr- iEnrfilnr •*#/ ihr WPl.fi lirliV 

imlarfJoH ni ii pi$hif nmi thr rirririr iiilri».j-ili| ni Ihr |wiii| 

dvrivt-d undrr Ihr limiUilinHhi 

!. Hint tliP Vf‘rl*iri4 B iiml E tttr iiiii« mf /; i/. 

nii<i 

II. lliiil III** firiiciiial ftirr-r* *'f|itjiii#*ii ^|| m ii 

mrriTf f^%|«*riiii«aifa! law. 

Ki|uaf iJa) ur ll*ij iiiiiy Iw* nillr^ .llujir-rir* Mmjmim 

/ ndurtit.m KtinniiimM, 

22. Further Ei-amiuatioa ef the Twn Cufl^eqiMtitai. Iri 

till* |iriT«a!iiig nrvtmti^ ivp Imvr tlmviai lh«’ rf|iiiii|ifiii«4 

**“ r.tri H (vr |20 

r 

' '’** rurl B ilHi |21 

r *11 

wliieli rniiy lir* rii.llia} rf*w|>f‘»nivr|y iIip *'riirrriii*f|rii.#iiy rf|itiii 
mill till* *‘lliliglP‘tir iiphirti*»li rf|iiiili«ifi/‘ 

Thmr wrrr drrii'td Mjikprl Ihr ihti lAit 

Ut.u- C*i.| nnd thr E.M.F. kar i|| #irr r^rn/ri tit«4 iitfiiriif, 

Wf* ftliuH now ,«fio%v tiiiii tlip tmnrtii y iTi} 

of l^mioiol 1 m* trill* ill jcpip*rfi!; for tlp^ rriiM*ii ilmt tlir 4ivi ig# im* 
of iiiiy riirl (r.f/., iliv. rtirl Ai im mw, itlii!*' of i 

m not m*m in a. ufa'^riii! ni^i* in ‘wfiwti tli** of rl^-r- 

trioiiy flowing out of a given r#*gion in a given I lino oi|iiiil to tim 
^ MmnwrU: an 4 il* 
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quantity flowing in. The separate steps of this demonstration 
will now be given. 

23. Theorem. Div. Curl A = 0. — ^Proof: 



The last step is conditioned on the equality of such quantities 


as 


dx 



These quantities are equal provided it is permissible to change 
the order of differentiation, and this is permissible provided 
the second order derivatives so obtained all exist. The conclu- 
sion then is that the divergence of the curl of any vector A is 
zero, provided A is of such a character that the several second order 
derivatives of each of its components all exist. 

24. Application of This Theorem to (12) and (16). — Taking 
the divergence of both sides of the current-density equation 
(12) and the magnetic-induction equation (16), we have, 
respectively 

div. u = 0 (18) 



Now (19) is true, for by §16 div. B = 0. There is, hence, no 
inconsistency in the magnetic-induction equation (16). 

On the other hand, we shall now show that (18) div. u == 0 is 
sometimes true and sometimes not true; to wit, div. u = 0 is 
true when and where there is no changing intrinsic charge 
density; but div. u does not equal zero when and where there is a 
changing intrinsic charge density. .Let us proceed to a critical 
examination of div. ti. 

26. Exammation of Div. u. — If we take any small volume Ar 
surrounding a given point P, the quantity of electricity per second 
flowing out of Ar is the surface integral of the outward normal 
component of u over the closed surface bounding Ar. This 
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quantity flowing out is also the time rate of decrease of the 
quantity of electricity within Ar. Equating these two expressions 
we have 

Dividing by Ar and taking the limit as Ar approaches zero, wc 
have 

Limit r J* UndS’\ dp 

Ar = 0[ Ar J di 

but by deflnition of divergence, equation (19), Art. 12, the left- 
hand side is the divergence of u, hence 

div.u = -| (2o; 


A similar treatment shows that at any point in a chargee; 
surface 

surf. div. u = — ” (21' 

at 

These equations (20) and (21) express the fact that the quan 
tity of electricity flowing out from a small region in a given tim^ 
is equal to the decrease of the quantity of intrinsic electricity 
within the region; that is, these equations are a statement of th< 
law of the conservation of electricity. 

We have thus a proof of the lack of generality of the current 
density equation (12), and hence a lack of generality in th^ 
original M.M.F. equation (2). 

The conclusion is that the original equation 


W = 


4:TtI 

1 

c 


and the derived equation 


= curl H 


fin 

can he true only when the electric current is such that ^ == 0 

dt 


that iSj such that there is no fluctuating accumulation of electricity, 
26. Condensive and Non-condensive Flow. — -If we have \ 
conductor of electricity in Fig. 6, with an electric current . 
flowing in it, and if E is any point on or within the conductot 
and if we enclose a smaE region around P, and if / is varying will 
the time, the smaU region around P will have a small electro 
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Htatic c’ii|)afil>% and will in gcna^ral variously charge and discharge 
with the time. We may vnll such a flow of electricity a Conden- 
give Flow, Hiiu»e then^ is an action similar to that of a conckmsor 
lit F, If on the cdlna’ hand, the currcmt is in a steady state, 
thcTc* is no such fluctuation of (diargc^ at P, and the amount of 
cd(H!tricity flowing out of the small region is at anytime equal to 
the iinimint of electricity flowing in. This may bo called a 
N on-eondennire Flow. 

For a tHm-vomlmHivo flow div. u = 0; 

For a C!ondtmsiv<» flow div. u 7^ 0. 



Fill, (h and flow. 


27. Maxwell’s Displacement Assumption.~We have shown 

that the «!C|Ufition 


4ru 

sas 

c 


curl H 


cftii Im‘ f ru« only in thowi cawos whero 

div. u ■» 0; 

that in, in a non-condensive flow. In such a non-condonsivo 
flow th<s curront density u at a point P may be said to have 
aswKdatecI with it a magnetic field of intensity H at the point, and 
the relation of u to R is that given al)ove. 

On the other hand, in the general case whore the flow may 
to condensivft or non-^ondensive, we must replace u, the ordinary 
intrinsic density, by some other quantity u', such that 

div. u' ■» 0. 


A vector wh<»«s divergence is zero is called a solerundal vector. 
Maxwell ma<l<j the assumption that the appropriate solenoidal 
vector u' by which the nonnsolenoidal vector u should be re- 
placed u 


u' 


« u 4- 


JL 

4ir dt 


( 22 ) 
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If. in viTy iippart^iit thnf lli** iiuaiifit >■ Iht** u* u i'- jiihi 

niak«* tin* i^unt u' ; lor hy ' Lfn aii 4 .’JI i, 


iliv. u 


M 


Hiirf.*hv. II 


fhf 

fif 


aiHi by Art. 13, ia|untioriH f2Il nial iihrir iim*' 


f itf 

Iff’ 


j. 1 I r^D j /tp ^ I ift} 1 

liiv. ■'? ' ■ » Hiiif . luv . 

1 -Iw M I Hi ■ Ift Ai 

Huiiuiiinp; wi* h?iVi* 

fliv. ii' It. «iiv. ii' ■ ii ri:ii 

AmuftipiifiH in !ht n?^uumidi^m thnt in rr;;:|#rrf fri 

I 

the Mngmtie Fuid th ^trh a Arnhif^ uf fiirrml^ 

which he nillrd diipkcament ctirrtnt, ami whirh mui^f !«• mhkd 
iu mmiutitmi eutrrnt is rpV'r rofa|fAf»' rmr^ td fh ||^ 

^ 28. The Generalized Current Pensitf Eqiiificiii. \l'‘if}i tlii-^ 
itHHiiinption the cnirri*nl fh^iiKify f rij inny I#** gr^iP'riilr^,ri(i 

into 


-Ins 1 tW 

r ' r ill 


:nir! H 


i 2 ii 


which iniiy Im* (‘nllcd MnewrlVa (frmmtiird f ^llrrrfll»flrrlA'tf|| 
Kquatimi, Thi» Hfhlitian of fir.%t twntfriiif^ w ii t'crior 
It i#i iippitriaif tliiil !hf*rf no iioith«*iiiiiliral iiir^iiri#iHtr*tp-y 
in AfiiiwcIIV rncf ho<i of i?piir*riiliziiig the ronpp|iiiir#ii of mi r-li-rinc 
eiirroni, in r«*afK*ct^ to itn otTrrt in prothiriiin tir t« ii 

tniigriofir. fiohl. Whfi.hiT or not thii* ipi 

rolatod to tin* iniia:nelir fiehl irifenMly by iiti i4’ tli** 

form of (24) y ii ipieHlion for eicjifrifi»i*tiii*l di’irriniioiiioio 
Tlio i*xfM*riiiicnfii! hfi.^ m^ver ji4«^t|iiMir!y loioh* on tti*^ 
nii«tiiii|ificiii liin^rfly. The viili*lity of .\Ifixwrirf» A^^oiii|itkiii 
riiiiii cm Iiin proiiictiori from if of tin* oxbteiire of f4*’"rffir 
ami on lis» prwliiiifm of tin* ideclrriiiiiinyiiiip t4i.iifiirff"f of Imlit, 
TImmi prf*clictioiw lK*f*n iiiii|ily 
21. At my Surface of Ekclric er Magitetk Biicontsaiiitf 
the Tajttgentia.l Cempofieiiti M E and E ire CofiHfiiioiii* II p 
niMtcl this proficwit.ion hm* i%fiit«^4, for flip of 

pirtiilniiig to mtrlmem of <lmroiitiiitsitii% It mar i#“ ptaxml n.% 
follows: IMorrittg In Piic. 7, iii iiny f^nrfiin* tif <li*«roofiiiiiif v in 
ccincliietivily, dkleetrie eoinitmrti or fa^rfiP'iilnliiy, ii«l ilruw it 
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small elongated rectangle with its length a parallel to the surface 
of discontinuity, and let h be the width of the rectangle. Let 
Eit, But, Ezj and Ea be the average values of the electric intensity 
along the four sides of the rectangle; and let B be the average 
value of magnetic induction perpendicular to the rectangle; 
then we have by the E.M.F. equation (3) the result 

— “ (^B gE) — — EitO/ “h Ezh “b — EjJ) 

C Ob 

If now we assume that B and E are everywhere finite, and let 
b approach zero, the left-hand side of the 
equation approaches zero; also 'Ezb and 
E^b approach zero; hence 

[Eira = E 2 Ta], for & = 0 

and if we let a also approach zero, the 
average values of E along the sides a ap- 
proach the actual values at a point on the — 
surface; whence 

Eit = E^t 

Hence the tangential component of E is 
everywhere continuous. 

In like manner, if the current density fig. 7.— -in proof of con- 
u is everywhere finite, it can be shown tangential 

- /» component of E. 

from the M.M.F. equation of the form of 

(2), with I replaced by a surface integral of u and with u' re- 
placing u to give the equation generality, that the tangential 
component of H is everywhere continuous. 
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CHAPTER III 


ENERGY OF THE ELECTROMAGNETIC FIELD. POYNT- 
ING’S VECTOR 

30. Summary of Chapters I and II.— The important results 
obtained in the preceding chapters may be summarized in the 
following equations (in which partial derivative with respect to 


time is indicated by a dot over a symbol) : 


1=2 + 5- curlH 

c c 

(A) 

- - = curl E 
c 

(B) 

div. D = iirp 

(O 

div. B = 0 

{D) 

D = eE 

{E) 

B = 

iF) 


To these may be added an expression for the current density 
u (derived from Ohm^s Law) 


where 


u = 7 E 


iG) 


7 = specific conductivity. J 

We have also derived the following surface relations that hold 
at surfaces of discontinuity 


surf. div. D = 47 rcr 

m 

surf. div. B = 0 

(0 

11 

^j) 

Hit — 

(K) 


These equations will hereafter be designated by the letters 
ascribed after them respectively, instead of by the accidental 
numerical designations with which they first appeared. 

370 


Chap, 111] 


ENERGY 


371 


In the present chapter we shall treat certain general proposi- 
tions regarding the energy of the field. For this purpose we need 
at the outset a few theorems in vector analysis. 

31. Scalar and Vector Product. — ^Let A and B be any two vec- 
tors drawn away from a common point, Fig. 1. These vectors 
may be written 

A = Aai + Ayj + Azk. (1) 

B = jS4 + Byi + (2) 

where i, j, and k are unit vectors along the three axes respectively. 

If now we introduce the convention that 

i2 = j2= k2 

ij = -ji k, 
jk = -kj = i, 
ki = — ik = j, 

and take the product of A and B term 
by term, we obtain 

AB == AxBx ~h AyBy -f- AzBzA" 

(AyBz AzBy)i -j- {AzBx AxBz)i {AxBy AyBx)^ (3) 

We may call AB the complete product of A by B. It is seen to 
consist of two parts, one of which, consisting of the sum of the 
first three terms, is scalar; and the other, consisting of the sum 
of three vector components, is vector. These two parts are called 
respectively the scalar product, to be designated by A*B (read 
‘*A dot B ^0 7 S'lid the vector product, to be designated by AxB (read 
‘^A cross B”)- Then 

A-B = A, B^-\- AyBy + A,B, (4) 

AxB = {AyB.- A,By)i + (A3,- A3.)j + (A3»- AyBs)k (6) 
It is seen that 

A’B = AB {cos' (A, x) cos (B, x) + cos (A, y) cos (B, y) + 

cos (A, z) cos (B, z)i (6) 

= AB cos (A, B) 

The scalar frodivct of two vectors is the product of their magni-" 
twUs by the dosine of the angle between them. 


AAxB=ABBin(A.,B) 



Fig. 1. — Illustrating vec- 
tor product of A and B. 
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To find the meaning of the vector product AxB, let us designate 
by I, m, n the direction cosines of A, and by V, m', n' the direc- 
tion cosines of B. Then the square of the magnitude of AxB 
is the sum of the squares of the i, j, and k components; that is 

[AxB]2= - nm'Y + + - mry}A^B^ 

= {(m^ + n^)V ^ .+ {n^ -f P)m'^ -4- — 

2{mmlnn' + IV nh' + mm'ir)}A^B^.- 

Now 1 = -h = Z'^ '+ m'^ + n'^, 

whence the preceding equaf ion Becomes . ^ 

'[AxBi2 = A^BMI ~ {IV + mm' +nn'Y} ‘ 

==A^BHl - cos2{A, B)} ’ 

= sin2 (A, B) 

[AxB] = ABsin (A,.B)^ _ . (7) 

This gives the magnitude of the vector product. Let us n^xt 
determine its direction. This can be done by taking the scalar 
product of A and AxB, which by (4) may be written 

• A-(AxB) ~ A AAyBz - AzBy) + 

Ay{AzBx AxBz) + 

Az[AxBy — AyBx) 

: ' • ^ 0 : 

In like manner it can be shp wjj t^^ 

Hence by (6) the vector product AxB is perpendicular to A and 
to 'B. By the convention ij = k, etc.,' this perpendicular is 
toBeJdi^iLWJa with.respeQt to. A anCB. ^o^hata'pes^ rotation 
about the product vector will turn A into the direction of B. . . 

Hence, the vector product AxB is a vector whose‘Mla0ttU^%^ 
the ^oduct of 'the magnitudes of by the :Bi^/ of. the angle 

between them, and whose directiori jis the positive perpendicular 
to the plane of A and B. 

The product BxA has the opposite direction, so that 

...... 
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If wi* iniiki^ B liiitl A ic*ul, <»quationH (7) and (6) nhow that 

A --’A 0 (9) 

III If! 

A* A (10) 

32, The Divergence of a Vector Product— The divergence 

Ilf A *■ B may l»* fmimi ilireefly hh follown: 

liiv. Ai*B - lAJi^ - AJi^) + 



AJh) 


+ 


;i 


(AJi, 


AJh) 


.i. 

AH, 

4- H, 

1.1 » 


IL 

A A, 


Ax 


Ax 

' Ax 


'Ax 

A, 

AH, 

+ H, 

rl.H 

A/f- 

- H, 

AA, 


ihf 



An 


All 

A. 

AH„ 

f 1 *- 

f H, 

rl/l # 

Bz 

. AH, 

" H, 

A Ay 

Az 

li, 

, I’lirl 

» A + 

H^mrlpk + Hi 

,<!url. 

A - 


+ 

+ 


A t riirliB — A# ciirhB 


« riir! A — A' curl B' (11) 

33* Eatr^ aad ladiatiou.^^-We i^hiill now trc^at a v(?ry ini- 

jMirlaril gyfir*riil pminpmtmu with rcHixait 
In ilifi ern^rMy t«wl riitliafiori of energy 
in flip rli’rtrtiiniiifiefir fieliL m 
fiile liny fmirii n, Fig. 2, fire! cle- 
fieri Im* iiI f * f an elenieiil of volume 

Ar 

iImiI itiw* iir«* eiirnmt ditnaity 
m itinf pii*ririr nin! iiiiigfietie ifilrfimitieii 
E i4iiii li lit I, li, z, Imt UK Kitidy the 
«*iiiTiiy triifiKfiiriinilioiiK Inking |)!nee in the volume Ar. The 
i‘lpri|'*#fiiotjve force Itie two opiMmite i^yLz4mm of the 

Ik the averitge eleeirie interi»ity 1* timc« the 
afire ij- Hie mm$d flowing tietween the8i"» fiiecK m the 
avf-riige iifiniiiil eiimuilHrleiiKify u, timi^ the area of one of theso 
IfAi* WIiiOiCt the electrkal power (energy per second) 



Fim 2. 
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eonvertiHi into hi*iit or oflii*r foroi cif |>inri*r In* tlir f*iirri*ij! in tlii* 
x-clirectiori in Liknwi.^r, fhi* {miwit liy 

ciirrc.ni tH in thn y ami cnlirc^cfiofif^ ami 

re«|MH!tivi4y. 

Adding llmHn thrni* <|unntitii*H wn hiivi* for tin* i4f«i ririil fMiwrr 
t'onverted into otli(*r foriin^ of |H.n%*rr in tin* i4iiiiiiif llir* 

A/' -- (EMf 4- 4- liii/iA? ii 2 i 

Dividing l)y At and taking tho liiidf m At upprimrhvH /.rro, 
wo hav(% for tint |R>wor ronvortotl }>i*r liiiit vtiliiiiK* iii i, i/, -r, tfii^ 

quantity 

E,u, f E|,u^ f E,Ui 
E-u. 

lA‘i H8 now rnplarc u by it« viiliio from .MiixwoUV 
(^), obtaining 

f* « '■ E oiir! H - ’ E D ( la^ 

tiT lir 'isf 

Now liy fb<* (hcoroiii in U 1 J 

tiiv. EkH * H .nir! E ^ E . iirl H 

HtibKtitutiiig f ho value of E I'url H from tbif e(ju}iiniti inliMia), 
we ol>faiii 

^ H i-urlE - f div. ExH -- * E D. 

tlr 4y 4r 

lioplimirig inirl 1 by it« fmiii Maxwid! # mpmimm I.Hb 
wi! bavi* 

f' - » H-B ~ * E D div E#^H, 

fir 4w 4# 4# 

Him*# « and M art* imlapf^ntlrnf c»f tlitf B fE 

iiml tliii imt tw'ci tiTiiw may iw writlim m ilrrivntivi‘*ii of 
and thfi liii^t whan iiiiiflipliml by #r Irnmnum by i I!fb f 
ter If a siirfaca* iiitf*gral ovtr iht aurfar# of llir vciliiitio df ; m* f bill 

III thi« rcpiatinn w tlir tnilm'iirfl iifiiiiini rtiiufMiifriii 

of thit vt!t*|iir arnl Iht* iiifrgriitiini in 

Iiwl tvriii of tlip m un inJkgmiimm mrr f/ir *,^ 4 * 

fam iff the tmlum$» 
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In order to give an interpretation to the equation let us write, 


as abbreviations. 


U = + 

OX ox 

(15) 

and 


s = --E X H 

4% 

(16) 

Then equation (14) becomes 


dP = - Udr - fs„dS 

(17) 


in which dP is the power, or energy per second, converted into 
heat or other form of energy within the element dr. This power 
is the sum of two terms, both with negative signs. We, there- 
fore, naturally look to these terms as the source of supply of the 
power that is converted. One of the terms is a volume term and, 
taken with its negative sign, it may be regarded as the time rate 
of decrease of the magnetic and electrical energy in the element 
of volume, so that 

U == energy per unit volume. 

The other term is a surface term, and taken with its negative 
sign, it is the time rate at which energy flows into the eleipent 
through its surface.. Then SndS is the quantity of energy per 
second flowing through dS in the direction of the outward nor- 
mal, that is, 

s = energy per second flowing in the direction of s per 
unit area perpendicular to s. 

This vector s, defined in equation (16) is called Poynting^s 
Radiation Vector, and was discovered by Professor J. H. 
Poynting.^ 

The equation (15) for the energy density in an electromagnetic 
field, and the equation (16) for the flow of electromagnetic 
energy per second per unit cross section of the energy beam 
are very important quantities in the theory of electric waves. 

Although we have employed in the above derivation the general 
case in which there is an electric current of density u at the point 
X, y, z, it is seen that the whole demonstration holds when u = 0. 

^ J. H. Poyntmg, Phil Tram., 2, p. 343, 1884. 
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We should then have dP = 0, and 

if dr = - fsndS ( 18 ) 

This means that in this special case that the rate of gain of 
electrical and magnetic energy within the region is equal to the 
rate at which electromagnetic energy flows in through the surface. 


CHAPTER IV 


WAVE EQUATIONS. PLANE WAVE SOLUTION 


34. Digression to Find Curl Curl A. — In proper combinations 
of Maxwell’s equations the work may be simplified by the use 
of a proposition in vector analysis concerning the curl of the 
curl of a vector. Let us designate the vector by A. Then let 
us perform elementary operations as follows : 

curl* curl A = curl* A - ^curLA 

dy dz . 

= A/M" _ _ 1. /Mf _ ■ 

dy \ dx dy) dz \ dz dx ) 

= _ ^ 4. A . 

dy^ dz‘ dx \ dy dz) 

d^A 

Subtracting and adding we have 

curU curl A = — ^ (div. A) (1) 

ox 


where as an abbreviation we have written the Laplacian operator 


vu. - ^4- + 


dx^ 


In like manner, 


dy^ 




curly curl A = — V=*Ay + — (div. A), 

” y 


curb curl A = — VM* + (div. A) 

oz 


( 2 ) 

(3) 

(4) 


These three curl curl components may be collected into a single 
vector equation by multiplying respectively by i, j, and k and 
adding, with the result 

curl curl A = — V^A + grad. div. A (5) 

where if ^ is any scalar quantity, and if i, j, k are unit vectors 
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along the three axes, then gradient xl/, which is abbreviated 
“grad 4l, ” is defined by the equation 


grad^ = ^i + ^]+^k 


( 6 ) 


and triangle square of a vector A is defined by 
V^A = + VU J 

= V^A* + + V^A, 


(7) 


35. Elimination Among the Electromagnetic Field Equations 
for a Homogeneous Isotropic Medium. — In a homogeneous me- 
dium e, M, and 7 are constants. If the medium is isotropic, these 
quantities are also independent of direction. Under these con- 
ditions, Maxwell’s Equations {A) and (B), Art. 30 may be written 


In? + f? = curl H 
c c 


mH 


= curl E 


( 8 ) 

(9) 


If now we take the curl of both sides of (8), we have 


curl E -I- - - 4 - (curl E) = curl curl H. 
c c at 


Replacing in this equation curl E by its value from (9), and re- 
placing curl curl H by its value from (5), we have, since div. H = 0, 


47r7M r = rrZH 

dt ^ dt^ 


(10) 


Now starting with the other Maxwellian Equation (9) and 
taking the curl of both sides of it, we obtain 


n d 


c dt 


(curl H) = curl curl E 


from which by (8) and (5) we obtain 


4x7/1 5E 


€/i 6^E 

W 




( 11 ) 


The equations (10) and (11) are vector equations and are 
true for each of the components of H or E, in a homogeneous 
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i>iC!i lojiji’ nii'iiiiiiii, l’(ir rxiiiiiph*, taking fiu“ x-ctoiiipotKiiiin W(^ 
liavi-, afu r tlividiiiK liy i, liti- Hcalar n-lalioiis 

r- at (tf ^ 

Is-mT ^.,,, 4t <>p , ^ 

( fit (!“ {>«” « fix 

Auinhtr I'Xiirt mtiun for Ihc oliuT roiiiponcritH may he had hy 
advanriJiK ihe ii-Hi-iH. i'au-h eotiijKinfaif. ih t.huH ohtaiiiahh! in 
n dilTiTctPial (•((iialion not involviiifc tli(( oIIkt eomponentH, ho 
fhaf «hc piolilem may he eompletely solved in any caHCH in which 
}h<' dilTi-remial <ainaii«»ti of !he lyiM* of (12) or (l.'i) can he Holved. 
We t.ha!l no! at pri'Menf enter info tlie diMcuNsion of 1,h<^ ^(ineral 
eipial iotiH litjl hImiH I’oiwider certain iin(K)rl,ant, Hp<!(;ial cjihoh. 

36. Special Case in Which the Homogeneous Medium is an 
Insulating Medium Uncharged. In thw caHc the coiiducliviiy 
y is zi*r«i and the intritinic charge density p is also zciro, so that, 
i-ach ^■onlj«»nenl of electric atid iinignetic infeiwify /i',, E^, E„ 
//,. //,, tJ, satisfies an efjuation of flic form 

'm- * 04) 

M m II grrii»rir fur <*it,hc!r of the* coinfK)n(^ntH of 

r»|i*rfrir cir iiiiiiiirtii* Thin ifqtmikm m of a typo known 

III i’liiiifirity tlirory m tfii* nmm miuutiom, 

37* Sptcial Cast #f a Plane Wave ia an Insulating Homogene- 
0 I 1 S Paciargtii M0diniii*-'-‘Tlii? oritmlion (14) npplinn to thin 
fiiit iliiii i.fi to la* still fiirthor uimmilmHl by making 

M ft fiiiirlioii of « siiil I aloiio, 

M - fin, t) 


wtsi*r«* 


wlifn^ 


n « It ^ mu -k tiz 

I, iii» » iin^ till* cliri‘<*tiort i*oHtn<:!.H of a; so timt 

f nm. Ilf ttiiglt « and x ] 

III mm. of iiiigli! faiiwatn a and y 

n « mm* Ilf ittiglt taitwi^n # and z 

1 m + m* 4* 


(Ifi) 

(lb) 

(17) 


ifiti { III) m ilio i^itialicin of all pointa x, y, z on a piano PQ 
( Fig. 1 1 fM*rp*ti<iioiiiiir Ifi# at i ts and ; m that f im tho poriiondicnilar 

cliilmiot* irmn flt«» cirigifi 0 to the plana. 


m 
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For a fixed value of s, and at a fixed time, the value of M (15) 
is the same at all points of the plane, ikf is a generic symbol 
for each component of electric or magnetic intensity, so that each 
of these intensities is the same all over the plane s at a given time. 
As the time changes, these values of intensity in the plane 
change but remain of uniform value over the plane. 

If on the other hand, the time is considered fixed, and different 
values are given to s, each of the different values of s will repre- 
sent a different one of a series of parallel planes perpendicular to 
s, and over each of these different planes the intensity will be 
uniform but different from plane to plane. 




P 

Fig. 1. — Every point x,y, z, of the plane Q P satisfies equation (16) , in which a is 
the length of the perpendicular from 0 to the i.>lane. 

The field of electric and magnetic intensity may thus be called 
a plane field. 

In the case of the plane field the wave equation (14) reduces to 
a simpler form if we express VW in terms of a thus: 

dM __ dM ^5 ^ dM 

dx ds dx ds ^ 

dm ^ ’ 

dx^ ds^ 

Likewise, 

dm , dm 

dy^ ^ ^ ds^ 

dm ^ ^ dm 

' dz^ ^ ds^ 



( 18 ) 
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W lii'itrc (I’Ji tiiTtniifu 


Mf 1>"M 
r' (It' 


<VM 

(Ih^ 


(19) 

K.'ifh rtiiiijmuctit of I'loct ri(’ und muKiHiUc; inloriHitiy in Iho piano 
fii-ii! nil <■^jU!ltio^l of tho form of (19). ThiH oquation, 

for rl■n^.o^lM I hat wo .Hhnil wion hoo, ih calloil tfw Plane-wave 

KfftiHiliiU, 

38. Classificstion of Solutions of the Plane-wave Equation. 
I.i'l U.1 now mnliTfaki* a aolufion of (ho plani'-wavo oqnation (19), 
in whifh M i.« a goiioric nymIiol for any of flm olotd.rin or inagnoliii 

T\vi$ fif miliitiDiiH will ap|K‘ar. l'hc*Hc^ wo hIuiII (aill 

I liiii'i If, f!iwrilN*il m fdllown: 

CliiiH-H I. AH Hiiliifioiw I hat l>o<h of ( 19 ) to 7 a\v()) 

If, AH .wiIutioiiH that nalitca* tiu* two Kidon of (. 19 ) to 

l♦t|lllililv Itiit lint In 

Wr* fifid fltal nofy ,HolitlioriH of C'laHH II aw important for 
idi’rfrir tlir^or>% but both will now bo oonHidorod. 

30 , SolaliOfii of Ckis L- IH P b(t any nolution of ( 19 ) of 

Cliiw L Ttioii by iiofinilion of ihw clawa 

ih^P 

AP - ' (20) 

tVP 

- 0 ( 21 ) 


All intogfiitimi of ihi'w; l•qn^tfio»n aa airnulfanoouH KivoH 

/' A f m 4 Ch 4 IM (22) 

tn whirh A, H, P, 1) an* coiiKtutitH of iiitoKration. In all (uwoh in 
whirii I ho are n.wtrioti'cl to finito viihuw H a* (I « /> == (), 

P » A (23) 

'HoK foiMtiiiHt A is hIw wm in all onmw in which only fluctnaf irifi: 
qiiatitilii’n !•nfl•r into coiwidiTation. 

40. Selutions of CI«»b II.— lUiturning now to the platio-wavo 
♦•qitafioti (19), h‘t »w »*i‘k for solntiona of (JlasH II; that in, for 
KoJntioiw that do not reduen th« two aides of the (K{Utttion to 

«TO. 

Any function of « 4 «t (if « haa the proper value) is a Kolution 
of (IP), m< may l«) mnm hy direct suljstitution as follows: 


:iH2 
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M ^21 1 

whf^rc‘ (r in a HViiiinjl for furtciioii, “ aii«l h*t inkr' tho f«i*r»iiiil 
dcTivalivr,-' of <t with n*-^pori lo aini f. For l!ii'^^ |iiir|iir.«-. lf.| 
UH ilinsi^riaio flu* firnt ami Horrrml tWrivniivt^^ of r/ wiili lo-fi.'ii to 


at) Fy (E and t E* 


.■t\f 

atE, 

1/ 

in' 

ii 

iiWf 

a’HEV 

o' M 


ii ■•; ' 

1 (I'.H 

Fi’rofuo?^ 




t E* 


r;^ 


( I 


Thin jk KHfi4io«l Fy (E' IV winrli lin.^ alrriiilv In’i’O 

iii Flaf^i L If in iiFo Fy nny ftii4**tioii wFnf^^.^ 


Mt 


Thiit ii4j 


#F F 

r 

\ 


l2to 


or 


\ 

It fbiiH it|»jw*iir^ flint ill our to fiipl hik^ Fiiirtioiinl 

miltitioit Ilf f,FJ| wi* hmvo fotiipf two; 

M r 

U J,? 

and 

U a 

Ui r. 

% m 

wlitirti F iiiiil (} itrp m*i^ funrimnM of tliinr muMtumtln. 

Now Kirin* nitintioii (lii| ik liiwir iiri4 tFr ^iiiti 

of tilts iaviirml wltiiioriK in n milnitfiii; ttial,- m 


M^F . .+tr. , +f 

!• 4- . o 


mi 


This ifiitiliiifi ii th« cotniilpltt iiilrtrai of ri|isiiipiri lor 
the term P ittclwd^ M thnt ii*F hv tminm 
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Itfifii tci /jTii, uml fht* F and G boing two arbitrary 

fiiiK'fifiiiH iiirliifli* all Hohifionn of tho Bocond-order partial 

iiinVri»rif ial with two irHl(*p(‘nd(‘iit varial)loH. 

if wr oiiiii tlio !* which an wo hav(^ nhown in Art. 

39» i*- of no iiii|iortiificf* whiai* only fluctoating intcniHitic^B (niter 
ill! 1 1 roii^^hienitiori, wi.» ?^ha!l havtuinly the Farid f/KolutioiiB of (27). 

41. Exiiainatioii of the Plane-wave Solution. Velocity.— 
Ill 127) in giv(*ii tfie coinplete Holution of the plancv 

wave ei|iiiitioii In thin Boliition M Is any onc^ of th(J cami- 

po!iinif,H of riocfric or riiiigiielic intcniHity, The fiuictionB F and 
i* may be liilTin'eiil for tin* dilT(T(*rit comporunitH, but the argu- 
liieiiiH of tliOHi* two fiiiictionH remain alwayn the Barrie two 

anoiiiieiilH. 

The Heveriil fiiiicliotiB are int.errelutecl by MaxwelFn equatiorm 
,‘iiiii are furl her ilelitniied by tin* boundary (tonditioriB at the 
Miiiree of lire ilbf iirbaiiei* aiai at any Hurfacen of diHContirmity 
fbal I'lii.iveeii dilTeriUii rii(‘(itii. 

W‘if Iitiiif Ilf preBeril entering into tlameinterrelationH and liniita- 
ive ran diKeoviT rertnin inier<*Biing prop(uli(^B of the field 
by eKiiiiiiiiiiig llie' geii«*ral Boliition (27). Wi^ (tan, for exampkt, 
olitiiiii the result flint itie F and G partn of the ticdd are dinturh- 
iifireiH tliiii umw with II finite velocity, and w<^ ean detennirui 
llie velwdty follow’B: 

iw ronfiiie oiir littenf ion at firat to the function F, and write 


Wi'* .f*re I Inti I ivliiitever viiltict M may happen to have all over 
ttm liliiitt* III till* «iisliinrr* ni from the origin at thc^ time tu it will 
file ffiiriie vnlin* nil civi^r the plane at the time bj, providcH.l 









( 28 ) 


for i h»*n 

^ b A A '■ ) 

HifU Ik, I In* tiiiM* at wliicli « given condition exists at two dif- 
fi rrii! dwlaiipfs are relatisl to the distances l)y tlie (jquation 
i 28 ) or 


thmifore, the velocity in «{»»«« 

I'fl » c, 

where <J wt the mimtmr of nfwohiie c.g »«, «'h’r»r»*f.»!i*ir of 

quantity of cliustridty in one el«*clroiim«n*>tir uitu i»f qiitto'iity. 
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I1ii* firfiiiiiiciri fhiit dmirie wavers in fn.^e Hpace Khould have 
vitliif* liii’i* wm iiiiidf* by Maxwnll in his oripjinal writingB 
fill fill* tliaory of light Bc^fon? that iirn<^ it wan 

kiKiwti froiii «‘X|ioriiiif*ntH that c, ilic^ ratio of the unitH; wan ap- 
|iriixiiiiaft*ly flio %‘4*Iiirity u! light. Maxwcdl hiniHoIf nuulo Home 
of t!ii» umimirmimin of flie ratio of th(^ unitH. Later (‘.xperi- 
ijieiitiil of ilmBo <|uantitieH are given in the follow- 

ing tiible. 

1. •Comparii^a of Velocity of Light with Ratio of Units^ 


VrlriT-ity $4 linhi Ob8f»rvfir 

2.*»nHri3 X 10**^ Of II. /m? Mi(;lu»lHon 

2.!tOHllO , < . . Nowcortih 

2 IIOHIIO . , , , . . P(‘rrot.in 

2 W<*inborg 


llnlir# fit Hint# 

n.tnm / icp» 

:i . CMMMI , . , . 

2 mmt 

2 mii3 . , , , . 
n.ficitii . , 

2 4m7n..... . 

2 mm , , , ^ 

Avi^rair 

44, Refractive Index for Electric Waves.— To g<;t f,h<» indox of 
rwfriM’lion for oloplriK wuv«w of any inmilatiog modiotn of dialftc- 
irif roiwSjinf * ntwi {H*rHioahi!ityg, it is only necewHary to note that 
fho voltjrity in this imaliiim ia 

r. 

!• m f — 

V «M 

whili' tho voifM!ity in va«i«« i« 

I'd » c. 

'I1n* ratio of fhmv> two vdo<;iti<» is the index of refraction n 
of the findimo for the particular frc<|uency at whicli « and a are 
inefunired; that is, 

n “ »«/» » ■v/«M 

' For ri«f#frwnaw U» literature aws IU«a and Dorsey : Uulklin Bureau of 
MtandainlM, Vi»l. 3, Non. 3 an<l 4, 1907. 
n 


(^hmrvw 

HifiiHtf'dt 

Rona 

'’riuaiiHon and B<mrle 
H. Abraham 
HurniusseBcu 
Fetrot and Fabry 
Rijaa and Dorm^y 


386 


ELECTRIC WAVES 


[Chap. IV 


i: 



It is to be noted that the derivation of this equation assumes 
that the medium is non-conductive and that there are no motions 
of charged particles within the medium; for such a motion con- 
stitutes a current, and all such currents have been excluded from 
the special problem of the insulating medium. 

46, The Plane Electric Wave in a Non-crystalline Homo- 
geneous Dielectric is a Transverse Wave, with its Electric and 
Magnetic Intensities Perpendicular to the Direction of Propaga- 
tion and Perpendicular to Each Other. — Proof: Each compo- 
nent of electric intensity of the wave moving in direction of 
positive s is a function of s — vi, and therefore of t —s/v, where 

s = lx + my + nz. 

Let (31) 

Ex = f{t - s/v)^ 

Ey = g{t - s/v) 

Ez = hit — s/v) 

where /, g, and h are any functions of their argument t — s/v. 

Let the derivatives of /, p, h with respect to ^ — s/v be indicated 
by/', A', and let us now determine the values of the components 

of H by Art. 30 Equations (5), the a;-component of which gives 

_ ^ 

c dt dy dz 

m,. , n , 

= — /i'+ 

“ "v V 


Integrating and multiplying by — we have (omitting the 
constant of integration as of no significance for the wave-field) 


Likewise 


Hx = (mh — ng) 


(mEz — nEy) 


^ (ni:. - 

\ /A 


H. = ^l^lEy - mE,) 
\ 
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Let us now recall that Z, m, and n are the direction-cosines of 
s; that is, I, and n are the components along the axes of x, y, 
and 2 ; of a unit vector along s; whence by (5), Art. 31,, 
equations (32) naay be combined into the vector equation 


where 


H = 



U^x E 


U. == a unit vector in direction of propagation s. 


(33) 


This equation (33) gives the magnetic intensity H in magnitude 
and direction in terms of the electric intensity E for the case of a 
plane wave traveling in the direction s {or Ug) in a homogeneous 
insulating medium.. 

In magnitude, it is seen by (33) 


H = 



(34) 


In direction H is 1 to E and ± to s. 

To prove completely the proposition enunciated in the heading 
of this section, it remains to prove E also perpendicular to s. 
This can be done by starting with Hxy Hy, and Hz as functions of 
{t ~ s/v). The equations will be similar to (31) but with differ- 
ent functions. Then applying MaxwelFs equations {A), Art. 30, 
of the type 

€ dEx __ dHz SHy 

c dt dy dz 

we obtain 

- nHy 


and similar equations for Ey and E^; whence vectorially 


E 


= - X H = X U, 


(35) 


This equation agrees with (33) and shows in addition that E is 
1 to Ug. The conclusion from (33) and (35) is then that E, H, 
and Ug are mutually perpendicular and are oriented with respect to 
one another in the same way as the axes x, y, z, in Fig, 3, 
AH. 19. 

The direction or propagation, which is the direction of U„ 
is also the direction of Poynting^s vector s. 
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VariotiH rulen have* iH'frt for ri*nioiiil>«*riiig 

the orientatic)!! of E, H, and s. A niiiiph* mm in im follows: 

E s ■■■ Houlhy H high (nfiwjirii). 


For the l>aekwiird moving wave thi* ruh* for thi:* orieiiliitioii of 
th(^ iiitcmHitioH with to tlm direr! ion of firopagat ion in the 

Kamo; namely, c?c|uafion (35)- 

ft in nmn^ kowmr, that if im rrvtmr the flirteiimi af anr- of l/ie 

qimntitwH E, H, 8, u't’ iiiliKt rfVfrxf tftir oihtr of Ihnii hut nut huth, 
wnrf! any <>n<’ <>f vi'cfnr hai^ a« a fa(’f«>r (lin vector 

pnaJiict of (lu^ oilier lw<t. 


46. The Instantaneous Electric Energy per Unit Volume is 
Equal to the Instantaneous Magnetic Energy per Unit Volume 
of a Single Plane Wave.-— Thin proponilioii follown at once, l»y 


Hquaring (34) and dividing by 


Hit 

M 


, which given 




f:«}) 


Thin equation, an well an (.Tl) froni which it in deriveii, holdn 
true when there in a ningle plane wave moving in **iie direction. 
It doen not hold when there exintn an interference nyntem, an 
will he nhow'n below. 

47. Harmonic Solution for a Plane Wave, Plane Polarized, 
in a Homogeneous Insulator. Up to (he prenent we have trenttnl 
the problem of the plane wave by meann of general fnnetionn, 
and we have nhown that the electric and magnetic intetiniti«*« 
and the direction of jmipagiition are mutually fsTjimidiculttr. 

JM uh aarnime that the wave ia phtir pnlnriml, 'fliin meann 
that the din^etion of the electrie and magnet ie intennif ien do not 
change. We may chtaine the axe.n no (hat E in almig (he /-nxin, 
and H in along llie p-mw, then (he direction of propagation will 
las the direction of the a-axin; and we may write 

K, /(I — s/c) C37| 


and by (IM) 



(3HI 



C3M) 


where 
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It is now proposed to limit the problem by assuming that the 
electric intensity Ea; is a harmonic function of the time. By 
(37) it will then be a harmonic function of {t •— z/v), and may be 
writtten 

Ex = jE7sin{aj(i —z/v) + <t>\ (40) 

and by (38), 




where 

E = amplitude of E^] 

03 = angular velocity in radians per second of the 
harmonic oscillation = 27r/ T, where 

T = period; 

<i> = phase angle depending on choice of origin of time. 

Equations (40) and (41) give the electric and magnetic in- 
tensities of a harmonic wave moving in the ^-direction. It is 
seen that in such a wave the electric and magnetic intensities are 
in phase in time and space. At a given time the distribution 
of intensities for different values of z are given in Pig. 2; where, 
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for simplicity of drawing, separate diagrams are made for the 
two intensities. 

To obtain the wave length X, we have only to note that the 
addition of X to 2 ; does not change or Hy in (40) and (41). 
This means that 



V 


or 



CO 


(42) 


As we have shown in the examination of the general functions 
of (t — s/v), the whole diagrams of Fig. 2, except the axial line 
oz, are supposed to move forward in the 2 :-direction with the 
velocity v. 

If the observation is made at a fixed point on the axis, z = 
constant, the vectors of electric and magnetic intensity will 
fluctuate sinusoidally with the time. 

The plane of the wave is a plane perpendicular to oz and any 
such plane has all over it a uniform value of electric intensity, 
and of magnetic intensity, at a given time. 


CHAPTER V 


REFLECTION OF A PLANE WAVE FROM A PERFECT 

CONDUCTOR 

In flic pn'Hcnt chapt<(r wc Hhall treat the reflection of a plane 
chtcAric wave from the surface of a perfect conductor. In Arts. 
48 ami 49 the wave will he considered to bo harmonic and to be 
ineklent normally. In Arts. 60 and 61 the more general case will 
Ik* (lonsidered, in which the incidence is oblique and the wave not 
limited to the harmonic form. 

In a later chapter cascH in which the conductor is not a perfect 
conductor will !«• considered. 



Km. 1.— BIflctrio w»vo Bx, Hf, travolfa* in the »-<lfrention, incident normally 
on a portootly nonduotivo wurfaoe M. 

48. Reflection of a Hannonic Plane-pokrized Plane Wave 
from a Perfec% Conductive Plane at Normal Incidence. — Let 

M, Pig. 1, be a perfect conductor with a plane surface in the 
*y-plano through the origin of codrdinates. Let a plane-polar- 
ized wave coming from the left of the surface in a dielectric 
medium of dielectric constant « and permeability p. be incident 
normally upon the surface, and let us choose the axes so that the 
x-axis is in the direction of the electric intensity, and the y-suds 
in the direction ol the ma^oetic intensity. 
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:i!)2 

Tin* duiraetcwtict of a rfaalucicir m thiit Ihi* i^liHirics 

intf^rmity witliin the* conciucifir zoro. In tho in 

coniiici with the* (‘ondurtta* I In* Uitifjrfdinl rw/i/zwir/ii «/ rirririe, 
intcumity in oonfiiiuouH with itn vuhu* withiii Ihi* nuiidinifir, 

and thor(‘fcm‘ zoro at all fiiiiOH. 

Wo havo iiHHinnod tho iiiohloiit- wii\a* hiiriimfiirj Inif a Hiiigio 
haniionio vahio for Ej^, nttoh iih in givon in fill), Art. 47, diH.*H not 
pOHHc^HH tho property of hoiiig zi*ro at z ■■ fl, and in lIif*rfforf ifi» 
Huffiohnit to n^proHont thn nyi^toni of %vavoN in thf* |iri*.Hf*nt prol'»- 
loiii. By tHir g<*noral Hedution C27)^ Art. 40, wo iniiy add to thi* 
wiiVi* travoling in thn iinoth«*r wuw fra riling in thn 

opponiio diroot ion, and with |iro|'M‘r rhoirn of intoin^ilioi^, phii«i*H, 
ntin, it IH poHnihlo to inaki^ thi* dirrwt and fho rid!orti*i| %viiVi*H 
annul niiah otlior a-K to idiwtrir intoiimfy at tho .Hiirfarr* of thf*ron- 
chintor. Hima* thn inrichnit wavr in harnioniin ftio rrllorfod ivavo 
B)annnl it niiiHi Im idao harinoiiii* and of fin* .winif* fria|iii»ii(*y iiiir! 
Hama {ihiiHi? anglm By pro}M'*r (dioirr* of tho origin of titni* wo iiiay 
make; tliia ptjiiHi* angln ^ t), iiiid writn I In* Hohilion 

Eg - Eimii»)(( ■ s/r) /'^u hiii wif I z. r) 11) 

Krm^ by tin* nofidition at th«* Hiirfiiro, wi* hnvi% ivtiofi s Cl, 
lii E 2 - E Iwiv). Hioroforia 

Eg - EmiMii - z f‘| -- E mi wii I' r? r) (2) 

I'ho H(*i*oii«I hiiH ita diroiiion of prri|iiigiit ion rind iiIho itn 
intnriHity rnwraod with to lln* liriit t.i’‘rrn; wiif*firt% by 

Arb 46, C*fiapfnr IV, it m mmi tliiif flu* rorr<'*H|Mifidjfig itirnili- 
tiidn of // for ttic! iurm wall I tin mmw flirr^rlioii im 

the* iimpliiiido of // for ilu* firat Inriii, iiiid by (32), Art. 46, wis 
shall havo 

tfw \ t wff zh*) + K mt m(l I 5'/r) (3) 

This c*qiiiifiori for li^ tniiy, if fh^Hiritl, fs* ii«ir|S’^fifif*fttly dwhml 
by sulwtitiifing thi* viilut* C2| for Eg, witli E^ iiiitl A# i*t|tiii! K*rti, 
intc) MaxwiilFs K<|iiiition t/f), Arl. W. 

ikiiiatJfiris (2) aiirl (3) show tliiil flio niitinnlir intoaMity I! ^ 
is iniulo lip of two harmonic* wtt%a*-trititiH tnivrling in i#{ipiiMitfi 
dinfetbna, having ocjiia! ninphtiidPH, iitid fii4%ang tfw^ rrfirrfrd 
iiingtifttki ititoiwiiy In phaso with tlin iiiriiioiit iiiitgiiilir iiitnfi^ty; 
whil© th© eltctrie intensity A', coitsisls film of a flina't iifid a 
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reflected TV'ave of equal amplitude; but the reflected electric 
intensity is opposite in phase to the incident electric intensity. 

Let us now put equations (2) and (3) into a better form for their 
interpretation. Expanding the sine terms by the trigonometric 
formulas for the sine of a sum or a difference, we obtain 


= “ 2B cos cat sin {qz/v) 


(4) 


2 



E sin cot cos (o3z/v) 


(5) 


49. Plot of Stationary Wave System. — A. plot of the two inten- 
sities is given in Fig. 2, where, to obviate difELculty in plotting. 



incidence on a perfectly- conductive plane surface itf. In the figure the period is 
represented as r. 


no effort is made to show that the magnetic and electric inten- 
sities are at right angles to each other. 

The equations (4) and (5) are thus seen to be the equations to 
two stationary 'wave systems, There are certain points in space 
where the electric intensity .is alv^'ays zero and certain other 
points where the magnetic . intensity is always zero. These 
positions of constant zero-rintensity are called nodes. Between 
the electric nodes and between the magnetic nodes there, are 
ppints of maximum fluctuation of intensity, which are called 
hoys. 
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Whereas, in the single free train of waves the electric and mag- 
netic intensities are exactly in phase in time and space; in the 
interference system, or stationary system, the electric and 
magnetic intensities are 90° out of phase in time and space. 

The wavelength in the incident wave by (42), Art. 47, is 
X = 27rt;/aj. The positions of the nodes in the stationary system 
are seen to be at the following values of 
The nodes of E^ are at 

— 2 = 0, TrvJcOy 2Trv/(ay Sttv/o) etc.; 

that is 

-2 = 0, X/2, X, 3X/2, etc. (6) 

The nodes of Hy are at 

-2 = X/4, 3X/4, 5X/4, 7X/4, etc. (7) 

Loops exist halfway between these respective nodes. 

It is seen that the distance between consecutive electric nodes 
or consecutive magnetic nodes is half the wavelength of the 
incident wave. The distance between consecutive electric loops 
or consecutive magnetic loops is the same distance. 

Since the reflected intensities are equal to the incident in- 
tensities in amplitude, the perfectly conductive surface is a 
perfect reflector for electromagnetic waves. 

60. Reflection of a Plane Wave from a Perfectly Conductive 
Plane at Arbitrary Incidence. — ^Let the conductive plane, which 
we shall call the mirror, pass through the origin of coordinates 
and be perpendicular to the x-axis. Suppose a plane direct 
wave to be traveling in a medium of dielectric constant c and 
permeability /x, and in the direction of a line s with direction 
cosines I, m, n. Then any point x, y, z on the incident wave 
front W, Fig. 2, will satisfy the equation 

lx -|- my + n 2 = 5 (8) 

where s is the distance from 0 to W, 

In the Direct Wave, let the components of electric intensity 
by any functions f, g, h of {t — s/v) ; that is 


E:, = fit - s/v) 'j 


Ev = git - s/v) I 

(9) 

E, — hit — s/v) J 



(10) 


where 
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Then as in equation (32), Art. 46, 



( 11 ) 


It is apparent that this direct wave alone is not sufficient, for 
the reason that the tangential components of electric force 
must be at all times zero at the mirror, and the values of (9) 
do not satisfy this condition. It is, therefore, necessary to sup- 
pose a reflected wave also to exist and to be superposed upon the 
direct wave. 

We shall assume the reflected wave to be also a plane wave and 
to be traveling in some unknown direction along a line Si, with 
direction cosines h, mi, ni, and shall show that with proper 
choice of Si and with proper intensities in the reflected wave, the 
proper boundary conditions are satisfied. 

The reflected wave may be expressed in terms of arbitrary 
functions fi, gi and hi as follows: 


with 



Hi, 

= flit - 

siA) ] 

} 


Ely 

= gi{t - 

siA) 1 



El. 

= hil^t — 

siA) J 


Hi. 

= > 


— niEiy) 

Hi, 

= A 


- hE 

u) 

Hu 

= A 


- miE 

lx) 


hx + miy + niz = Si 


( 12 ) 


(13) 


(14) 


where Si is the distance OW i. 

Now by the conditions at the mirror, when we put x = 0, the 
total tangential electric force must be zero; that is, the sum of the 
direct and the reflected Ey and Ez values must be zero; hence 

Q = h + ft, \t - t 


(15) 
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where in these equations 2/0 and zq are coordinates of any point 
in the surface of the mirror. To make (15) true for all such points 
and for all values of we must have for the operators g and gi, 
h and hi, the relations 


gi 9 \ 
hi = -h\ 


(16) 


and for the direction cosines, 


mi = +m 
m = 


(17) 


Let us determine the other direction cosine h. By the fact 
that the sum of the squares of the direction cosines of a given 
line is unity, li is equal to plus or minus Z; but if it were plus 
I, then Si would be identical with s for any given point x, y, z and 
the total y and ^r-components of E would by (16) be zero every- 
where at all times, and our incident wave would have only an 



JFiq. 2. — Illustrating a plane wave W traveling in direction /S incident at angle of 
incidence d upon a plane perfectly conductive surface M. 


aj-component and would be traveling parallel to the mirror. This 
case is of no interest, as the problem is then, so far as concerns 
the dielectric medium, the same as that with the mirror absent. 
Excluding this case, equivalent to no mirror present, we have in 
all other cases 

Ii = (18) 

The equations (17) and (18) show that the electric radiation 
obeys the ordinary law of reflection of light; namely, the reflected 
ray is in the same plane with the incident ray and the normal to 
the mirror at the point of incidence, and the angle of reflection is 
equal to the angle of incidence. (Proof follows.) 
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'Thin in by r(^f<ir(‘.nco to Pig. 2. The angle of incidence 
0 ~= L 'FIk; angltt of reflcic.tion 0' = the supplement of 

(!<W* h - O. Thft ecjualit.y of nii to m and of ni to n, makes the 
incident and rtiflftcfed beam in the same plane perpendicular to 
fh(! mirror. 

Ilciturning now to the (piestion of electric and magnetic in- 
buisitif^s, m-. hav<i found tlm form of gi and hi in terms of g and h. 
It rcunaiiiH to find the form of/i. This can be done by employing 
th(! fact that the electric inhsnsity is in the wave front in both 
the dirtad and refi(tcted waves; that is, the components in the 
directions « and ai are resptictivjsly z(!ro. This means that 

If + mg + nh = 0 (19) 

I if I + + nihi = 0 ( 20 ) 

In vi<fw of (16), (17) and (IK) tin; e(iuation (20) becomes 
— If I — mg — nh — 0, 
which mided to (19) gives 

/. - / ( 21 ) 

51 . Intensities in Direct Wave and Reflected Wave, and 
Total Intensities at the Mirror. — Summarizing the results, wo 
have for the; int(!nsiti<iH of the direct and reflticted waves and for 
the total intensities at the mirror the following equations: 

Direct Wave 


Km = /{( — *A’) 

Hm » 

h (rnEm - nliy) 
Six 



A’, g(t - «/'d 

Ily ^ 

JUnEm - IE.) 
Vm 


(22) 

Kf « h(t — a/v) 

11 m “ 

Vm 



Ileflected Wave 





Kim “ f{i — »dv) 

Him “ 

{mJii, - nliiy) 


1 

i 

i 

Ihy - 

{nEvm + lEu) 

(23) 

Eu « -h(t~ si/v) 

Him “ 

yj^i-lEiy-mEu) 
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Total Field at the Mirror by (9), (12), (16), (22) and (23) 

Ex “h EIix “ 2Ex H X “I" Hix “ 0 

Ey 4“ Ely = 0 Hy + H ly = 2H y at X = 0 (24) 

Ez +• Eiz = 0 Hz + i?i2 = 2Hz 

It is seen that the effect on the plane wave of the plane per- 
fectly conductive mirror is to double the normal electric intensity 
at the mirror and annihilate the tangential electric intensities; 
also to annihilate the normal magnetic intensities and double 
the tangential magnetic intensities at the mirror. 

In the space at any distance from the surface of the mirror 
the equations (22) and (23) permit the complete computation of 
the reflected wave in terms of the direct electric intensities where 
these are known. 


CHAPTER VI 
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62 . Reflection and Refraction of a Plane Electric Wave by a 
Homogeneous Insulator. — Suppose a plane electric wave in 
an insulating medium of inductivity €i, and permeability to be 
incident upon the plane surface of a second insulating medium 
of inductivity €2 and permeability jU2. 

Let the surface between the two 
media be through the origin of co- \ ^ 

ordinates and perpendicular to the \ ^^^21 

a;-axis, as in Fig. 1 . Let us assume 

that the direct wave is traveling ^0 ^ 

in the direction of Si with direction / 

cosines Zi^ and and that _Bouiida.ry 

there is a refracted wave traveling , / of Media 

in the second medium in some 

direction S2 (direction cosines k, (Outward) 

^2, 112) J and also a reflected wave Fig. 1. --Concerning reflection and 
. , « ... refraction at a boundary. 

in the first medium traveling m 


some direction S3 (cosines Zs, m3, na). The velocity of the waves 
in the first medium is 

vi = ’ 7 ^ ( 1 ) 

the velocity in the second medium is 

^2 = /- — - ( 2 ) 

VM2€2 

It is required to find the directions of propagation of the re- 
flected and refracted waves, and their intensities relative to the 
incident intensities. 

The geometrical equations of the three wave-fronts are 
respectively 

hx + miy + niz si\ 

I 2 X -f m2y + n2Z = S 2 (3) 

I3X -f m^y + nsz = S3 
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We shall first write down the values of the electric intensities 
in the three waves respectively: 

In the Direct Wave 


Ei^ = flit - si/vi) 
Ely = g lit - si/vi) 
Eu = hiit — si/vi) 


In the Refracted Wave 

El, 


= fiit - S 2 /V 2 ) 
Eiy = g^it - S2/V2) 
Eiz = hi^t — S 2 /V 2 ) 


In the Reflected Wave 


Ezx — fiH — Sz/vi) 
Eiy = gzit - ssAi) 
Esz = hit — sz/vi) 


(4) 


(5) 


( 6 ) 


The magnetic intensities in these three waves are given re- 
spectively by the vector equations (cf. (33), Chapter IV): 


, = Ji III X Ej 
VMi 

, = S Uzx Ez 

\M2 


' IJ 3 X E 3 


(7) 


where Ui, U 2 , and U 3 are unit vectors in the directions of Si, 
S 2 , and S 3 respectively. 

In addition to the above equations we have by equation 
(26), Chapter I, the condition that at the boundary between 
the two media the normal component of electric induction is 
continuous, since there is no intrinsic surface charge, and this 
gives 




( 8 ) 


This equation is true for all values of y and z in the surface 
between the two media; whence it follows that 
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mi 

__ mz 

_ m2 



v% 


__ riz 


Vi 

Vi 

V2 


(9) 

( 10 ) 


Now it is to be noted that li is the cosine of the angle of in- 
cidence of the ray = cos 0i; h is the cosine of the angle of re- 
fraction = cos 02; and h is the cosine of the supplement of the 
angle of reflection = — cos 03; whence 


'sj m-)} + = sin 0i 

(11) 

■\/m^ + n2^ = sin 02 

(12) 

■sjm^ 4- ni — sin 03 

(13) 


And by taking the square root of the sum of the squares of 
(9) and (10) we obtain 

sin 01 = sin 03 (14) 


sin Oi _ Vi 
sin 62 V 2 


(15) 


Equation (14) shows that the angle of reflection is equal to 
the angle of incidence. Equation (15) shows that the ratio 
of the sine of the angle of incidence to the sine of the angle of 
refraction is the ratio of the velocity in the incident medium 
to the velocity in the refracting medium. 

These are the ordinary laws of reflection and refraction. To 
make these laws complete we need also to show that the incident 
ray, the refracted ray, the reflected ray and the normal to the 
surface are in the same plane. This can be seen to be true 
by noticing that the y and z axes have not yet been chosen. If 
we make the 0-axis perpendicular to the incident ray, ni will be 
zero; and by (10) and are also zero, so that all three of the 
rays are perpendicular to the z-axis, and are, therefore, in the 
same plane, which plane also contains x, since it is a concurrent 
perpendicular to z. 

In order next to determine the coeflicient of reflection of the 
surface between the media, let us keep the orientation of axis 
above suggested. Then the three rays are in the xy-plane, as 
shown in Fig. 2. Let us compare the energy incident per second 
upon any area dS with the energy transmitted through dS per 
26 


402 


ELECTRIC WAVES 


[Chap. VI 




second. The cross sections of the three beams with their bases 
on dS respectively are 

dAi = lidS ) 

dA2 = hdS (16) 

dAz = hdS } 

By Poynting^s Theorem (eq. (16), Chapter III), the energy 
flowing per secoAd per unit cross section of either of these beams 
is 

s = /-ExH (17) 



Fig. 2. — Relation of areas of cross-section in the several beams. 


The energy flowing per second through any area dA per- 
pendicular to the ray is the area times the value of s; t.e., 


ds 



XH. 


Substituting the values of the dA*8 from (16) and the values of 
of the various H^s in terms of their E’s from (7), we have for the 
energy per second at dS on the surface between the media, 
the values 


Incident Energy per Sec. = 
Reflected Energy per Sec. = 


(18) 

(19) 
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Rcfnu*t«*(i I'^iierfcy ptT Sec. = (20) 

\ /X2 

whc^re thc! Kiiljscript (o) indicatcH that values at the mirror are 
to hi* takiui; that m, valuen with a; == 0. 

("ailing the ratio of ilu* rcdiectciil energy per Bccond to the in- 
iddent energy per Hec^ond the coefficient of reflection, indicated by r, 
we have by (18) and (19) 

( 21 ) 


and l)y tin* law of tlie eonservation of energy, from (18), (19) and 
(29), by i*c|Ufiting incident energy to reflected plus refracted 
f*nergy and dividing out a common factor 

J*’ - yf- hE,/ + 

VMl V/1| yMi 

whence by traiwpnHit ton nntl divinion, 

I _ » l*iMi rr>o\ 


hEag^ /«,’ 


The eqnationM (21) and (22) hold for any orientation of the 
electric vector in the plane of the incident wave. 

It ia propostwl now to determine the coefficient of reflection 
in terms of the indetx of refraction and angle of incidence alone, 
for tw 0 principal directions of polarization of the electric wave. 
This is clone in Art. 63 for E perpendicular to the piano of 
incidence, and Art. 64 for E parallel to the plane of incidence. 

63. Determiiiatioa of Coefficient of Reflection when E is 
Perpendicular to the Plane of Incidence. — In this case, since the 
plane of incidence is the a:j/-plane, we have the E entirely in the 
z-direction; that is, 

E - E,. 

As l^cfore, let m indicate by a subscript (o) the value of E at 
the reflecting surface. 

Prom the continuity of the tangential component of electric 
force at the surface, since the whole force is tangential, wo have 

Ein -f* -^*0 ■“ ■^*0 (23) 

Dividing by and substituting from (21) and (22), wo obtain 
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Thin stiuurcd gives, iiffer faeloriiig. 

(1 -f - x/rftl } \/r^ 

Dividing out a coinnion faelor, we ohiain 


V'r 


(I - x/r, - vVl (25) 


, ^‘3. 

V<a/42 ^’1* 

HO tluif (/if)) iiifiy 1 h» \vriff<»ii 

4 \^r| /lasi’ji I ■“ y/r) 

wlieiunt 

MiM3'’3 4 







lirwwilal f 
ttf Mrtiin 


3,- E !#« fln» itiiifs#^' »4 

III IfiiH W|iiiitioii, if 0| iiiifl f)| iiri* ri*i«|K*rtivi'*Iy ttip fifiglr of ind- 
d.f!ii0f* iiird iiijgli* of rrfnirfiofi, 

1 1 mm Oj 


mm Clf 




sinMii.hy H»D, 


Thew* values subKlitiitial in i'Mi) give 


(13 eon Oj •“ (n 


ft2 cm <>! 4- Ml v^' » “ mu’ *>! 


Now' M ”*> wlieri* «| ami «, nre the imiiren of w-lmetion of 
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III all itwulaliiip; madia == mi = 1 , «<» that ( 27 ) may ho written 


/cos Oi -- ^ 

Icif 

\nu 

) ^ — sin- (),\ 

y-os (), -h yj 

1 



1 — sin=*(),/ 


Equatim ( 28 ) given the coefudeM of re.fledion r in cam the elec- 
tric form in the incident wave in perjmndicnlar to the plane of in- 
cidence. In thin eqiudion n, ami ih are indices of refraction of 
incident and refractive media renpedively and are not to he confused 

with dirtciiim cminrH. 

64, Determination of the Coefficient of Reflection when E 
is in the Plane of Incidence.— In thin — 0 , Fig. 4 , and 

we have for the* total eie^eiriet intenimty in each ray 

E - Ve/A^, 



’ I JJoundftiT 

"i I of Media 


Flfi. 4.-” I in tho piano of inoidonne. 

an<! for tln^ total iiiagiiof ic intonsity 

// - 11. . 

Th« ooiKlition of continuity of the tangential component of 
magnetic intennity at the reflecting Hurface gives, since the whole 
tnagnetic intensity is tangential, the iKiundary condition 

//.o + Ih, - lUe (29) 

Expressing now the coefficient of reflection in terms of 11 xa, 
Hsi,, and // 10 , by replacing tho E’$ in (21) and (22) by equivalent 
values in terms of the IFs taken from equations (6), wo have 


r 
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and 


h 


h Hio- 


These values substituted in (29) give 
1 + \/r = 


' €iM2 

€2/^1 


h /€2M1 


€lM2 


(1 - r) 


(30) 


which is the same as (25) except that the subscripts of e and jj. 
are advanced, and therefore gives on simplification (cf. 26) 


^ ^2M2^2 \ ‘ 

“h ^2M2^2/ 


(31) 


Replacing h and U by their values in terms of 0i, we obtain 


r = 




jLti COS 0 




sin^ 0i 


vr 


fJLl COS 01 “1“ JM2 


Ivi^ 

\V2^ 


sin^ 01 


(32) 


[V2^’ ~ - ' ’ - \V2^ 

or in terms of indices of refraction, when mi ~ /^2 == 


r = 


(^)^cose.-^)'-sin^e. 


(33) 


Equation (33) gives the coefficient of reflection r in case the electric 
force in the incident wave is parallel to the plane of incidence. In 
this equation ni and n 2 are indices of refraction of incident and 
refractive media respectively. 

66. Transformation of Equations (28) and (33). — ^By the law 
of refraction (15), in view of definitions preceding (28), we have 


sin 01 
sin 02 


ni 


(34) 


where ni and n 2 == indices of refraction of incident medium and 
refractive medium respectively. 

From (34) 


cos 02 = \/l — sin ^‘02 = 'yjl— sin^ 0i 


(35) 
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Substitution of ( 35 ) into ( 28 ) gives 


r 


cos 01 = cos 0o 

ni 


cos 01 + - cos 0 o 

ni 


Replacing 712/ Ui by its value from ( 34 ), we obtain 


~ = [ - sin (01 - 82) 1 “ 
I sin (01 -|- 02) j 


( For incident E 
perpendicular to 
plane of inci- 
dence. 


Treating ( 33 ) in a similar manner, we obtain 


j -tan (01 -62) p 
1 tan (01 + 02)1 


[ For incident E 
I parallel to plane 
i of incidence. 


( 36 ) 


( 37 ) 


Equations ( 36 ) and ( 37 ) are known as FresneVs equations. In 
these equations r is the ratio obtained by dividing energy 'per second 
leaving reflecting surface in reflected beam by energy per second in- 
cident on same surface. 


01 = angle of incidence. 

02 = angle of refraction. 


Equation ( 36 ) is for a plane incident wave with the electric force 
perpendicular to the plane of incidence. In optics such a wave is 
said to be polarized in the plane of incidence. 

Equation ( 37 ) is for a plane incident wave with the electric force 
parallel to the plane of incidence. Such a wave is said to be polarized 
perpendicular to the plane of incidence. 

The plane of incidence is the plane of the incident ray, the reflected 
ray and the normal to the reflecting surface. 


CHAPTER VII 


ELECTRIC WAVES IN AN IMPERFECTLY CC 

MEDIUM! 


66. Wave Equations in a Homogeneous Imper 

tor. — It has been shown in Art 36, Chapter IV, thi 
geneous medium of conductivity y, permeability jjl, j 
constant e, the magnetic and electric intensities 
equations 

47r7/i ^ 

dt ^ dt^ 

and 


4x7/x (3E ejLt d^E 


V2E _ ^ grad p 


67. Relaxation Time. — A question now arises as 
of the intrinsic volume density p in such a medii 
determine this matter by taking the divergence of 
Art. 36, remembering that the divergence of a cu 
have 

— cliv.E + -^(<iiv.E) =0 
c Cdt 


or replacing div. E by its value in terms of p, 


4^7 

€ 


^ dt 


Integrating this we obtain 

4 t 7 ^ 

p - p(0 * 

where e is base of natural logarithms and 


47r7 

Whence it appears that if p has the value po ; 
reckoned as origin of time, p will decrease expoi 

^ This chapter is based on Abraham and FOpbl, Theor: 
tat,^' Vol. 1, p. 321, 1907. 


408 


Chap. VII] IMPERFECTLY CONDUCTIVE MEDIUM 409 


the time. The process is called relaxation, and the time for p to 
fall to one eth. of its value is r, given by (5), and called the re- 
laxation time of the material. The relaxation time for any good 
conductor is so short that it has never been experimentally 
determined for any metal. Its determination for so poor -a 
conductor as pure water is a matter of extreme difficulty. 

58. Steady-state Plane Wave Equation.^ — Equation (4) shows 
that after the lapse of a sufficient time, usually very brief, the 
value of p in any conductor is substantially zero, and we may 
omit the p term from (2). • . 

Having thus simplified the equation (2), let us next restrict 
the wave field to a plane-wave field. Then E and H will be 
functions of t and s alone, where s is the perpendicular distance 
from the origin of coordinates to a plane over which the field 
is constant at a given time. Then if Z, m, and n are the direction 
cosines of s, 

s = lx + my + nz (6) 


is the equation of any such plane, and the quantities V^H and 
V^E reduce to and so that the wave equations (1) and 


(2) become 


ep /4x'y dH 

^ ’W) 


e/jL (Airy ^E 


m 

dt dp) 


69. Limitation to Solution Harmonic in Time. — Each com- 
ponent of electric intensity and each component of magnetic in- 
tensity must satisfy an equation of the form of (8) . Let M be 
the generic designation for E^, Ey, Ez, Hxj Hy, Hz, then 

/4xy dM d^M \ _ d^M 


This equation is a form of equation that plays a fundamental 
rdle in telegraphy and telephony and is known as the telegraph 
equation, which has been the subject of much theoretical and 
practical investigation. 

We shall content ourselves with a treatment of the equation 
for the special case in which the solution involves the time har- 


HIJii'THIi' IVAVHS 
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iiHiiii-mlly. M will thfn Im* thf* rfii! part fhi* cjiiafifiiy I hat 

cam b<» wriffcai in fhc* fnrui 


4 / -■ flOi 

whc»ri^ Fin) in ncnni* ftnirtiori (*f m hiif not fif f. 

I><*HignMf iii|( fill* HC'canitl fiiaivativi* of F with roHfirrt to m by 
F'\ imd HubHtif uting flOi in fO), wv hnvr* 

W-' )/■•(. M /'■"(*( (ID 

Hirn'oF" in it tl<Tivit.livi% ill) iHniifa'*liiiiirydifTi*ri*iifigI 

ca|ualion of I ho Hi*c‘on«l onlor wifli roiiHliirif ociofliriotif h, iiini iti4 

Holution may bo writttai in tho form 


whioh .mtlmtitutod in fll) 


{I 2 | 


mJ^y ^ 

j( 

r" f 




im 


whilo a in roinplofoly nrf>itniiy, 

It in tlml k a ooniplox cjiiiiriiity. iM m liroiik iifi k 
into read imd irintginary piirlH by Hotting 


k 


i X f jf* I 


(Ml 


X ^**ttd n nri» bfilti riad niifl in pmiiirr to ft%aiifi 

iiifiiiiit* vidiioH of M, 

From (Ml imd (13) wo iiro to firiiTiriiiio ii^ mid 

60 . Determiaitioa of x *101^ ■■HnliHijtiitiiig |M| m fi:ii wi* 
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Thc! prcKliic!i af (ID) and (15) given 

+ (20) 

Thin ecHiipiired witli (17) givt^n, l>y addition and subtraction 
and by cHiiitiing nigriH inc,onHistent witli the condition that x 
and 1 m* real and x •’^hall be* fKxsit ive^, the rcHult 


X- - v'*® + 47""7’^ - «! 

(21) 

«'■' ■'* + <} 

(22) 

M may now Is* cxitressfid in hirms of x and 
(14), (12) and (10), and is 

n by combining 

M (til ^ llti/c) 

. (23) 


wh(*rif « in mi arbitrary constant and is in general a complex 
<|uaiifity. The* real |>iirt (if (23) in also a Holiition of the given 
ec|uatiori, and may \hi writhm in the form 

wj(*r 

M => Av. <• (!OH{w(f “ ««/c} + <t>\ (24) 

wh<^r(* A mritl ^ arc both arbitrary constantH. A solution of tlui 
form <if (24) i« th«! most genoral harmonic solution of angular 
velocity w of the giv»*n flifforontial equation (9); for the assump- 
tion that the solution is a harmonic function of the time with 
jingular velocity w rwluces the equation to the form of (1 1), which 
is an ordinary diiTenmtial equation of the second order, so that 
any solution that contains two arbitrary constants is the general 
solution. 

61. Extinction Coefficient, Ifelocity, and Index of Refraction. 

baudi t!om{H>nf!nt of electric and magnetic intensity in a har- 
rnoiiif! wave in a homogeneous conductive medium satisfies an 
e<}uati<»n of thit form of (24) — with, however, in general a different 
value* of A and 4* for each component. 

It is soon that the intensities are attenuated as the wav(>. 
fametrates deefx^r ami drseper into the conductor, and that the 
attenuation is determined by the factor 

e ““ 


which may ks called the Attenuation Factor. The quantity % 
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is called the Extinction Coefficient of the medium for the given 
frequency of oscillation. The exponential term is expressed in 
the rather complicated form here given, so that % shall be a 
quantity symmetrical in form with n. 

A verbal description of the extinction coefficient may be had 
by substituting 

6) = 2TrlT 

where T is the period of oscillation, and 

Xo = cTj 

where Xo equals the wavelength in vacuo; then the attenuation 
factor given above becomes 

27rs 

6~^'x7 


or 

e if s = Xo/27r; 

so the extinction coefficient % logarithmic decrement of ampli- 
tude for a traversed distance equal ^ ^ vacuum wavelength. 

Returning now to (24), let us see next the significance of n. 
Apart from the attenuation factor, M is seen to be a function 
of t — s/{c/n)] therefore, the velocity of propagation of a given 
phase of the wave is 


V = c/n 

(25) 

where c is the velocity of the wave in vacuo. Hence n is the 
index of refraction of the conductive medium for the particular 
frequency. 

By substituting the value of n from (22) in (25), we have for v 

c 

— — — ^ — __ — _ — ™,, — — 

(26) 

47^7“ + e} 

= c /Ve^ -h 47='r=* - « 

7rX 2 m 

(27) 

_ CX 
nyT 

(28) 


The values of n and v may be simplified for certain special 
cases by expansion of the radical expressions with neglect of 
small terms. Examples follow. 
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62. Special Case of Small Conductivity. — If in riegligiblo 

ill coiiiiiariHoii with 2€^ 


n = \/g€ 

* - rr 

Jfwii 2iry 

tr r' 


(29) 

(30) 
01) 
(32) 


III tluH Hpi'clul ww of low ooiKluctivity, tho velocity v, the 

index of rnfriudion n, iind the at.tenuation factor e~ c arc all 
iiulofwndont of tho fr<t(}ucncy of OKcillation. 

63. Special Case of Large Conductivity. — If, on the other 
hand, thi* conductivity m so largo in comparison with the dielec- 
tric constant that « is negligible in comparison with AyT, 


c 

Vf^yT 

(33) 

y/ nyT 

(34) 

y/ ftyT 

(35) 


(36) 


In this special case tho velocity, index of refraction, and 
atbmuatiori factor all involve the square root of the period of 
oscillation. 

64. Relation of H to E. — Plach component of E can be ex- 
pressed in the form of (2.3), where only tho real part is to bo 
taken. The y and r-coini>onentH am 

Ey » (lyfr *r* 

E, « a.<r*r ~ 

in which 

» m lx •{■ my + nz. 

(The direction cosine n is not to bo confused with tho index of 
refraction a.) 

Now by Maxwell’s ISquation (B), Chapter III, taking tho 
x-component 

_ t Hi* ^ 


KU'K'THia ir.l VHS. 
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Inti'grutinK with ri’KjHTf I<» I, we «)l»t;iin 

(x + "J) 

V 

Uf ^ C xj }■■ n\imlu ■■ n.E^) 

■ ^ V ?#" -4 nK^\ ( 37 1 

/* 

Th<» factor inflinitcM fliat flic rciil parf nf 1:17} 

limy hi* obtained by taking the ri'ii! piiriN of !% iiiid and riianb 
iag their plinth* ariglt*H by tan ' M *J. Il we iiii.liente .Mindi a retnrdio 

lion of iihaw* by the ifiigineinirig \ we flie 

nml cH|Uatian 

II M ^ \AiH’ X* \ (wJig iih\) \tnir^ Cj I (Ml 

The eKprcMHioii in bracam to la* llie j^HaiiiiiMiiient of f}it» 

V4*cfor procbict 

U. / eV*‘'< 

whereU,«iHa unit vector in the ^»directiciii. 

Tln^re iiro ainiilar eoiiiponerita ffir mid if#; f*o lliiii tlie 
toiiil vetiior H may be written 


H* 'v/n' f x’U. * E\l«ir '«:) (35U 

Thia i!t|imtion ineiiiia that H la ihr pmHirr prrprriffiriilor |#i i 
ami I# E| that th^ mmimfmk n/ H u d- tmmnihr mtip$tfmk 

of E, and that H lags tMnd E in phase by the anyk whmi Uinynd 
u x/»' 

Written trigojioiwtrituilty, with lh« «kl of (2-1), if fhi* 
tude of tho riwiiltwit ttlttcfric inli'rixity w 


tin An ‘ »’Oj,' wff — ns/ej-i' ^ 


( 40 ) 


thon 
U « 


'Vx* + »* Ae ’’ eoHjwft •“ ns/e) -f ty imr 


r 4 n 
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65. Poymting^s Vector- Transmission and Absorption of 

Ener^. “ Wr? nhiil! nc^xt cloierrnino the aniount of energy flowing 
pc‘r unit ermn HCM'tion p<»r necond in the direction of s. The 
genernl form of Poyntirig^H vector in 


4t 


E xH 


wliicli given for the problem under conHidtiration 


8 

wh<*re 


■|y " jU ^ 


23rt«m 


COH cx cost a 


tan” 


u« 




<*)(! nn/c) + 4> 
a unit vector in the direction 8. 


Expanifing the «ei;oiid conine factor, and taking tlie time average, 
indiciited by i, we oldiain 

c n yl'-* 


4^ g 2 

€ n yl/ 
4ir g 2 


IT* 


(43) 


where 


yl « » amplitude of E at a. 


hkliiaiioii (42) or (43) givea the average rate of flow of energy 
fxir mimml jier luiit ari,m within tlie conductor. 

It k emy to obtain from this expression (42) the average rate 
III tM,eh erujrgy iif ulmarhed in the conductor. The absorbed cmergy 
per unit volume {M*r second indicated by P m the decrease of a 
per tiriil- distancei 


c n 2x<*j 


ds 

4ir g 2 
2 




b«“v) 

-2- 

A.^ 


(44) 


whore, again, 


amplitude of E at s. 


The aanie rmult may te obtained by taking the time average 
of electromotive force per unit length times current-density. 
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Equation (43) gives the average power transmitted per unit area 
and equation (44) gives the average power absorbed per unit volume, 
66 . The Reflection of a Harmonic Plane Polarized Wave 
from a Plane Imperf e ctly Conductive Surface at N ormal Incidence. 
In Chapter V the reflection from a perfect conductor has been 
considered. It is proposed to investigate now the reflection at 
normal incidence of a plane harmonic wave from a surface of a 

conductor of any conductivity 7 , 
dielectric constant e, and perme- 
ability At. 

Let 'the surface of the conductor 
be through the origin of coordinates 
and in the xy-plsine, Fig. 1 , and let 
the a;-axis be in the direction of the 
electric intensity. Let a plane elec- 
tric wave traveling in a vacuum in 
the z-direction fall upon the conduc- 

Fig. 1. —Illustrating a plane •^iy0 surface of wMch the conduc- 
wave incident normally on the j* i . • x j. j 

surface of a medium of any con- tivity, dlCleCtriC Constant aHu per- 

ductivity r dielectric constant e meabilitv are respectively y, e, and /x. 
and permeability t j- x- u • x /s xi. j* 

Indicating by subscript ( 1 ) the di- 
rect wave; by ( 2 ) the transmitted wave, and by (3) the reflected 
wave, we have 

In the Direct Wave (incident) 

Eix = A I cos o){t ~ z/c) (45) 

Hi = Ai cos o){t — z/c) (46) 

and Poynting’s vector 



Si = — COSTCO (^ — z/c)TJtj 


of which the time average is 


OTT 

In the Reflected Wave 
Ez^ = .4 3 cos {co(^ + z/c) + ^ 3 } 

= — Az COS H- z/c) + ^s} 

Stt 


(47) 

(48) 

(49) 

(50) 
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E; 


.1- 


In ihv TranHmitted Wave 


(•OH \ct)(t nz/c) + <^>2! 


{51) 


1/^, X“ 


x**>« 


noH |<o(< — nzjc) + ‘P -2 — tan—'Cn) 

(52) 


S'* 


n 

Hjt h 


A-2'^e 


'2xm 


u. 


(53) 


If now %vo <;onHiti«T n unit area of th(s roficcting Hurfacc of tho 
conchu-for, tin* law of th«! conwirvation of (snorgy, whioh applies 
to the inHlantaneouM valutw anti, tluintforc, to the time averages, 
gives 

Si, + Sj. = S-i, 

where the sulweripts («) imlieat«-H that the values at the surface 
fj s 0) are mtmni. Whence hy (47), (50), and (53) 

, „ n 


.1,- 




'65) 


'rhe eoeflieient of refltadion r is dt^fined as the numerical ratio 
of the avtirage tuiergy rtdlectetl p<*r second to tho average energy 
incitient ptir stseond ; therefore, 

Ss, 

jr* ^ sas 

81, di* 

and from (65), l»y division by A,^ 

(57) 


(56) 


1 


im 


w/l»* 

/i Ai® 


For the purpomt of determining r numerically, we need next 
the find that ttm tangential camponmUt of E and H are continmue 
at the surface ladwticn the mcidia. This gives 
, cc« + A* cos + <l>») » A, cos («f + «*) (58) 

aiifi 

/ , . % A V ^ - 

4 1 mm mi - Am mm (mt + H) “ Ar": 


-COB 




tao 


1 ^ eoi (cd + 

+ ^ sin (wt *+• 4^t) r (69) 
} 


m 
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Setting oit = •jr/2 and taking the sum of (58) and (59), the 
left-hand side sums up to zero, and we have 


( 7l\ Y 

1 H — ) sin <?!)2 — “ cos (^2 

ix/ u 


whence 


tan <j>o — 


jj, n 


(60) 


Now taking the sum of (58) and (59) and making Ci)t = 0, we 
have 


2iAi — As 


/X -j- 71 I X • , I 

cos (t >2 + - sin <^>2 [ : 

JU M 


and by (60) this reduces to 
2Ai = As 


ViiJi + nr + x" 


Therefore, 


^ =, 4m^ __ 

\Ail (m -h nr -t- x^ 


and by (67) 

1 ^ r = - (^\ '= 

n \Ai/ {fi + nr + x^ 

^ (m - nr + x^ 

(m -f nr + 

where, by (21) and (22), 

x' = I {VJTTy'^f^ - e} 


(61) 

(62) 


=1 {x/e^ + + «) (63) 

Equation (61) gives the coefficient of reflection r at normal inci- 
dence of a harmonic electric wave of period T from the plane surface 
of a homogeneous body of conductivity 7, dielectric constant e, and 
permeability ji in contact with a vacuum, 

67. Special Case for Conductivity Zero. — The equation (61) 
is true in general for normal incidence whatever the value of the 
conductivity. If 7 == 0, x = 0; and with /x = 1, this reduces to 


, . (1 - ^)^ 
(1 + n)2 


which is the equation to which (28) and (33), Chapter VI, derived 
for vitreous reflection, also reduce when the incidence is normal, 
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^.e., 01 = 0 and the first medium is a vacuum. (N. B. The 
quantity n of (63) ^educes in this case to the familiar index of 
refraction n = \/ ju€.) 

68. Special Case of a Good Conductor. — In this case if we 
assume € negligible in comparison with dyT, we have by (34) 
and (35) 

n = X = \/ ixyT, 


whence the coelEcient. of reflection r of (61) becomes 

___ M — 2fjL\/ / jljT + 2[jLyT 

M + 2ia\/ fiyT + 2y.yT 

= 27 T - 2\/^ + 1 
2yT + 2\/ fiyT + 1 

^ 2 \/ fjL 2fi 

^ 


(64) 


This law has been tested for the reflection of long heat waves 
from metals in some experiments by Hagen and Rubens^ 
and has been found to agree with the facts within the limits 
of the errors of measurement for the metals tested, except 
bismuth. 

69. Phase Changes at Reflection at Normal Incidence. — 

In equation (60) we have obtained the value 


<t >2 = tan ^ — 2L_ 
B jLt H- n 


(65) 


This angle <^>2 is the angle of advance of the phase of the trans- 
mitted electric intensity over the phase of the incident electric 
intensity. 

The corresponding angle for the transmitted magnetic intensity 
is 

(j)2 = tan~^ (-) • 

H \nJ 


To obtain the phase angle of the reflected wave, we may use 
equation (58), which for wt = 7r/2 becomes 

A 3 sin <^3 = A 2 sin <#> 2 . 

In view of (56) and (57) this may be written 

sin <^>3 = \ - i-^^sin <^ 2 , 

\ n r 

1 E. Hagen and H. Riibens, Ann, der Physih. (4), Vol. II., p. 873, 1903. 
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,-!■ 


which by (65) gives, after proper transformations, 

tan <l >3 = tan <#.3 = (66) 

E H x^ + n^ - 

This angle <!>$ is the angle of advance of phase of the electric or 
magnetic intensity of the reflected beam over the incident beam, 
by reflection at normal incidence. 




CHAPTER VIII 

ELECTMC WAVES DUE TO AN OSCILLATING DOUBLET 

70. Doublet Consisting of an Electron Oscillating in a Positive 
Atom. — Om* conc<;ption of an oscillating doublet based on the 
'rhomfM)n Atom* is illnKtmt<fd In Fig. 1. This system is supposed 
to consist of a largfi iK)sitively charged and practically immovable 
IK>sitive sphere of uniform charge <lensity, within which a small 
iMtgutively chargetl body (an electron) is 
oscillating alK>ut its position of equilibrium 
at th«J (Htnter of tlu! sphere. Ltd the dis- 
taiuus of the electron from the ccnt(;r of the 
atom l«! p. Ijflt the charge of the <d(!ctron 
Is? ” e, and the charge of the poHitiv<s sphere 
l«! +e. If every element of the sphfire at- 
traets the electron with a force inversely pro- 
portional to the sfjuare of the distance from Fra. i.— A doublet 
the element to the electron, the total force “ negative 

mi t ill! i!lc!C!trcin will rm proportional to the o«ciUating within a uni- 
distance p and proportional to c*, and will be 
in the line joining the electron with the center 
of tin* sphere; that is, 

Restoring force « A ” Ke^ 

The static; ei«;rgy of the system will then bo 

W. - Jmp « 2 “ 2 W ) ! * ( 1 ) 

where 

fit) MS 0 p m moment of the doublet (2) 

K “ restoring force per unit distance per unit charge. 

The kinetic energy of the system is 

Wk-‘\mjp* ms\mP ' (3) 

where 

(4) 

* Sib J. J. Tmomsom, **The C^rptmeular Theory of Matter/' London^ 

im. 
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In modern electron theory the mass m and therefore the quan- 
tity M in this expression for the kinetic energy is a constant 
only provided the velocity of the electron is small in comparison 
with the velocity of light. We shall need this assumption later 
for other reasons. The total energy of the system is 


u =\kp + \mp 


(5) 


71 . 

/N 




Alternative Conception of Doublet Leading to Equivalent 
Results. — An alternative type of oscillator lead- 
ing to the same form of energy equation is illus- 
trated in Fig. 2. Two bodies A and B of large 
mutual capacity are connected by a short wire 
of zero resistance, and electric currents are 
supposed to flow between A and B giving them 
at any time equal and opposite charges q. The 
capacities of the bodies A and B are supposed 
to be so large that the capacity of the connect- 
ing wire may be neglected. Then the same cur- 
rent i will flow throughout the length of the 
connecting wire, and i = q. If C is the mutual 
capacity of A and B, the static energy of the 
system will be 


o 


Fig. 2. — D u m b- 
bell doublet. 




1 ^ 
2 C’ 


The energy in the inductance L, which is the indlictance of the 
connecting wire, is 

wi = I Li^ 

= i 




( 6 ) 


Whence the total energy of the system is 

If p is the distance apart of A and B, and we write the moment 
of this system 

M = 

we have 


U = 


1 -if! i i,h 

2C^2 ^ 


which is of the same form as (5). 


(7) 
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I« (hiM altiTi^'d iv<* tvjK! of douhlot, the distance between A 
iinti B inns! Iw 'siiiii!! in coinparison with the wavelength of the 
frrn* (.Hrillaiion of the systfin, so that the distributed capacity 
in flu* luswi win* /< may In* neglect e<i. 

72. Oscillations with Constant Energy.— If, with the first 
ty}«* of dtiublof. We .'tsmime the energy U constant we shall have 

r 0 .. Kfj+ Mff, 

which divided by f anil integrated givc’s 

/ = A I cos (ud + <!>} (8) 

where .1 s and <t> are arliitrary constants and 


A siifiihtr treatment of the second type of doublet gives the 
same vaUie of /, but with 


Uu ■ • 


1 

y/W 


( 10 ) 


I’he iwcillitiion in either case would go on undiminished with 
constant nmplitude and frecjiiency, if the Hystein did not radiate 
or nuieive any etiergy. We shall next dhow how to calculate the 
energy radiated as electromagnetic waves from an oscillator 
of these types. Ihtt wo shall arrive at the result only by an 
ifidinad and wimewhat Uwlious process. 

73. Tr«abneiit of a Polarized Spherical Wave. — In this 
we shall follow the methwl of Hertz. ‘ Without at present enter- 
ing into a consideration of the source of the waves, let us consider 
an elect romagnetic field in which the component of magnetic 
intensity in tint r-slirwtion is zero; that is 


//i * 0. 


W« nWI ttswMme that the medium is hom^enoous everywhere 
except near the origin of cofiitlinates, where there will be located 
w» oscillator of, as yet, an undefined character. 

In any part of the medium, whether homogeneous or not, 
the f-coinponeot ^ Maxwell’s Equation (S)giv(» 


* llxim, 
0»., IWI. 


0 


( 11 ) 


!Ii _ 

@x dy 

"Bccrric Wavw,” translatid by D. E. Jones, Macmillan and 
ft»*also Hanck, ‘'Wtemortrahluag,” Barth, p. 100, 1006. 
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Equations (15) and (17) show that, without any assumption 
other than that p = Hz = =. Uy = 0, we have been able to 

express all of the components of electric and magnetic intensity 
in terms of the derivatives of E, which is a scalar function of x, ?/, 
z, and t; so far as we have seen up to the present F may be any 
such function. 

F is, however, not completely arbitrary, for the x-component of 
MaxwelFs Equation (J5), Chapter III, is 


c dt ~ dy^ dz 


dF dF dF 
dx^ dy dy^ dy dz^ By 


by (15) 



Replacing the left-hand side of this equation by its value from 
(17), we have 

^ ^ ^ /^\ 

c* dy \dy/ ’ 


which integrated with respect to y gives 


e/idW 

dt^ 


= V^F 


. (18) 


In performing this integration we have neglected the arbitrary 
functions independent of y, which the integration gives as addi- 
tive terms to ^(18). These may be added ad lib., and when 
added give an equation for F less restrictive than (18). If we 
restrict F to (18) we shall have it at least sufficiently restricted. 

We may say then that given any scalar function F satisfsdng 
equation (18), and performing on it the operations indicated in 
(15) and (17), we shall obtain for points outside of the region of 
intrinsic charge a set of possible values of electric and magnetic 
intensities that will make H, = Ux = Uy = 0. 

We shall now put a finiher restriction of F; namely, we shall 
assume F a function of only t and the distance r from the origin 
of coordinates; ^ ^ ^ ^ . 

F = F(r, t) (19) 

r *= -j- 


where 
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dr V V 

dF _ ^ ^ ^ ; 

dz J 

dx dz I r* rv j 

^ = /?£! - 1\ f 4- 
Qg2 \ r® rv ■' Ir^y 


A^F = 


132/? 


3<2 




(23) 


Substituting these values in (15) and (17), we obtain 


rM r2 ^ ry ^ t;2 J 

^«' = ^{^+- + 4l 

rv J 

p _ 2 f/ /) x2 + j/2 r 3/ 3/ y 

* 1 r t; J \ rv 

TJ _ _1IL1/ + /1 
crMr_ yj 

TJ _ i£.j/+n 

«V- cr^Xr^ v\ 


H, 


(24) 


(25) 


Equations (24) and (25) give the values of the electric and 
magnetic intensities at the point Xy y, z in terms of the coordinates 
of the point and in terms of f and its time derivatives. 

It is to be noted that 


xEs 

+ yEy 

+ zE, ^0 

(26) 

xHx 

+ yHy 

+ zH. =0 

(27) 

EJI^ 

+ EyHy 

+ EJI, = 0 

(28) 


Whence H is perpendicular to r in Fig. 3, and (since fl* == 0) to z. 
Hence H is tangent to the sphere and also tangent to the 
sectional circle normal to the 2 ;-axis. 


H is perpendicular to E, but 

E is not perpendicular to r, and hence is not tangent to 
the spherical surface. 
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Let us transform our equations to spherical coordinates, Fig. 3, 

and let 4> = the longitude of the point x, y, z, 

0 = its colatitude, 
r = its distance from the center 

p = the radius of the small circle in plane perpendicular 
to z. 


Then 

r = + 1 /^ + z* (29) 

p = '\/ (30) 

Let us now determine the components of H and E along <t>, 
0 and r in the direction of the increasing value of these coordinates. 
These components will be designated by the use of <!>, 0 and r 
as subscripts. 



Fig. 3. — Spherical coordinates. 


Ha 


Hy cos <t> — Hx sin 


= Hy--H. 


cr^ [r V \ 

^ € sine 1/ I / 

c r .\r V 


The 0 and r-components of H are zero. 


Er = Ej+Ey^+Ey- 

r r r 


r® r V 


2 COS0 


L + l 

r V 


(31) 


( 32 ) 


«’hu>. VUij TO AN OSCILLATING DOUBLET 429 

F.„ K„vwi) — EgninO 

(E, + /•;„ ■') COH () - E, Min O 

\ |l p/ 


»* + KvV) -- — A’. 

r*p ^ r*p ^ r« j 1 r* ^ 



•»/ 

r/; 



(33) 


'Hh* ^otnfKunont of E ih zero. 

tUiM^wm (31), (32), «w/ (33) give the values of the components 
of H nii4 E ftUmg the spheriml caiirdinates. It is seen that H is in 
thr liirectitm of the imruUHs of tnlilwle, and that E has a component 
in the dirnlioH of the rndins r, and anothtr component in the direc- 
tum of the tnmelimml line. 

f<«‘t iiM now invwtigatJ* tht* I'inctnc and magnofcic fioid in tho 
iif'ighfjfirhood of thn origin, in ordcsr to dotemiino tho oharaotor 
of thr* fwillator that could give rwe to tho field under con- 
sideration. 

74. Ptoof that Che Field Here CHven is the Field Due to a 
Doublet at r « O.™ in tln! oquatiotiM for tho components of H 
and E, lot ti« inviwtigiito the fiohl at distances r from tho origin, 
and Nnpt>oMi tltat r is so small that 


I/I << 1/1 

V ■ r 


(34) 


when* the symbol < < means “is n<?gligiblo in comparison with.” 

The rtimning of this assumption lx»corn<!8 clear when we con- 
sider / to Isi A pericslic function of the time with angular velocity 
w; then tho amplitude of / is w times tho amplitude of /. Thus 
(34) Iswomi* 


or 

m 


40 1 

2 << i 
r r 

2 ^ I 

»T r 

r < < X/2ir 
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Under thwo coaditiona, the fourth and fifth equations of (23) 
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Let us now impose the condition that 


<< 4r^ 

then, since cos 0 == z/r (compare Fig. 3), 




— 

€ 


(38) 


(39) 


Comparing (37) with (39) it is seen that if e == l,the potentials 
of the electromagnetic field at points near the origin of coordi- 
nates is the potential of a doublet S of moment (c/. (2)) 


pe^f (40) 

If, on the other hand, the dielectric constant of the medium is 
different from unity, the moment of the doublet must be 

pe = 4 (41) 

in order to have a field continuous with the dynamic electro- 
magnetic field at points near the oscillator. 

The conclusion is that the electromagnetic field given by the 
dynamic equations (24) and (25), or the alternative polar ex- 
pressions (31), (32) and (33), satisfies the boundary condition 
imposed by a doublet of moment ef at the origin; but this doublet 
must be so short that the square of its length 

< < 4ri2 

where, by (35), 

ri < < \/%r 

To cause an error of less than one per cent, in the computations, 

p ^ .002 \/%r ^ X/3000, approx. . 

This means in the case of a doublet of the type described in Art. 70 
that the velocity of the moving electron must be not greater than 
1/1500 of the velocity of light. In the alternative type of doub- 
let described in Art. 71 the length between the capacities A and Bj 
Fig. 25, must be not greater than 1/1500 of the radiated wave- 
length. 

We may now continue with the problem under these limita- 
tions. 

76. Electric and Magnetic Intensities at Great Distance from 
the Oscillator. — Let us now consider the electric and magnetic 
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i 

% 

1 

I 


intensities at a point distant r from the oscillator, where r is so 
great in comparison with the wavelength that 


and a fortiori 


[jf/r] << [f/v], 
[jf/r^] <<[/A^] 


This means for / a harmonic or nearly harmonic function of the 
time that 

r > > X/27r. 


Under these conditions, equations (31), (32) and (33) become 




esine f(t — rjv) 


cv 


^ _ sine f(t-r/v) 

JSjQ s= 

r 


jBr = 0 in comparison with Eq. 


(42) 


where f{t) equals the moment of the doublet divided by the 
dielectric constant. 

In vacuum^ and suflB.ciently approximate in afr. 




sin0 /(^—r/c) 


„ _sin e/(< - r/c) 

— — “o 


= 0 


(43) 


where f{t) = the moment of the doublet. 

The electric and magnetic intensities j when the dielectric surroundr 
ing the oscillator is aiVy are equal to each other, and inversely propor- 
tional to the distance from the oscillator when this distance is 
large. The two intensities are directly proportional to the sine 
of the angle between the direction of the oscillator and the direction 
of the radius to the point under consideration. The electric in- 
tensity is in the direction of the meridional lines from the pole to 
the equator. The magnetic intensity is in the direction of the par- 
allels of latitude. 

76. Power Radiated through a Large Sphere.— If we consider 
a large sphere with the oscillator as center, we can apply Poynt- 
ing’s Theorem and obtain the power radiated through any surface 
element of the sphere or through the whole sphere. 

The energy radiated per second (that iS; the power radiated) 
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through an element of surface dS of the sphere is by (16), Chapter 
III, 

u,^,S = X H (44) 

f* 

= -^EeH^dS numerically (45) 
Substituting for Eq and their values from (43), we obtain 

(46) 


esin^Gf--^ .. 

= 4^8 


with direction of r. 

The element of surface 

dS = sin OdOd<f), 

This value substituted in (46) gives for the total power radiated 
through the sphere at great distance from the origin the value 

Total power radiated = 


where 





(47) 

moment of doublet 

(48) 

€ 


and the /in (47) is‘f{t — r/v). 

Equation (47) gives the total power {energy per second) passing 
through any distant sphere with the oscillator as center j and with 
an infinite medium of dielectric constant e. 

When the dielectric is air, (47) and (48) become 

Total power radiated = ^ (49) 

where 

f==J(t-r/c), 
f{t) = moment of the doublet. 

77. Power Radiated by a Sinusoidal Oscillator in Air or 
Vacuum. — ^Let us next take the special case, in which the 
medium has unity dielectric constant and where the / of the 
dynamic electromagnetic field is assumed sinusoidal in the form 

/ = A sin cD{t — r/c). 

In this case through a distant sphere by (49) 

m X 1 X j 2A2a)^ sin2 CO (^ — r/c) 

Total power radiated = ^ , 


28 
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of which the time average is 

P = 


where 


AW 

3c® 

16 t*A^c 


X = wavelength = 


2tc 


(50) 


78 . Radiation Resistance of Sinusoidal Oscillator. — For the 

oscillator described in the preceding section the moment of the 
oscillator is 

f = A sin cot = Iq 

where I is the length of the oscillator regarded as of the alter- 
native type of Art. 71 . The current in siich an oscillator is 

Aco cos cot 


_ 27rcA cos cot 
\l 

The mean square current is 


(51) 


If we define the radiation resistance R of the oscillator as the mean 
power radiated divided by the mean square current^ we have 

C —272 

i? = 2 E. S. units (25) 


One electrostatic unit of resistance equals 9 X 10^^ ohms, so 
that the radiation resistance in ohms becomes 


R = 


807r2Z2 

X2 


ohms 


( 53 ) 


Equation (53) gives the radiation resistance of an oscillating doub- 
let whose length I {or, as we have previously called it, p) is negligible 
4n comparison with the wavelength X of the radiated wave. 

The application of this formula to a radiotelegraphic antenna, 
as has been made by Rtidenberg/ is without theoretical justifica- 
tion, except in a very special case. 

We shall, in the next chapter, discuss at length the radiation 
from a radiotelegraphic antenna. 

^ Riidenberg: ‘'Aniijden der Physik,” 25, p. 453. 




CHAPTER IX 


THEORETICAL INVESTIGATION OF THE RADIATION 
CHARACTERISTICS OF AN ANTENNA^ 

79. Introduction. — For the proper design of a radiotelegraphic 
transmitting station it is important to know the radiation charac- 
teristics of different types of antenna. 

For example, if a flat-top antenna is to be employed, the ques- 
tion arises as to what is the best relation of the length of the 
horizontal part to the length of the vertical part, when the 
excitation is to be produced by a given type of generator. It 
may be known in a general way that the greater the vertical 
length, the greater the radiation resistance; it may also be known 
that the greater the horizontal length of the flat-top the greater 
the capacity of the antenna will be, and the greater will be the 
amount of current that can be made to flow from certain types 
of generator. Now these two quantities, radiation resistance and 
applied current, are both factors in determining the output 
from the antenna. 

For a given generator, with known characteristics, the problem 
of getting the greatest output of high-frequency energy is a 
problem in the determination of the maximum value of the 
product of current square and radiation resistance of the antenna. 

But this is not the whole problem, for there comes also into con- 
sideration the question as to how much of the radiated energy is 
radiated by the horizontal flat-top in what may be a useless 
direction. 

Again, of the energy radiated from the vertical part of the 
antenna, how much of ifc contributes to the electric and magnetic 
forces on the horizon, where the receiving station is situated? 

For the solution of these various problems it is important to 
know the radiation characteristics of the antenna in the form of 
certain functional relations. These relations should be known 

^ This chapter was origuially published by the author in the Proceedings 
of the Americaii Academy of Arts and Sciences, VoL 52, pp. 192-262, 1916. 
Certain errors in the original publication are here corrected. 

435 



i‘vwi when in(hic*tiin«‘e in n1. lht» nf tip* iiiil«*ririii fur fin*- 

viciing I’CHipling nr fcjriiiprpiwiig Ihf* wiivi*!i*iigt!i ta iitl;'4|>f ti In tlii* 
gprienitnr. TIiphi* i<1p»iiI4 Ih* kiPiwii 

the* nr<linar3Mitii'iy4uri*nii*jil.H of f ! i«*.h** tin nut iii'riiiii im 

tfO tii«tingiimh riifiiatioiii thiif In from iho t|Hf!*"io-4 riMiiaf ion 

ii« heat luai from Iho riahation in tiirr^riuniiK 

It i« tim |Hir|Mmo of thin t’lia|a«*r to n frr*Miiiii*ii! of fliiH. 

pro!)lem. Huitli a freidmenf in, i^o far I kmov. iifi to tin* 
entirely lankiiig, tail Ita* iiielhtMi lioro iaii|#l«rVo4 m tloif i!in“o|ii|K^i| 
by AImihait4 in a very rtaniirkabh* piifior oiititlf4 f nnkrnlrlr* 
ffmphit umi Kk-ktrmhjfmmik , In I lint |iii|»'*r* A olitiiiiieil 

tlicairetiniiliy the* ehararferiHiiri* of n oHrillator %4briitiiiic 

with itn iiiiitiriil fnipiiimeiitiil iiml hnnmmm llio 

prciHent work m im e%t4aipimi of Abriiliaiii% iiifdipi4 tn t}ii« iiiiirfi 
more diirienlt proldein of iin imirmm with iifliib*li.ifiiiii«l with ,ail4«*«l 
hwliiotema^ at the Iwimn 

80. Inadequacy cf the Cmmptim of an Jkmtmm m a 
DouM#t.~Apiii1. from ilia brilliniit- iiivepiigiititiii by Aliriiliiiiii, nl! 
other iiftemiitu at the treiitmeiil of t.fie rii4niii«iii frmn an aiiteiiiis 
tiiiaime tliiit the iinf4*tiriii h a Ifert/ijiii lloiildrt.^ i** only n 

very erii4e apprmciiiiatioii to thi* fini#, for llir rlrri.fitilio#i, «/ 
di*-HTmnngmiic JirUl ulmut n tUmhki mmmr^ iht! Ihr knuf-h .«/ flir 
dimbki tM ntgligthk im mwimrimm wnlh n fptmniiln ikai nrf* 

lifiWii in emnfmrmm. imih thr mmknulb. 

lienee, the doublet Ihimry will apply in al! «if itJi In «ii 

firifeiiiiiti only jiroviflwj fhr* lengtl'i tif the iiiitriirn* k not ireiiirr 
thaii ciiiii tiirca* tlifitiainiflth of the w'liiadrngitiriniio^l « f4|* 
Of eoiiriiii, it ttmy \m ihal iil are#it f fi**oM llie 

thiatry llnit it in a dniiblet inay not iiiir*i«r|ii**e nny^ fiirg*’* ♦■trorit iidti 
certain problems m^h m t!i«* propiigfitififi tip*- ^nrfur** of ilpf 
fmrtli; biii the pp’^ati irmimmi iihow?i tlntt tlip rhiabh^t throiy 


M tliii elwtrie and iintgnetie lieltl iiiliaiftit im and fln^ rtidiiitpii# 
rcwiaiwtei^ of an aiitiainii. It mwnm probnbl*’- tlint probfeiti^ 
almi ^limsld \m niviaial in moh m way it^ to replnro ibr of 

the iifitf^riiiii m a iliitililei by llie ve^w of it m aii o^nllnOii I hut lei* 
a liaigiti eiiiiipiirablfi wilti one i|iiiirter of mairl«*iigfh 


KLK(THli^ IVAVkS 


Chap. IX] CHARACTJ^RISTICS OF AN ANTENNA 4^7 


point of the antenna. This is the device used by Abraham. 
These elementary doublets are free from the objection regarding 
their lengths, as they are of infinitesimal lengths, while the 
wavelength is that due to the whole antenna and therefore is 
enormously large in comparison with the lengths of the elemental 
doublets. The electric and magnetic forces due to each of the 
doublets is determined at a distant point and is summed up for 
all of the doublets of the antenna, strict regard to the difference 
of phase due to the different locations of the different doublets. 
Such a process performed for all points of a distant sphere 
surrounding the antenna gives the total electric and magnetic 
forces at all points on the sphere. Then by integrating Poynting’s 
Vector over the entire sphere, we obtain the total power radiated, 
and from this we compute the radiation resistance and other 
characteristics of the antenna. 

The effect due to the vertical portion of the antenna and to the 
horizontal flat-top portion are computed separately, so as to give 
information as to how much energy is radiated with its electric 
force perpendicular to the horizon and how much parallel to the 
horizon. 

In deciding as to the proper distribution of the elemental 
doublets along the antenna, the form of the current curve from 
point to point of the antenna is assumed independently. This 
process is not entirely above reproach, because MaxwelFs equa- 
tions, if they could be properly applied to the problem, would 
themselves give the distribution that is consistent with the 
applied electromotive force at the base of the antenna and 
with the shape and form of the antenna. This step of accurately 
deriving the distribution is, however, at the present time not 
possible of mathematical execution. 

The distribution here assumed for the current in the antenna, 
as a function of the time and of the position along the antenna, 
and is given in the next section. 

82. Assumed Current Distribution. — The form of antenna to 
which the whole discussion is devoted is illustrated in Fig. 1, 
and consists of a vertical portion of length a and a horizontal 
flat-top portion of length b. These quantities a and b may have 
any relative values whatever. 

At the base of the antenna is an arbitrary inductance L for 
varying the wavelength. 
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III the eiw with midwl inductance, X Xo, and wo must keep 
the jteneral form «f J given in eciuation (3). This equation for 
jKwitivi* viihies of I giv«>s the upper iialf of the diagram (b). 
When t in HUpjKiHed ii(‘gative tiie curves obtained continue along 
the dofteii lint* of (h) and <lo not give a figure symmetrical with 
the upper half. To jrrmlurr. proper Hj/mmeiry the absolute value 
of I must Ih' employed in ejiuntion (1) when it is applied to the 
diKtrihutitm of the image to take account of reflection. 




2. illniriHiiilnii «»f «inr«nt In the antenna. 

Is is also to b<t carefully notetl that when I » 0, equation (1) 
Ijocosm* 

, . trXo . 2re. ff.\ 

ia » / ^ am j^t (.o; 

mi tlw a»nplitwd« at th« Itaais of the antenna is 

( 9 ) 

Now, finally, when the antenna has a flat-top it is assumed that 
tto top 1^ of th® antenna k bent over without any signifi(M,nt 
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change in the magnitude of the current at the various points, as 
illustrated in (c). 

When the equation (1) is to be applied to the vertical portion of 
the antenna, we shall call 

I = (7) 

where 

z' = vertical distance from the ground of the point P' on the 
antenna. 

When the equation is to be applied to the horizontal part of the 
antenna, we shall call 

I = d -V (B) 

where 

x' = distance along the horizontal part of the antenna to any 
point P" on the flat-top. 

The discussion will now be divided into several Parts: Part I. 
Electromagnetic Field Due to Vertical Portion of the Antenna; 
Part II. Field Due to Horizontal Portion of the Antenna; Part 
III. The Mutual Term in Power Determination. Part IV. 
Computations of Radiation Resistance. Part V. Field Inten- 
sities and Summary. 

PART I 

FIELD DUE TO VERTICAL PORTION OF ANTENNA 

83. Coordinates. — ^Let the origin of coordinates be at the point 
of connection of the antenna to the ground. Let the 2 ?-axis be 
vertical. About this vertical axis as polar diameter, let us 
construct a system of spherical coordinates in which the position 
of any point P is given by its distance vq from the origin, and the 
angles d and 0. 

6 = the angle along meridional lines from the pole, 
Kp = the angle along parallels of latitude from a vertical plane 
of reference whose position is at present immaterial. 

This system of coordinates with the positive directions of the 
angles indicated is given in Fig. 3. 

If z* is the vertical ordinate of any point P' on the vertical 
portion of the antenna, and r the distance from P' to P, and if the 
distance QP is large in comparison with we may write (see 
Fig. 4) 

( 9 ) 


T = Yq — z' cos d 
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84. Field Due to a Doublet at P'. — At a diHtant point P the 
1 ‘lfc'trit’ ajiii iiiHKiiotic inf fniHilitw <lu<f to a (loul)lcit of kuigth fiz'and 
i-ltjugoi* «• !U«I —>• at /" in, by Ilortz’s theory, given in Art. 76, 

Hin d ■ 


<IE, dll^ 


r-r,, 


/(< - r/c) 


( 10 ) 



wlwri* 

/?/) i the moment of the doublet 

r fh\ wliere r i« in cleeiroHtatic unitH, (.11) 

•if\ l}»! ••lectrie inteiwity in oUHitrostatic unitH, which is en- 
iindy in th« tlin'ction <tf 0 ; 
that ia, of the meridional 
linen; 

4ti0 the magnet ifi intenaity in 
e ! e e t r «» m a g n e t i c unitH, 
whieh in entirely in (Ih? fli- 
fwiinn of the parallola of 
latitude; 

r « ili‘«fanee/*'/’in wmtimeterH, 
f UK vtdoeity of light in eenti- Pi 
ineferH |H*r «*eonfl. 

'I'he two thdM over the / in flO) 
indieafe the weoml time <lerivativ«. 4 

In writing et|iifttion (1ft), the slight 
ilifferi-nee in the direction of the perpendicular to r from the 
dirn-fion of tho laTpondicular to r« is neglected in view of tho 




of To in itoiiipariwin with tin* h^iigth iiiKH«un*d on the 

(inUinna. 

AIho thcj r wiiich Hhoulti ortnir iti thi* di'ntmiinntor of n0| lii»* 
Ihh'H n'placwi hy r,,. which nn« !«• done without fj|»pr» i i.«dilf error 
for hirRC vuIuoh of r. 'rht? wimc Hulwtitution eunnot lie tiiade in 
the iirnuinent of / in ( 10), ft>r there r deteri»une« the i»hiwe the 
oscillntiini, anti thif* piiaw ehangeH timuiglt an atml'* of v for a 
half waveleiiftth, inde|M*ndenl of the di'^lanee from the 
origin. 

86. Expression of the Field in Terms of Current, 
We ahai! next exprt'sn the nmmeii! of llie doidih-t sind 
Us’ the inleiiaitiea of the field in teriiia of the eurrent i at 
j'. To do thia we ahall think of the eurrent 
a« tlelivering a charge 4- r to one end of the element of 
' length tiz' iirnl n tdiarge ~ r. to the other <'nd of tii* in a 
certain tiinn. A tnnghlKiring doublet haa a tiifferent 
current ami delivers tlifferi-nt charges f »•, and r, 
partly eountt*racting the chargee of the given (Inuldet, 
and ieavitig just the charge r r, that aciiially oceiira 
on the wire. This is repreai'itteil in Fig .1 
With this view of the caw. when i is H» es.u.. 


fUi ^ ■* 


Whence, !>y suhstituting the value of » from 
equation (12) we shall have, in view of <7) and 

2* i mn 0 'i* , , 

«*» » d«» *> ™* ”v ■ etm (rt tu 4- * 

A«0* f 


By Integrating this expresaion from*' *• 0t« 
the electric and magnetic intenaitiea at the jaii 
t ranaraiaslon from the vertical porltuntrf timatiti 
this integration, we iiave 


2r / ain 0 


2ir , . 
cos (d 


CitAi*. 1X1 CHARACTKRli^TICfi OF AN ANTENNA 443 


By from the earth, which we shall regard as a perfect 

n*!!i*«‘t»r, wi; have intenaities that must be added to the above, 
'riu-so inteuHities may Ih; obtaiaeci by considering the radiation 
lij cimie from an ituage iMtint at a distance z' below the surface. 

effoct of this is obtained by changing the sign of the z' 
in the cosine term of cajiiation (14), but as was pointed out in 
Art. 82 tin* sign of z' in the sine term must remain. We obtain 
thus for the intensities due to the reflected wave omitted by the 
vertical |w>rtion of the antenna the value 


‘Ik ! sin fl 
Xcro . 


I r 2 

cos . 


rc) z' COB 6)- 


(If.) 


Aciclitig Itm i?C|itiiliori (!f») for the reflected intermitieB to the 
liirHd iiilerwiliiw of C M)f reiiieiti boring that if A and B are any two 

iinglftii 

mm I A B) + COB (A + B) ® 2 cob A cob B (16) 
wt* otiliiifi for ltif» total intennitieB at P the aquation 


4w I Bit! ^ 
Xer# 


which rf«iiviw into 

4«“ I iin i 

to. 

f . kk r* 


(ct - ro) J* cos cos ffj • 
Bin — z'^ dz' 


etm Y (ei - f o) 


2rj' COB 6 2irz' , , 

COB “ "Y — c** ~X~ *** 

irX(, r* 2jr2' cos 6 . iirz' , ,1 

r*J 


Tbw itiay be integrated by the formulas 360 and 361 

Ilf II. €h ritree's Hh^d TOM of fnkgrah and gives 

## 2/ 2r , . 1 

A# » II# * ■ ' ^ (d "** r«) 

• ^ CTtiin I X ^ 

icfwi BcmiAtme) - sin Beme sin (A cos e) - cost?} (19) 

where 

^ (20) 
0 - - A + jB 
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The quantity 6, which is the length of the flat top, gets into (20) 
and (19) by reason of the fact that a + b = the whole length of 
the antenna, so that 

Xo == 4 (a + &) (21) 

Equation (19), with the notation of equations (20) and (21) is the 
general equation for the electric and magnetic Intensities at any distant 

point P, due to the whole vertical part 
of the antenna. In this formula, re- 
ferring to Fig. 6, 

P ro = the distance OP in cm., 
d = the zenith angle ZOP, 
h = length of the horizontal flat top 
in cm., 

a — length of vertical part of an- 
tenna, in cm., 

Xo = 4 (a + 6) = natural wavelength 
in cm., 

X = wavelength in cm. actually 
emitted, and differing from Xo 
by virtue of the added induc- 

Fiq. 6. 

tance, 

Jo = amplitude of current in absolute electrostatic units at the 
base of the antenna and related to I by the equation, 

j. y. . TTXq 

lo = I sin— • 



We shall reserve comment on this equation until after in- 
vestigation of other characteristics of the radiation. See Part 

IV. 

86, Total Power Radiated from the Vertical Part of the 
Antenna. — Having obtained in equation (19) the electric and 
magnetic intensities at any required point at a distance from 
the antenna, we shall next compute the total power radiated 
from the vertical part of the antenna, and shall then obtain its 
radiation resistance. 

Since Eq and are perpendicular to one another and per- 
pendicular to ro, we have, according to Poynting^s theorem for 
the power radiated in the direction of ro through an element of 
surface dS perpendicular to ro the quantity 


dp = ^ EeH^dS 


( 22 ) 
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Let the element of surface be an elemental zone on the surface 
of the sphere; then 

dS = 2^7*0^ sin 6d6 (23) 

This quantity, together with the values of Eq and from (19), 
substituted in (22) and properly integrated, gives for the total 
power radiated through the whole hemisphere above the earth^s 
surface, the value in ergs per second following: 


2/2 

p = COS^ 


+ sin2 


X 


(ct — To) I [^COS2 B J 
'’"^^cos20 sin2(A go's 6) dS 


2 sin B cos B 


— 2 cos jB cos G 


+ 2 sin 5 cos G 


X 

X 

X 


sin 6 


cos2(A cos $) d6 
sin 6 

de 

sin d 


+;cos2(? 


Jo sir 


cos 6 sin (A cos 6) cos (A cos 6) dS 
sin 6 

cos (A cos B) dB 
sin 6 


cos 6 sin (A cos $) dS 
sin 6 


(24) 


This equation when integrated gives the power radiated from 
the vertical part of the antenna. The integration is a tedious 
operation, and is given in the next section, which may be omitted 
by readers not interested in the mathematical processes involved. 
The result of the integration is found in Art. 88. 

87. The Integration of Equation (24). — By the use of such 
trigonometric equations as 

^ 1 + cos 2x 

eos^x = > 


sin2 X = 


1 — cos 2x 


the squares of sines and cosines in the integrands of (24) may be 
avoided, and equation (24^ written 


2/2 . 
p = — cos^ 


27r 




dd 

sin 6 


cos 2B f’^'^^ cos (2A cos d) dd _ sin^ ^ 


2 

sin* B 


sin d 


sin 6 cos (2A cos 6) dd 


sin 9 dd 
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— 2 cos B cos G 


+ 2 sin B cos G 


X 

X 


sin d 

(A cos 9) do 


sin 6 

cos ^ sin (A cos 9) ddl 
sin 6 J 


(25) 


The third and fourth terms may be integrated directly. In 
the other terms let us introduce a change of variable as follows: 
Let 

u = cos 6 
— du 


de = 


sin d 


then 


r - du ir/ 1 

Jo sin B Ji 1 — 2J0 \1 + 


1 + M 1 


du 


_ 1 r du 1 r du 1 

2 J 0 1 + w^2j_i 1+u 2 J -1 1 


du 


+ u 


(26) 


With this operation as a model, two of the other integrals of 
(25) may be written, respectively 


^ 7 r /2 

Jo 


COS (2A cos d) do _ 1 

sin d 2 J- 1 

cos (A cos 0) dd 
sin 6 


=-r 

2j-i 


^ oos (2Au) du 
1 + u 
+ 1 


cos (Au) du 
1 + u 


(27) 

(28) 


X 


Another of the integrals, exanodned in more detail, gives 

cos 0 sin (2A cos 6) dO t 

sin 6 

1 


£ 


u sin (2Au)du 
1 - 


■ iX (r^ " 

.-If 

2 J 0 


sin {2Au) du 
1 + w 


1 r ^sin (2 Am) dw 

2 Jo 1 + w 


_ 1 r"*"^ sin (2Au) du 

2 j - 1 1 + tt 


( 29 ) 
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Hiniilarly, f lu* rajuitiniiig integral becomes 


r* 0 sit. (A cos 0) de _ 1 r+ ‘ sin (Au) 

J" 0 ~ 2j -., 1 + n 


du 


(30) 


now to oquiition (25), we shall integrate the third 
amt fourth terms, setting them first, and shall substitute (26) to 

1,3111 for Itif^ otiiiir ol)taining 


2 /^ I 2w . 

■ etm®! ^ (d r«) 


— Hin 

L ^ 


^ Bin'-^ B Bin 2A 
2 ^^^ -t- - 




du^ 

1 + u 




emW [*' i:o»^2Au)du KinJH f*'am(2Au)du 


J 


1. + u 






+ Bin 


. f win 


1 1 + u 

(Au) du 
+ u 


’ « I i M 
Lrt IIB flow WTlifl 

T ® 2 /t(l + u)f 
2AU m y ^ 2/1, 

dy 
"2A^ 

du dy , 

' • X 1 

1 + « 7 

then the wronri and third integrals of (31) become 

i (2 A u) du 


(31) 

(32) 


du 


(’OS 


i 2 /f r 
I J- 

rm 21! 

4 /sm 


’ COS (24 «) du sin 2 Ji 
. i 1 + M 4 


f ‘ sin (24 m)j 

J- I 1 + u 

dy 


(cos 7 COS 24 + sin 7 sin 24 

iA ’’ 

+ **** r { sin 7 cos 24 — cos 7 sin 24 } 

4 J» 7 

cos (24 +2/0 f*'* e my dy ^ sin (2 4 + 2B) sin 7 dy 

i/# 


I J*'*'* sin 


cos 2^/ r*'* cos 7 , sin /**'* si 

-(-J. ' 


sin 7 


dy. 


4 J„ 7 * 4 Jo 7 

In iike manner, tha last line of (31) becomes 


oj^ _ eos 0 sin oj^ dy (33) 


ELfj'TUlr 


!X 
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Li*l m now diTOin|>om* t\u* mI i lir intr'itrMl at *MI j 

m follown: 

.1 ^ 2 1 '■ 

I 1 j i n '; 2 f 


1 I 

I’Mfi 2^ 

i 


i ff |l 4 " if f 


Thou tho wtiolo of|tiBflo« ^31) tuny %rrif,frri 


ruH‘ 'j . iri 
r 1 h 

, , r„l j 1 - 

4 , 

2 

c.m r' (1 

■ iH^yUly 

, mn 2^/ 

1 J» 

7 

1 V r* 

oiw jply 

7 

)*ir) 2P 

** * 


-11 


, I ■ 
f ’- H'l 7 , 

*!y 


rj4 


Pin 7 




111 I 


Ttio viirtoiiH iiiiiy mm tihijiint**! Iiy r‘i|-|ifiii4iiiil lo 

«orioM iiofl iotoicriif 1141^ toriii f*y fibrin. Thi** 


f : 


2 /^ 7 ^^ . . 
p fri 

t i h 


nJ 


/ >tiii 2,1 j I 

2 \ m ,'t / 


r «« 2 r ,‘ f M ,| j « (-14 


■> I 2 ’2 ' I’-l 


n'n 


1 -4 r>w f (24 P (24 s’ , (24. 


f 


2 1 
ftin 'ift f 

■I 1 


2*2 

14 


m 

C'l4i* 

a*:i 


(14 f * 


f«iii f . 

2 1 


C24s‘ f24 4 

3*4 ’ 4*4 


( 44 | 


f<<‘t w m*w /# (mm tin* fjf*t H’rn»* «4 ll»i» <■«}>)»< Isy 


i«n’W/»si«24 . 

"■ 2 ’^""A 24 


1 «-«x 2///RIU 24 


I 


24 


I ■ 24 i < iHH 24 

4 ““ 4 i I 24 
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, 1 
4 ■ 

+ 


cos 2G cos 2 A sin 2G sin 2 A 


' 4 ' 4 

sin 2A cos 2G sin 4A 


8A 

sin 2G 1 


16A 
cos 4A 


4A 


(36) 


If now we expand in series the quantities involving A in (36) 
and substitute in (35), we obtain, if 


k=2A 
q = 2G 


+ 

+ 




cos q 
4 

COS q( ^ 

4 1 ' 

sin g f ^ 

~T'\' 2! 

COS q f (2k) ^ 
4 


, k* 

^ ^ + + 

, k^ , k^ k\ 1 

* 3 !’*' 5 ! 71 '^ 1 


(2fc)^ , (2k)* 

I ' cr f » 


+ 

+ 


COS q 
2 

sin q 


k‘‘ 

212 


3! 

(2fc)* 

4! 

(2/c)* 

4!4 

■ 4!4 


+ 


+ 


5! 

(2k)* 

fi! 


(2k) 


^ _ 

!6 


6!6 

^ 6!6 1 


sin q 
"2 


2k _M!+ (2^- ..I 

3!3 ^ 5!5 1 

^ a. 

^ 3!3 


5!5 

I -- 1 ] 


1 ! 

5!5 


(37) 


2P J27r,, ,irlf k^ k* k* 
p.^__cos2(-(c<-ro))[4(-^ + ^j - ^ + ... 

4. ll?!! _ I ?1! _ 1 

■*'4t2!2 4!4'*‘6!6 "'1 


(38) 


If now we add together the terms multiplied by sin q and those 
multiplied by cos q, and those not involving q, we have (on fac- 
toring out the 34) 


29 



Kquuiimi iW) fiVrs thr I 0 UI fmmr rmimini hq llir rrrfiml I'mrhmt 
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iiiiiy, itiiii till* jniwnr p m in i^^rniiii 
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(42) 


a = 

P = 
I = 
where 


length of vertical part of antenna in same unit as X 

[e.g.j meters), 

radiated power in watts instantaneous value, 


lo 

sin q/2 


(43) 


Jo = amplitude of current at the base of antenna in amperes. 

89. Radiation Resistance of Vertical Part of the Antenna. 

In equation (40) is given the power radiated from the vertical 
part of the antenna, on the assumption that radiation from the 
horizontal part of the antenna does not interfere with it. It will 
be shown later in §14 et seq. how this interference is computed and 
allowed for. Accepting for the present the assumption of non- 
interference, we may obtain the radiation resistance of the ver- 
tical part of the antenna. 

The radiation resistance is defined as the time average of radiated 
power divided by the time average of the square of the current at the 
base of the antenna. 

In taking the time average of the power (40), it is to be noted 
that the time average of cos^ | ^ (ct — ro) | is The time 

average of current square at the base of the antenna, by (1) is 
i P sin^ ^ = i J2 sin^ . Whence the radiation resistance 
becomes in ohms 

Rq = i— I — jK 2 cos q^ — Rz sin q | (44) 

sin* g) 


in which jRi, R 2 , Rz and q have the values in (41) and (42). 

We shall later give tables of Ri, R 2 , and Rz, that will reduce the 
calculations of R to very simple operations, and shall compare the 
results with calculations on the doublet hypothesis and with 
observations. 

We shaU, however, first investigate theoretically the radiation 
from the horizontal part of the antenna. This is a problem of 
considerable mathematical difficulty but is capable of solution. 



pAur II 


FIELD DDE TO liOEIZOHTAL Ptmtum OF AntEMnA 
W. iDtradiictoiy Notions.- 'Fo 

fifdfi smi riiiitiilinfi vlmnwtvrihtivh nf flp- ipiii/*iii!:i| if.-if .imii |mi . 

fiiiri of thr* no! oiiliJi, h*t thi^ fi^rl iilil^ul'ir f'oordlluttt':-' »il Jifi V *|| 

|Kiinf. I* f Fin. 7} 

Atid lot ill** oDiinliii.^itoH of any i^aiif /*' mi liip f|ii!v.-fii|-i 1,1- 11 

ri; till* otHirfliiiiitoi^ of iljo itmmr i^*iui I**' !«* I'L o. 

Hii'O ihi" dit^iiifit’o from flu’' 011.^10 of rfii»oiiiiatr--'; to itn^ 4 i^-fiiiii 
{Kiiiit is 

(Jp i« fji gi 


Timfimtm'mm nt tb^flintjuit fioitst fimn tlw^ mi il»o fliii4ii|i 
iifitl iis iiiiiini? rof»|iiMrtiwiy iiri* 


ftii a-pprriiiiiiniifiii, l-Pi iiDilt-s|ily Ity of I # 'i^ii 

cal* and ilivuln by tin* Apf>r>ixiitint<' vaIihj aC ibi^® oum bufi* 

valtti» of r*; namely, by 2r», obl«ii«i»i 5 


Chap. IX] CHARACTERISTICS OF AN ANTENNA 

, x'^ — 2xx' — 2za + 

r' = ro H s ! 

2ro 

„ I x'^ — 2xx' -f 2za + a® 

y' ' M ^ ' ' 


453 

(45) 

(46) 


91. Determination of Electric and Magnetic Intensities due 
to Flat-top. — The values of r' and r" in (45) and (46) may be re- 
placed by To in intensity factors, but not in phase terms, and give 
for the sum of the effects of a doublet at P' and another at P” 
(the image doublet) the electric and magnetic intensities 

dE^ = dH^ = {hit - FIc) + Ut - r"/c) ) (47) 



where fi{t) and are the moments of the two doublets re- 
spectively. The angles <p and S correspond to the angles Q and 
(j) of Fig. 3, except that the figure is turned on its side, so as to 
put the polar diameter along the a>-axis instead of the 2 :-axis. 
This arrangement is shown in Fig. 8. The plane of the zero 
value of S is now to be fixed as the plane of the x and 2 :-axes. 

Now using the current distribution of equation (1), we must 
replace Ihy a + x', which gives, when treated as (12) was treated, 

%* 27rcJ f 27r / . , 

fi = i x“ ~ 

sin — a — jda;' 


— 2xx — 2za + 
2ro 




( 48 ) 
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» i aiitl I* » h 
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u lH-r.- h in t h.- hniKt h of the flat-top. ThiH integration is expressed 

111 tlii^ fiillciwitii^ 




H, 


■iwl sin ^ . Az 
r«cX ■ ro 




, 2tx' , , . 

T _|_ cog ^ I gjo 


[b 


sii 

'^~)dx' (53) 


To j«srff>rin the integration lot us introduce a change of variable 
by putting 

2wz' ^ 


U • 


then dx 


2w 

b, s = 0, 


da 


nn«i the liiuifs of integration laicorao 

ffir X 0, a ' 2 s for x^ 

Kijuiiiioii (.W) then lastorntw 

r. . „ //j »» g,i, ^ ^ fi eoH ^ « (iOH ^)8in fi da 

P ^ * Jt . ntxs 


li 


2/ will i , Az 
mu 

ffiT r$i 


l^mri (r + vun X cos (« cos xj/) sin h da 


■ eo«(r + B cm i/-) I sin (« cos i) sin a da 
!» 


Bi 


(54) 

The exprtfMions of this equation may be integrated by the use 
of forniHlas 3tM) and 350 of li. O. Pierce’s Tables and give 

21 , Az‘^ * r 

' r»c MU r# ^) |_ ~ » cos (« cos ^) 

— cos ^ sin a sin (s cos ^) 

■“ cos (f + B c<» f) l^cos xp sin s cos (s cos x]/) 
— cos a sin (« cos lA)! 

J J3 

" , - jr wn “-[mu (r + B C08\f') I - 1 -f cos B cos 

f # ilfi f f t L I 

(b (cos xI/)^ 

+ cos \[/ sin B sin (B cos xp) | 

4* cos (r 4* B COB jeos xp sin B cos (B cos xj/) 

— cos B sin (B cos ^) |] 

• — -7 sin “ fsin r |cob B — cos (B cos ^) 1 
rdcwn# r# L I 

4* cos T |co« f sin B — sin (B cos f) | j (65) 
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Equation (55) gives the electric and magnetic intensities due to the 
flat-top at any distant point whose coordinates are 

ro = distance of the point from the origin, 
z — vertical height of the point above the earth’s surface, 

\p = angle between ro and the a;-axis; this x-axis being parallel 
to the flat-top. 

The quantities, A, 5, and r are defined by equations (20) and 
(51). We shall next discuss the total power radiated from the 
antenna. 

92. Concerning Power Radiated from the Total Antenna. — 

It is to be noticed that the electric and magnetic intensities due 

to the fiat-top of the antenna and 
those intensities due to the vertical 
portions of the antenna are directed 
along the meridional and latitudinal 
lines of two systems of polar coordi- 
nates with their poles one quadrant 
apart. This does not make the re- 
spective intensities perpendicular to 
each other, and it becomes necessary 
to resolve one set of these intensities 
along and perpendicular to the other 
set of intensities. At a given point on the sphere about the 
origin of coordinates, the quantities <#>, B, 1 , and ^ are oriented 
in a manner represented in Fig. 9. 

If we let 

a = angle between \p and B 

then also 

a = angle between <j> and S. 

It is also apparent that 

Angle between 2 and 6 = a — ^ 

z 

Stt 

Angle between ^ and ^ — a 

z 

Let us now resolve E^ and H:^ into components along B and 
perpendicular thereto (that is, along 0) obtaining for the B- 
components 

E^y 0 — E^ cos a 

Hxjd = cos ■“ l) == Hu 
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ainl for liif »,'M'otnjMiiii-ufi< 

I'-i ( 2 — ®) - ~ 

U 2,^, : //v cos a. 

AilfliiiK IhcHf <|ii!uiU(icM (o (.h(‘ comwpojidinK componontH of 
111.- due to the verficul [kiH, of t.ho utitonria, we obtain 

for thf fejtal itifeiiMifi(!,H, wliieii are (hwignatod by primes, the 
valnt'H 

/jr"# ' Fg -f- I']^ cos a, 

Si — A’^sin a, 

U'a = fix Hin a 
//'p - //^ d- // 2 <;o.H a. 

AH of tbm* intfiwitics are {M'rjH-ndieular to rn. To K<d' the 
jMHver nwliatwl t!iroii«li an eieiiieut of surfatn? dS pcu-peiidieular 
to r„, tte may make use of Foynting's vector, in tiie form 

dp l’^(E'xH')dS 

where the rnuM jsUweeti tile visitors means the vector-product. 
'I'hiH vector-proiiuet, expanded, nives 

dp F'^n'»)d.s 

f F,/i X cos* a + cos a + E^ Hx cos a -|- 

H X sin® aj dH 

.y f ih 1- ciw a Et Hx) dE (50) 

Wf* ii!ri^i'i*ly fciiifni llir* of tliis power and hav(^ 

olif iiifii*«i tin inf rgriil nil fiwr itie idlriiil hemisphere. Thin integral 
in* li»i*e nilleil l/ir fmmT mdiMed fwm the tmrticaL part of thean- 
Wf utiiill mil fill* lifeoiid term alKivit (60), wlunt i)roperly 
iht immr rmlmied f ram the Jlatdojh Th(! third teririy 
if, eiiiitaifin iMiilt of eisirdinatm, may 1 h^ called power 
rmiMilid maiwilhf, 11ifW flesigmitions are merely for conven- 
ill par»waptiiiig tli«^ iiiiithiimaties itiTOlvtKL 
93. Powtr laditlid from the Fkt-top.-'-Lidi us now c^ntc^r 
iififiii II ilriiTiiiiiifilioit of the fKiwer eontrilmted by the second 
trrifi of tint riglit-haiifl sirle of equation (56), and integrate this 
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term over the aerial hemisphere; that is, the hemisphere above 
the surface of the earth regarded as a plane. 

The element of area of this hemisphere is 

dS = ro^ sin \p d\p d2 (57) 

This is to be substituted in the required term involving 
and i?s; but these quantities involve the coordinate z, which 
must be replaced by its value in polar coordinates 

z To sin xp cos S (58) 

Besides (57) and (58) we are also to substitute the values of E^ 
and ifs from (55) into the term 

dv =~(^E^H^)dS (59) 

E^ and ^re identical, by (55) ; the product will give certain 
terms involving sinV, other terms involving cosV, and still 
other terms involving sin r cos r; where r has the value given 
in (51). If we take the time average for a complete cycle, or, if 
we prefer, for a time that is large in comparison with a complete 
period, we have 

av. sinV = av. cosV = 
while the average of the product 

av. sin r cos r = 0. 


The integral form of (59) then becomes, if p = the time 
average of radiated power. 


_ p p # n 

2TrcJoSm\pl 


cos^ B + cos^ xp sin^B + 1 — 2 cos B cos (B cos \p) 


— 2cos\p sin B sin {B cos \p) [ I dXlsin^^A sin \p cos X)] 


J + x/2 

d2[sii 

-t/2 


(60) 


We shall first perform the integration with respect to 2 


/*ir/2 

I d2{si 

J-t/2 


sin2(A sin xp cos \p ) } 


1 1 — cos {2A sin xp cos 2) 


d2 

ir/2 


TT If’' 

~ 2 2J- 


= r _ i (cos (2A sin ^ cos 2) d2 

2 2J-T/2 


TT 1 f’ 
2 21' 


cos {2A sin^ cos 2)<i2 


't/2 

cos {2A sin ^ cos 2)d2 

t/2 
V/2 

cos {2A sin 4' cos 2)d2 
(61) 
( 62 ) 


■u: 
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This last step consists in changing the variable of the first 
integral of the right-hand side of (61) by putting 

2' = TT + X, 

TT 

which makes the linoits ^ and tt without any other change, except 

the change of 2 to 2'. But since this is the variable of integration, 
the prime may be omitted, and the terms of (61) added, giving 
(62). 

Equation (62) may now be integrated for Formula (11), Art. 
121 of Byerly^s FourieFs Series and Spherical Harmonics giving 
for the integral of (62) 

J 'ir/2 

flfXjsin^ (A sin \p cos 2)} = ^ — '^Jo(2A sin \p) (63) 

-v/2 

where Jo is the BesseFs Function of the zeroth order, with a 
development of the form 

Jq (x) = 1 — ‘ ^ + 2242 224252 “I” * * ' 


Before substituting in (60) let us simplify the general trigono- 
metric factor in the brace of (60) by placing cos^ V' by 1 — sin^ yp, 
and letting fc = 2A, as in (42), we then obtain 


4c, 




— Jq (k sin yp) 
sin yj/ 


1 {"■“ 


sin^ yf/ sin^ B 


~ 2 cos jB cos {B cos yl^) — 2 cos \p sin B sin {B cos yp) 


= nr 

4cj. 


sin yp sin^ yp . sin® yp 1 

2*2 2^26^ ■ * ’ j 

2 — sin^ yp sin^ B — 2 cos B cos {B cos yp) 


2 cos yp sin B sin (B cos yp} 


or 


#, 

1 \pd\p 


dyp 


( 65 ) 


p - £[ - » X ( - ^ 2w' . 

+ sk'B Sx - .n‘f . 

+ 2 cos 5 - 1) 2 —J sin"-’ i/'COS (B cos 
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+ 2 sin ^ 1 ) 2 22^202 


sin”“* xp cos \p sin 


n = 2, 4, 6 ,... 

Treating these several integrals separately, we have 

^TT r*2 

I sin^“^ \pd\l/ = I sin^~"^ + I 

Jo Jo Jt 


(B cos 4 ^ ) 

(66) 


TT 

= I Sin*"- 


\f/d\l/ + I cos" ^ \l/d\l/ 


^ gf 2-4.6...n - 2 ] 

ll.3.5..‘n ~ li 

by B. 0. Piercers Tables, Formula No. 483. 
Likewise 

.f2.4.6.--n 


sin""*"^ = 2 


1.3.5.-.n + 1 


Now by Byerly^s Fourier^s Series and Spherical Harmonic^. 
equation (9), Art. 121, 


sin"“^ \p cos (B cos \f/) dyp 


(B) (69) 


where J n-i {B) is a BesseFs Function of the order (?? — !) /2, and 
2 

© n 
is the Gamma Function of 

For the last integral of ( 66 ), we have by Problem 2 and equa- 
tion (9) of the same article of Byerly^s Fourier's Series 

J sin""^ \l/ cos if/ sin {B cos yp) d\f/ 

B 

= — I sin"‘+^ \p cos (B cos yp) dy[/ 

Jo 


V^r (I + 1) 
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Substituting these various integrations (67), (68), (69), and 
(70) in (66), we have 

1 2 r . n jUw n hn 






;i:r^ 

B~r 2 

2^v^r(|+i) 

Jr^ (B) 


n = 2, 4, 6,- • • CO 


B = ^ is between 0 and 

A Z 


This result may be expressed in a power series by expanding the 
Bessel’s Functions by equation (6), Art. 120 of Byerly’s FourieFs 
Series, giving 

n— 1 r 

B~T- _ B^ 

J^{B) = + 1\ 


^ ^ 

2^.(1^) (!L+3) (»«) (n + 5) 


n + 1 

/«+l (B) = --rA-- S- 1 




n + 3\ 


mi -m 


^ 

(^) (!i^) (^ 1 ) 


Note that 


^ \2/ _„2.4-6-«-2 

l-3-5--n-l 


^^( 2'''0 _ ^ 2 - 4-6 - n 
j. fn + 3 ^ l-3-5---n + l 



2^*1 (fi f hin 4 3 iCfi - 4 - f 7 


4 fi 2 m.Kf'THir irAllu< 

Piittifig vnliii*H ifi 1 . 71 1 IV*’ «,ihiiiiii 

«/l 'I 2 ill 4 h 

. ,, 1 , fP tP 

n - J (H * I ! 


-h If Hin If 


n 2. -I.tt. , *7lV| 

I’kftiniirm (7<]) in»y !*«< furtln r f«ir mirfww*** t»f riilru- 

Ifitinn f»_v cxjmiidinK f}i«‘ Siunimiiw m |»in%a'r «•{')>'« 

Htiii rnUiTfinK *?*'• ti-rmn. l or !}u» 

mtPIi 1 rriH 2/f It* 2* IP 2*H' 2*11* 

2 ** 4 "2! ■ -r ^ «’ n\ 

11 > If* II* 

■■ i! -* <■ - .1! * 

II# 

It «n It » IP ■ 4 y ■ f*»,t 

I^i|ualiHfw (771, iT^j iiml i7Mj m i7ii) will nivr* 

/ * I' 

/» , I\ (Hi mi} 

r fi -i' 

wbm iB) tH ft {MrlynnmiNi in tP, ft*. It*. . »h* r»" ti*** r«>- 

nf this Nevnrni of H afK raintaim-.! m «}«.. 14 

pHRl! *W4, 

In thin t«W# thn bottom row of ,,»* ,4 

till* fJowHrH of B, whftt thi> Huinmninio ,t, iwj, !», ?. 

fonnwJ with n » 2, 4, 8, , , » , Tho varioo* u-ttM ii< !Js«* rolowiOH 
wi*re nmpbyftd in abtAinini t-ho laiii row hy a«l4iJ>on. 
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The coefficient of is not contained in the table, because of its 
numerous terms, but its value when summed up is 

255n^ + 6084n® + 51396n2 + 17726471 + 193536 
10! (71 4- l)(n + 3)(7i + 5)(7i + 7){n + 9) 


Substituting the values of the coefficients multiplied by the 
corresponding powers of B and summing up as indicated in equa- 
tion (80), we obtain for the power the expression 


- fB" 11B« 13B« BIO 

^ c L 160 3780 "^56700 93555 '*’ 

] B* B« B» BIO 

11120 6480 ■'■ 83160 77395500 '^ 

, , 7B« 

^ 145360 24960960 ^ 6134720 



This equation gives the average power radiated in the aerial hemi- 
sphere from the flat-top of the antenna regarded as a separate radiator 
with the distribution that it has under the fundamental assumptions of 
the problem. The current is to be measured in absolute electrostatic 
units, and the power is in ergs per second. 

In this equation ^ _ 2rb 


k = 2A = 


Ara 


It remains to find how this power is modified by the mutual 
effect consisting of the interference between the waves emitted 
from the vertical portion of the antenna and the waves 
emitted from the horizontal part. This is the subject matter 
of Part III. 
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PART in 

THE MUTUAL TERM IN POWER DETERMINATION 

94. The Trigonometric Relations. — In Art. 92, equation 
(56), it has been shown that the power radiated through an ele- 
ment of surface consists of three terms in the form 

dp = -^{Ee H^ + E^Hs+2 cos a Ee Hs) dS. 

The first two of these terms we have already discussed. Put- 
ting in the values of Eq and from equations (19) and (55) the 
remaining power term, which we have for convenience called 
mutual power, becomes in the time average 

P cos a dS . Az I , - » • /o /\ 1 

^ Tcro^ sin 0 sm i/' ro I J 

I cos B cos (A cos 6) — sin B cos 9 sin (A cos 6) — cos G | (82) 

In forming this equation we have multiplied the expressiogt for 
Eq of eq. (19) by the expression for 
Hx) ^<1- (55)- The product so ob- 
tained contains terms involving sin r 
cos T plus terms involving cos^r. The 
time average of the sin r cos r terms is 
zero; while the time average of cos^ 
r is these facts have been used in 
forming (82). 

To be able to integrate equation 
(82) we must replace a, z, f and dS 
by their values in terms of 6, (f> and Fiq. lo. 

ro. By Fig. 3, 

z = Tq cos 6 (83) 

dS = sin 6 d6 d<j> (84) 

In the spherical triangle of Fig. 10, a is represented, as de- 
fined, as the angle between 0 and while opposite to a the side is 
7r/2, The important trigonometric relation in a spherical tri- 
angle is as follows: 

I. The cosine of any side is equal to the product of the cosines 
of the two other sides plus the continued product of the sines of 
these sides and the cosine of the included angle. 

30 
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By this proposition, referring to Fig. 10, we see that 
cos \p = cos ^ cos ^ + sin 2 ^ ^ 

= sin 9 cos <t> 

By the same proposition 

cos ^ = cos 9 cos yp + Bin 9 sin \p cos a ; 


( 85 ) 


cos a = — 


COS 0 COS ^ 

sin 9 sin ^ 


or 


( 86 ) 

(87) 


COS a _ (08 9 cos ^ 

sin yf/ ^ sin 9 

and by (85) this becomes 

cos a ^ cos 9 cos ^ 
sin ^ * 1 - bui^Bcob^ ^ 

95. Integration for Mutual Power.—Now substituting the 
trigonometric relations (83), (84), (85), (88) into equation (82), 
we obtain the following integral expression for the time average 
of the mutual power radiated through the airial hemisphere: 


(88) 


P 

CT, 


X ^/2 


(19 sin (A cos 9) | cos B cos {A cos 0) 
sin B cos 0 sin (A cos 0) — cos G | 




— cos 9 sin 9 sin B 


r 


(89) 


■ cos <(> mn (B sin 9 cos t(>) df 
i — sin* 0 cos* ^ 

cos* <l> df 1 
1 — sin* 9 <! 08 *^j 

This is a very complicated expression involving tho integral of an 
integral. 

We shall first proceed to perform the integration with rmpect 
to <f>. 

’' cos <t> sin (B sin 9 cos 4>) d4> 

1 — sin* 9 cos* d> 

and break the integral into the sum of two integrals thus: 


LetF 


r 


( 90 ) 


r^r 
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By a change of variable in the second of these two integrals by 
replacing < 3 f> by + tt, we find that the integrand is unchanged, 
while the limits become 0 and tt, so we may write 


-r 


cos <j> sin {B sin ^cos <j>) d(l> 


(91) 


1 — sin^ d cos^ 0 
Again decomposing this into the sum of two integrals we have 

(92) 


-ir-r. 


and changing the variable in the second integral by putting 
(j) = TT — (p'j the second integral becomes 

d<l)' (— cos <^0(— sin (B sin 6 cos ^Q) 

^/2 1 ~ sin^ 6 cos2 » 

which by dropping the primes and substituting in (92) and (91) 
gives 

cos <l> sin (B sin 6 cos <^) d<t) 


r = r 

j7r/2 tW 


-r 


1 — sin^ 6 cos^ (t> 

Now expanding in series as follows: 

sin (B sm 6 cos <t>) = B sin 6 cos + 


(93) 


and 


31 

B^ sin® e cos® 4 > 

5! 

= 1 + sin^ e cos2 ^ ^ Qij^4 ^ ^ _j_ (93a) 


1 — sin^ 6 cos^ <t> 
and by taking the product of these two series we obtain 

V = 4j^ d<f> sin 6 cos^ <t> 

+ I i? — ^ I sin® 9 cos^ (t> 


+ r 5! 
+ ... 


sin® d cos® 0 




(94) 


Integrating (94) by formula 483 of B. 0. Piercers Tables, we 
obtain 
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I 




V — 2Tr ^ B sin 6 




3! 


sin’ 9 


, l-3-5f„ S’, SM . . - 

■^2-4-6l® 3! 5! 1®^“ ^ 

, l-3-5-7f„ , B’ B’’) . .. 

■'■2-4-6-8r 3! 5! 

(95) 

We shall next proceed to perform the second integration with 
respect to ^ indicated in (89). For abbreviation let us write 

cos^ <i> d<j> cos^ <l) d<j) 


W 


X 27r 


= 4 rr^ 
Jo 1 sir 


sin^ 6 cos^ (p 1 ““ sin^ 9 cos^ (l> 

by reasoning similar to the above. Expanding the denominator . 
. by (93a), we have 

W = 4j^ d(^>cos^^ |l 4- sin^ d cos^ 0 + sin^ 6 cos^ 0 + . . . 


(96) 


(If we need it, this integral can be obtained by direct integration 
in the form 

Tf = 27r I 1 

Icos 9 (L+- cos 9) I 

but the expanded form is more useful for our purpose.) 

Now substituting (95) and (96) in (89) we obtain 

2P f 

p = J 6 sin {A cos 6) j cos B cos (A cos 9) 

— sin B cos 6 sin {A cos 9) — cos | 

j^” (B — sin B) sin 6 

+ 1^{b - ^ - smB)am^d 

,1-3 -5/^ B’ B’ • 

+ - sm Bj sm^ 6 


+ ... 


] 


( 97 ) 


f 'll . 1 1 -, 


-in U,., 


/j 

/-. 

1: 


f '/« .‘■i It” ft w ft 

, 1 . 2 

I mr ft rus^’ ft sin^ (A <,o„o) 

I (.1 COM (7) 


irjif^p* li I, :i, r$, 7, 

f. |i- Uc- ‘A iofoKmlH uml will considcrocl first 

--M»rtn<iin« Hr. ,1 »j j„ Mcncs wc fiav.- 


/. 


J 


Art ft ■ .1 ft 


.! ' (•(»«♦ fl j-l '^(• om'’(7 

•'«! r,! 


wJti.li l.y {iv.alv Inf < :. (■ \rf <in i.v •> . i • . 

, . , ' ^ “t may be iritocratcrl in 

|•l)^|.•^i.,n, a« fi.now«' "<''Kraw,a in 


('¥+ >) 

'P\v¥ + 1\ 


II M’l' 


H;;ir('- 'j 

A ^ ^ ^ 

/li i 2 

“'■( M) 

' m 

'■^^2r 



+ 

Bl ■ 


2V 




' ‘2V 

+ 

... 




(101) 


1 




” '+ J? M /« 
2 2 ‘ 


© 


■■{a) - 2 '■ (i) 


'■Q, 


2 2 \ 2 / ’ 
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we obtain 


r©r(»±.') 


31 


n(n +1) M(n4' 2)(n + 4) 


5i n(n+ 2)(n+ 4)(n+ 6) 


-orf’) 


n(n + 2) 


2(n + 4) 


+ 


_ _ A^ 

4 - 2 (n + 4) (n -f 6) 6-4 -^(n -f- 4) (n + 6) (n + 8) 

In like manner 

r ( r 

\2/ \ 2 / ' 


+ . 


(102) 


i '' 2 / I, _ (2^)' , 

yj 2n(“qp“2) r 2(ra + 4)'^ 


i2Ay 


i2Ar 


+ . 


(103) 


4-2(n + 4)(n + 6) 6 -4 -2(71 + 4)(n + 6)(n + 8) 

Now taking up integral It from equation (09), let us write it 


•r/2 


do sin" 0 cos* 0 


1 — cos (2A COM 0) 

' ■ ' * 2 


and expanding cos {2 A cc« 0) in seri^, obtain 
r 1. rj/.r • ./, , /. I (2A)*co8* (2a)* cos* 5 . 

12 = 2 I 8m"flco8*« — ~ — — ~ j + . . 

This equation, integrated in Gamma Functions between the limits 
0 and 7 r /2 gives 

\(2A)* ; V 2 / * l2/ 


2! 2r(”J‘* + i) 
’« + 1 


i2A) 

4! 




2r m^+i) 


+ . . 
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2A^ 


5i2Ay 


n (n + 2) (n 4- 4) 12 4-2 (n + 6) 

7(24)" 

6 -4 -2 (n+ 6)(n + 8) 

(104) 

Employing the values of Ii, h, I 3 found in equations (103), 
(104) and (102) we may write the expression for the mutual power 
in the integrated form 

- 2Pt „ r, (2^)" , (2^)" 

p = — [cos 5 j (5 - sm £)-[!- — + — _ - 

(24) « 




6-4-2-5-7- 
(24)^ , (24)" 


2-7 


4-2-7-9 

(24)" 


, /„ . „\5!4 r. 


5!4 


6-4-2-7-9-11 
(24)^ , (24)" 


+ . 


+ 


2-9 ' 4-2-9-11 
(2Ay 

6-4-2-9-11-13 ■ 


■] 


•] 


•] 


+ . 


. „fl/„ . p\24“r3 5(24)» , 7(24)" 

smi5|2(B sin5jg^[2 4 . 2-7 ■*” 6-4-2-7 -9 

9(24)" ] 

1-11 "T • • J 


8-6-4-7-9- 


, 1'3/d • d\ 24* r3 

2-4\'^ 3! ®^“^)3-5-7L2' 


+ ; 


(24)" 


5(24)* 

4-2-9 ' 6-4-2-911 
(24 )» 


8-6-4-2-9-11-13 


+ 


] 


1:3:5/ 

^2-4-6\ 


5! 


. 84* [3 5(24)* , 

®^^‘®/'3-5-7-9L2 4-2-11'’' 

( 24)" 9(24)" 


6-4-2-11-13 8-6-4-2-11-13-15 


+ . 


co8(7{i(B-8inS)|[l 




4" 


4* 

■2-5'*'4.-2-5-7 

4 " 


6 - 4 - 2 - 5 - 7-9 


+ . 


•] 


•] 
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JP 

3! 


am 


)"[* 

+ 

1 


yl" 


()-4-2-7-<)- 1 

- Hill 

';{-r.-7l 2-< 

A* 

4" 

2-0-11 "■ 

<)-4-24)-ll-i: 


+ 

4- 


4' 


+ 


t] 


(HM) 


If now wc recall that G — A + B, it will he Hec»n that tlie 
equation (104) is entirely in ternm of A. and B and /. 

For purpose of computation it is found advinahlct to c^xiaind all 
of the trigonometrical (^xpntHsions iii power serieH liiid then 
perform with them the indi(^at(al ofM^rations. This was donn 
with considerable labor and gave the following expri*sMiori for 
mutual power: 

p = ^^'1 A»{. 026i/#« - .mrmiP + .(mminip - . . 


4- [.oo.w 


MmiP - .00317«‘ + .(Km42«' - 

.0(KMr2«l7/#» 4- 

4- A* I - .(K)343/y< 4- .0O(>H()8/i« - .(KK)07}(i/#'‘ -f . . 

4- A^ I - .(M)ioo/f-’ 4- .mwmip ~ + 

.(HKKK>r»r>/#» - . 

4- 2L« j. 00126/?^ - .00028/^* + .0(KK)23H^« - • • • } 




(105) 


This equation gives the time average of the pomer rmtiatml in the 
airial hemisphere by the mutual effect of the Jklfls from Mk fmris 
of the antenna and is the correciion to be mkled to lAi? power rmliated 
by the two parts^ estimated as independent of each othen The 
current I is in absoltde c.gs. eledrosiatic unik^ ami the jmtmr is 
in ergs per second. 

96. Summation of Flat-top Power and Mutual Power*— 
We have obtained in equation (81) the time fiveriigii of flat-top 
radiated power, and in equation (105) the time averiigci of miitiml 
radiated power. If we replace the k of (81) by its value m 
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«f A , th.. f wr, |.xpri.H.io„H may l,c addod t,og(,thor At the 
h.u.. of fh.. ad. .tarn w.- ^l,all redueo (.he uaitn to the practical 
hv n.u t.,,lv„.g (he righ(-han<l .sides of hath pow 
..,ua(.on.. I.v (he vloeity of light iu ccmtimotefs per 


i»i(/ 


. 1 ’ 


t .1 * JHTt’i/f' 


itum/f* 


.l‘ mnim/p 


4 . 1 * tmtm/i* 


.III ir,7E'‘ -f. .(K10i)74/f« - 

.0()(K)4r)8/i"> -f. . 
.hM.Ji “/#'■• f .<MKM12/r — 

.0()002<)7«» + . 

f .(KKM7I/f’* + 

.<K).d0082«"' + . 
f .(KKK)S2H/f^ ~ 

.(i()(H)()r>r>/p + . 

(mr.i'j/E f .(KHMiaa/f - 


•1 


.1 


♦ 


Cl 06) 

n.* ff,r Mt,l irnmr tmitrihutmn of the flat top by virtw, of Oh 
imlionfwil »n4 mxttual arlmn. The fmwe.r h in watl^, and the current 

i $M I II riifi|»rrr.#, 

CVrIiiiii rf*trij»iiti^f} in tlici tmxi Part, of this chapter 

m^hnhi.k:$m with thin cfimpamtmdy simple. 

m COMTOfUflCIWi Of EADIATIOM RESISTANCE 

f?» f©r EiiiatlOT Easiitaiice.— If 

fi Imgili r*f vptfirnl iii 

li -- ill jiiifi ill rttr*t-i»rs, 

hf4 til** fiiiiiiral liif fti#* iiiftorimt in metern, 

% flii^ ill tw4$m Ilf Iho iinterma as loaded with 

fiidtit-iMiiit at it# hnm'*f 

. 2ra 
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we may obtain the radiation resistance of the antenna by dividing 
the power radiated by the mean square of the current at the base 
of the antenna. This mean square current at the base of the 
antenna is by (5) 

j-, P sin2 (q/2) 
lo = 2 


Performing this division as to the flat-top power employing 
equation (106) and adding the result to the radiation resistance 
for the vertical portion as given in equation (44) we obtain for the 
total ra'diation resistance of the antenna the equation 

Rq = ^ - 2 3-i23sin3 + 

+ rjA® — r4j4.* — rsA® + reA® + . . (107) 

This is Radiation Resistance in OhmSj where 


iJi = 15 j 


2 + 2 
3!2 


(2A)2 


4 + 2 ^ 
5!4 


(2Ay + %^(2Ay-. . . 


R, = 15 




3!2 


5!4 
62 + 2® - 8 

7!6 


(2A)®-. 


Ri 


= 15l 




4!3 


6!5 
72 + 2' - 9 

8!7 


(2Ay- . 


ra = 120 .05955® -.01167B8+.000974J3*-. 000045851®+. . . 


r3 = 120 {.00555® - .003175® +.00044251^ _ 

.00002975® + . . . j 

U = 120 { .01065® - . 002045® + .0001715® - 

.000008251“+. . .} 

r» = 120 j. 001065® - .0006025® + .00008352 - 

.00000555®+. . .} 

r, = 120 {.001965® - .000325® + .0000335® - • • • } (108) 


98. Tables of Coefficients of Radiation Resistance. — There 
follow in Tables I and II the values of the coefficients Ri, Rt, Ri, 
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rs, n, r, rj, r«, for various values of A and B respectively. These 
tahlcw luive been eomputed by the equations ( 108 ). 

Table I. Coefficients Ri, Ra, and R3 



2 A 

X/.lri 

H, 

Ri 

0 

1 

11 416 

0.04998 

0.049919 

0 

2 

15.70 

0.19971 

0.19870 

0 

3 

10.47 

0.44848 

0.44344 

0 

4 

7.85 

0.79521 

0.78107 

0 

5 

6.28 

i.2:m 

1.20634 

0 

6 

; 5.236 

1.7759 

1.6969 

0 

7 

4.488 

2.4055 

2.2602 

0 

H 

3.927 

3.1240 

2.8786 

0 

9 

3.491 

3.9290 

3.5403 

I 

0 

3,. 141 

4.8165 

4.2315 

1 

1 

2 . 854 

5.7837 

4.9383 

I 

2 

2.616 

6.8232 

5.6442 

1 

4 

2.241 ! 

9.150 ! 

7.000 

1 

S 

2.092 i 

10.3392 

7.611 

I 

6 

1,962 i 

11.64 

8.16 

1 

732 

l,Ki2 ! 

13.415 

8.798 

1 

X 

1.743 

14.40 

9.10 

2 

IW 

1.570 

17.241 

9.560 

2 

20 

1.427 

20.15 

9.55 

2 

2.111 

1 . 4m 

20.778 

9.508 

2 

m 

1.307 

23.22 

9.00 

2 

IMI 

1.207 

26.37 

7.90 

2 

IM2 

' lJi9 

27.053 

1 7.60 

2 

XC) 

t , 121 

29.40 

6.22 

3 

141 

i.CXMl 

34.45 

2.12 


0.002498 

0.01994 

0.06700 

0.1579 

0.3060 

0.5241 

0.8232 

1.2137 

1.696 

2.300 

3.009 

3.823 

5.90 

6.999 

8.35 

10.113 

11.20 

14.354 

17.80 

18.470 

21.42 

25.20 

25.927 

29.05 

35.64 


TaM# IL -Co^cients rt, r», etc. 



047 
079 
0.054 
0.088 
0.022 
0.0074 
0.001 
0.0060 
0.0194 
0.040 
0.061 
0.073 
0.059 


0 
0 

0.211 

0.090 

0.0362 

0.0062 

0.0004 

0.0043 

0.0127 

0.0752 

0.180 

0.356 

0.504 
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99. Curves of Resistance Due to Radiation from the Flat- 
top. — We shall now proceed to discuss the curves of radiation re- 
sistance of variously proportioned antennae when employed at 
various wavelengths relative to the natural wavelength. As pre- 



.2 A .6 .8 .1.Q 1.2 u 

^3 


Fig. 11. — Badiation Resistance of horizontal top portion of antenna plotted 
against values of j5. The separate curves numbered .1, .2, .3, etc. to 1.0 are 
for values of i. = .1, .2, .3, etc. to 1.0. 

liminary, the resistance due to radiation from the flat-topped 
portion of the antennae is first compute^. The equation for this 
is the summation of terms in (107) containing the small fs as 
factors ; that is, 

^0 = - g - ^ - 2 ” -riA*- rfr4® + r6A«-|- . . .| 
due to (10®) 
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Hsu-iop 
in which 


2 (/I + B). 


n 






^ rw#* UMtmmm llmmimm plotted agamst values of B. The 

flirougli ifiif ofigin sr© for de«iguat«d values of y. Separate 
m*i pimMim fiiroiiglt iiriglii »r# f» dmrmt values of A +B. 

Hi»n* fh<* ciocffici^ntR (wnall r’s) are functions of B only, as 
Kivi'*i in Tnhli! II, it follows that when A and B are given, the 
vahji* of the flat-top li may be computed. The results of the 
coiitputations for various values of A and B are plotted in Fig. 11. 
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In this figure values of B are the absciss®, while the flat-top 
resistances in ohms arc ordinates. The separate curves num- 
bered .1, .2, .3, etc., to 1.0 are for values of ^ = 0.1, 0.2, 0.3, 
etc. to 1.0. 

The outside end-points of these several curves, through which 
a limiting curve is drawn, arc d(iterrnin<Hl by the equalif.y of thc^ 



impressed wavelength X and the natural wavelength of the an- 
tenna Xo; that is, by the value of A + B /2, which i» the 
largest value A + B can have for the fundamental oscillation of 
the antenna. 

100. Curves of Total Badiation Resistance. — The next step 
consists in computing the radiation r^istance of the vertical 
portion of the antenna, using the first three terms of equation 
(107), and employing a large number of values of A and B. To 
these valu^ of resistance duo to the vertical portion of the mi- 
tenna the corresponding resistance of the flat-top are added so 
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“'T of the Mtema for various values 
of rl „,„1 «. Curves Of r,*i„auoe for various values oTaTb 
are the,. „l„tl,sl I.,k. 12, with values of S as absciss* tad 
valu,.« of ,c,,s,„„ee , 0 , ordinates. Figure 13 is an enlarged view 

“'t-' ® teo mall a scale to read in 

I'Jg. 12. Then to make the family 
of curves more useful for ready 
reference a series of curves are drawn 
through all the points which have 
a common ratio of length of flat-top 
to length of total antenna. This 
ratio is designated by y, where 

T+ B = ( 110 ) 

with 

b = length of flat-top 
a = length of vertical part of 
antenna. 



These 7 -curves all pass through 
origin. 

Text as a final step the curves of 
i are taken from the curves of 
12 and 13 with the new set 


t 2 2.6 

X/Xfl 

ftii. 'Umktmm plotted against X/Xq. The separate 

mirvm tti«rk#ti 0, ,2^ .3, #<0. ar© for values of 7 « 0, 0.2, 0.3, etc. 

i)f parMrtetew, Th^i eurvas of Fig. 14 are the final curves of 

tfitiil ritiltiiliofi rc»l«fanee, and are in terms of the ratio of the 
WfiveIi»itgtJi iiifipiriyid to the natural wavelength (that is X/Xo) 
iwicl tlm r«fJo of ihii length of flat-top to total length of antenna 
(lliat in 7 )* Fig, IS m merely a magnified view of certain of the 

ctirvfw ilml &:r# tmall to read on Fig. 14. 
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101. Total Radiation Resistance of a Straight Vertical Antenna 
at Various Wavelengths Obtained by Inductance at the Base. — 

As an example, let it be required to find the total radiation 
resistance of a straight vertical antenna for various wave- 
lengths obtained by adding various inductances at the base. 
For this case t = 0, and from the 7 = 0 curve of Figs. 14 



Pio. 15. — Magnified view of some of the cxirves of Fig. 14 with the larger values 

of X/Xo. 

and 15 R may be directly read. The values which were used in 
plotting this curve are given in Table III, where they are com- 
pared with the corresponding values computed on the assumption 
that the oscillator is a Hertzian doublet. This latter assumption^ 

^ This result is obtained by taking equation (53) of Art. 78, and noting 
that the power is radiated only in the upper hemisphere, whence 

it = — r-^ — ohms; 
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Table III. — Resistance of a Straight Vertical Antenna for Different Values 
of Wavelength Obtained by Inductance at the Base 


X/Xo ratio of wavelength 
to natural wavelength 

radiation resistance 
in ohms computed by 
present theory 

Radiation resistance 
in ohms computed on 
doublet theory 

1.00 

36.57 

98.7 

1.12 

26.40 

78.7 

1.21 

21.70 

67.3 

1.31 

17.65 

57.5 

1.43 

14.28 

48.2 

1.57 

11.62 

40.0 

1.74 

9.10 

32.6 

1.97 

6.92 

25.4 

2.24 

5.19 

19.7 

2.62 

3.78 

14.4 

3.14 

2.58 

10.0 

3.93 

1.65 

6.40 

5.26 

0.90 

3.60 

7.85 

0.30 

1.16 

15.70 

0.082 

0.40 

31.42 

0.01 

0.10 


gives 


R = 160 


X2 ‘ 


It is seen that the departure of the present theory from the 
doublet theory is very large for the straight vertical antenna, as 
should be expected. 

It should be noted that the first value in the column of resist- 
ances computed by the present theory agrees with, the value for 
this case computed by Abraham in the work cited in Art. 89. 
This one value, for the fundamental oscillation, is the only value 
arrived at by Abraham and is the case of a straight vertical 
antenna oscillating with its natural frequency. Abraham ^s 
other computed values are for the harmonic vibrations with 
more than one loop of potential always without loading the 
antenna by inductance, and without any flat-top extension of 
the antenna. 

For convenience Table II at the end of the book contains 
computed values of Total Radiation Resistance for Flat-top 


but I is length of whole doublet, and therefore is 2a, whence 
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Antennae of various ratios of horissontal length to vc*itieal 
length and for various ratios of wavelength X to natural 
length \o- 

102. Comparison of Computations on the Present Theory 
with Dr. Austin’s Values for the Battleship ** Maine.”— Figure 
16 gives the Radiation Resistance of the Antenna of the Buttle- 
ship ''Maine” as computed by the present Theory in eoriiparison 
with Dr. Austin’s measured values of tlie total resistanc?i! of this 
antenna, and in comparison with valines (computed on the doublet 



Fia. 16.^ — Total Radiation Roaintano# m, Wavt liwgf.h for th# iif 

the B-ftttloaWp “ Maine/' Black dote ara Dr. Aiiatin*n valti#ij hmwy 

line, eomputatioiM by proaent thm>ry ; light llti#, ooniimlatloii* by lioiililtt llitofy. 

theory of Hertz. The black dote of Fig. 16 are Dr. Austin'* 
observed values. The heavy line was obtained by computation 
by the present theory, and the weaker lino, by computation re- 
garding the antenna as a doublet of half-length equal to the ver- 
tical height of the antenna. 

It is seen that the departure between the present th<sory and the 
doublet theory is not so great as in the ease of the straight vertical 
antenna, for the reason that the doublet theory Ijtfcomos more 
nearly correct as the half-length of the oscillator bccomtw small 
in comparison with the wavelength. 
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Neither of the theories gives a rising value of the resistance with 
increase of wavelength, and, as Dr. Austin has pointed out, his 
rising values for long waves are probably not due to radiation 
from the antenna but possibly to dielectric hysteresis in the 
ground beneath the flat-top. 

I do not give more extended comparisons with experimental 
values at the present time, because I am now making some ex- 
periments to see how much reliance may be placed in antenna 
resistance measurements made by buzzer methods of excitation 
in comparison with measurements made by excitation with gaseous 
oscillators and other methods of continuous excitation. 

103. Example of Different Methods of Constructing an An- 
tenna that Will Have a Specified Resistance for a Given 
Wavelength. — Let it be required to construct an antenna that 
will have a given resistance (4 ohms, say) for a given wavelength 
(2000 meters, say). To solve this problem, it is only necessary 
to look up the four ohm point on the different 7 -curves of Figs. 
14 or 15, and find the corresponding value of X/Xo. We can then 
find the Xo of the antenna, since X is given. Dividing the Xo 
by 4 we obtain the total length of antenna. The value of 7 
gives the fractional part of this length which is to be horizontal. 
The complete result is tabulated in Table lY. 


Table IV. — Constants of the Different Antennae that have 4 Ohms Re 
sistance at 2000 Meters 


T 

X/Xo 

Xo 

Total 

length, 

meters 

Vertical 

length, 

meters 

Horizontal 

length, 

meters 

Intensity 
factor in 
horizontal 
plane 

0.8 

1.075 

1860 

465 

! 

93.0 

372.0 

0.275 

0.7 

1.39 

1435 

359 

107.7 

251.3 

0.300 

0.6 

1.67 

1198 

299 

119.6 

179.4 

0.310 

0.5 

1.94 

1030 

258 

129.0 

129.0 

0.312 

0.4 

2.18 

916 

229 

137.4 

91.6 

0.313 

0.3* 

2.32 

861 

215 

150.5 

64.5 

0.314 

0.2 

2.44 

820 

205 

164.0 

41.0 

0.315 

0.0 

2.52 

793 

198 

198.0 

00.0 

0.320 


l‘he question as to which of these antenna to choose for the 
given purpose is now chiefly a problem in economics. The 
economic question is, which, for example, is cheaper: Two 
poles or towers 93 meters high and 372 meters apart, or one tower 
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198 motors high? This of oourw^ pro-sui)posoH tliof it is di-sigiMHi 
to UHO a flat-toj) antonna instoad of soino otiior lyj>o, such as an 
iimbrolla. 

Tho prohlom is, howovor, not wholly ocononiic hct-aiiso tho 
lowor antenna would 1)<> pndorahlo as a rccoiviiig atifonna on 
account of its woak(tr rcH{K»ns(< to utrnosphoric disturhain-os. 
Thoro is also tho further (piostion !is to which of the taftulahsl 
antonnso will give tho groatost vortical intensity of electric and 
magnetic force on tlm horizon at a <iistanf receiving station. 
This is the subject matt(“r of tho next Part (Part. V). 

PART V 

FIELD INTENSITIES AND SUMMARY 

104. The Electric and Magnetic Intensities at a Distant 
Point in the Horizontal Plane.— iCquat ion (19) givm the vahii« 
of the ckictric and magmdit! intensitira at a distant fK>inl due to 
tho vortic,al jwrtion of tins antenna. If we rejdace / of that 
equation by its value in tiTum of /« from cciuation («), and make 
cos 0 = 0, w(» have tho intfinsitios in the horizt>ntHl plane in lernw 
of h, which is tin* aini)litudo of the current at the biue* of tins 
antonna. This giv(*s 

Et * //« « cos (ci — r«) 

Cffl A 

Tho quantities outside the square brackets are constant for a 
given distance r# and a givcm amplitude of transmitting e»m*nt 
/(). Tho relative intemUm ar«’ therefowf clefermimsl by tho 
factor in tho square brackets, which we may designate by 

„ cos If — (!OSff 

mai 

Sin 2^ 

Using tho values of B, G, given in equation (SS)) and the value 
of y in (110), this oc|uatiori (112) lasromeM 


cos B “* lum (! 

T\n 


sm 


2X 


( 111 ) 
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This quantity X we shall call “The Intensity Factor in the 
Horizontal Plane. It is to be noted that the electric and 
magnetic intensities in the horizon plane are not effected by 
radiation from the flat-top; for, by equation (55), the field 
intensities from the flat-top are zero for = 0; that is, all over 
the horizontal plane through the origin. 

In Fig. 17 the Intensity Factor in the Horizontal Plane is 

plotted for various values of y and 
various values of X/Xo. Taking 
from these curves the values of the 
intensity factors corresponding to 
the values of y and X/Xo of Table 
IV we obtain the results in the last 
column of Table IV. It is seen 
that the intensity factor is slightly 
smaller for the larger values of the 
relative length of flat-top. This 
diminished value of the intensity 
factor should be compensated by 
the use of a slightly larger trans- 
mitting current. The required in- 
crease of current may be easily 
computed by equation (111). 

"S 3 |" ' ' I \ I X Y \ ■ rvx i 1 1 I I I ^ ~x \ / 


Fig. 17. — Belative intensity of the vertical component of Electric Force 
in a horizontal plane at a given distance from various antennse and for a given 
amplitude of transmitting current. 


105. Summary. — This chapter contains a mathematical theory 
of the flat-top antenna. The process employed consists in the 
integration of the effects of an aggregate of doublets assumed to 
be distributed along the antenna so as to give a current distri- 
bution described by equation (1) and illustrated in Fig. 2. 
The electric and magnetic field intensity due to each of the 
doublets is determined by the Maxwell and Hertz Theories for 
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all distant points in space. Theses int(ULsitieH an^ HUiiiined 
up for all the doublets with stried alIowaiH*<^ for tlie dillerences 
of phase due to different doubleds; thc.^ Hurninafion the 

resultant field intensities. Tluui by Poynting's theonuii the 
power radiated from th(j antenna through a distant lieriiisphero 
(bounded by the earth's surfacu^ aHHunHHl plane*) in eomputc‘d by 
the integration of a nurnbe^r of intrictate (‘xpressimw. From the 
radiated power the radiation resistancci is ohtiiin«‘d by dividing 
by the mean scpiare of the curnmt at the base* of th(! antenna. 
Tables of coefficients for computing radiation nmisfance are 
given, and curves are plottcnl of th(^ (;ah;ulated vahic^H of radiation 
resistance for different ratios of the Icmgtli of the flat-to|i to the 
total length of the antenna and for diff(*n‘nt ndative wavftlerigths 
obtained by loading the antenna with inductance. Tidde 11 at 
end of volume gives for ready refenmee computed values of 
Radiation Resistance for Various Antenme used at various wave- 
lengths. Curves are also given for determining the relativo 
electric and magnetic) field intensitim in the horisconiid plane for 
differently proportioned antenne variously loadtai Various 
equations developed in the treatment may find apidicatiori to 
problems in the design of radiotelegraphic stations. Although 
this investigation v/m undc^rtaken in ignorimct* of a simple cfUMi 
investigated by Professor Max Abraham, liy a similar furidiirrieiital 
method, his work was discovered early in the course of the treat- 
ment and served as a check on one of the r^istanen values here 
given. 
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MATHEMATICAL NOTES 

Note 1. Proof that the Sum of Two or More Solutions of a 
Homogeneous Linear Differential Equation is a Solution. — ^Let 
us take for example the equation 




(1) 

Suppose that 

= t'l is a solution 

(2) 

and 

i = t 2 is another solution 

(3) 

to prove that ii 

+ ^2 is a solution. 


By condition (2), ti substituted for i in equation (1) reduces 


the right hand to zero : that is 

Likewise, condition (3) gives 

n — T _L 7? I ^2 /tx 


Adding equations (4) and (5) and distributing the differen- 
tiations (which can be done only when the derivatives are of the 
first degree) we obtain 

O-L + + (6) 

whence it appears that the sum of ti and ^2 substituted in the 
original equation satisfies it; that is, the sum of the solutions is a 
solution, as was to be proved. 

If we have a third solution it can be combined with the sum 
of the first two solutions, just as the first solution was com- 
bined with the second so that the sum of any number of solutions 
is a solution. 

Note 2. The Sum of Multiples of Several Solutions of a Homo- 
geneous Linear Differential Equation is a Solution. — If t = ii is a 

489 


490 


ELECTRIC WA VES 


solution, equation (4) is true. Multiplying equation {4) through 
by any quantity Ai, we obtain 


A AT 1 D j ■*' 


7) 


and, if Ai is independent of t {i.e., a constant) we may introduce 
it within the sign of differentiation (only jirovided all f Ih( d<>riva- 
tives enter only to the first degree) aiul olttain 

A\i\ 

a 


_ . dHAyiJ) , d{A ill) 

- t, - + It -t- 


(K) 


which is our original equation ( 1 ) with A\i{ substituted for i. 
Therefore, i = Adi is a solution of ( 1 ). 

Likewise, if i = it is a solution, it can be proved that /1 3/3 is a 
solution, and by the proposition abovii their sum is a solution. 

The conclusion is this. // we have, a linear, hamognmiUM dif- 
ferential equation with constant coeffidenis, ami we find severnl 
solutions of the equation, we may take any number of the solutions, 
multiply each by any arbitrary constant and add together the m «/- 
tiples and obtain thereby a result which is a solution of the original 
differential equation. 

Note 3. Proof that the Number of Independent Arbitrary Con- 
stants in the Solution Of a Differential Equation Cannot be 
Greater than the Order of the Differentiid Equation.— As a first 
step toward the proof of this propwfition, lot us (jonsifler the for- 
mation of some differential equations by the elimination of 
constant from a relation between the dependent variable, the 
independent variable, and the arbitrary constant. 

Example 1 . Given 

y “ Ar (9) 

in which A is an arbitrary constant; to form an fHjui valent dif- 
ferential relation between y and x, not containing A. This can 
be done by the elimination of A between (9) and its derivative 
equation. Only one derivative equation is ntMwwary; namely, 
the equation obtained by taking the first derivative of (9). This 
derivative equation is 


dz 


( 10 ) 


Eliminating A between (9) and ( 10 ) we obtain 

0 


X 

dz 


y 


( 11 ) 
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The differential equation (11) is an equation of the first order. 
It is of the second degree. The degree of the equation cannot be 
determined by the number of arbitrary constants in the solution. 
On the other hand, the number of arbitrary constants determines 
the minimum order of the resulting differential equation. The 
differential equation cannot be of an order lower than the first, 
when the solution contains one arbitrary constant, for in order to 
eUminate the constant two equations are required — ^the given 
equation (9) and some derivative, which results in a differential 
equation of order at least as high as the first. 

Example 2. Given 

y = + A^e^^^ + Aze^^\ (12) 

in which t is the independent variable, and Ax, A 2 , and Az are 
arbitrary constants, to form a differential equation of which (12) 
is a solution. To eliminate the three arbitrary constants, four 
equations are necessary: for example, the equation (12) and three 
equations obtained by taking successive derivatives of (12). The 
successive derived equations are 

^ = Aikie^^^ + A 2^20^^^ + Azkze^^^ (13) 

^ + Aikt^e’^^ + AsfcsV-* (14) 

^ + A3kM‘‘ (15) 

Now an elimination of the arbitrary constants from (12), (13), 
(14) and (15) gives 

^ - (Ai + *2 + fca) ^ + (*1^2 + hh + kjcz) ^ - k^kjcy = 0 

( 16 ) 

which is a differential equation of the third order. 

It is apparent that the three constants of (12) cannot be elimi- 
nated without using at least three of the derived equations, and 
arriving at a differential equation of at least the third order. 

In like manner, if we have a functional relation containing n 
arbitrary independent constants, and we eliminate the constants 
by using the derived equations, we shall finally arrive at a dif- 
ferential equation of at least the nth order. 

We have said at hast the nth order, for it is apparent that, if 
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we had wished, we might have used higher derivatives than the 
nth in order to eliminate the n constants. 

The conclusion is: The solution of a differential equation cannot 
contain more arbitrary, independent constants than the order of the 
differential equation. i 

Note 4. A Solution Containing n Independent Arbitrary Con- 
stants is the Most General Solution of a Linear, Differential 
Equation of the nth Order with Constant CoelEcients, and Em- 
braces Every Other Solution as a Special Case, Obtainable by 
Giving Specific Values to the Constants. — We shall prove this 
proposition first for the case in which the differential equation is 
homogeneous. Taking t for the independent variable and y for 
the dependent variable let 

y= AMt) + Aff^it) + . . . Affr.0 (17) 

be a solution of a linear, homogeneous differential equation of the 
nth order, and let this solution contain n arbitrary, independent 
constants Ai, A^, . . . An. To prove that any other function 

y = frit) (18) ^ 

cannot be a solution unless derivable from (17) by giving proper 
values to some of the constants. For if there is such a solution 
(18), then 

y = Aj/i + A 2/2 + . . -Anfn + Arf, (19) 

is a solution by Note 2, where Ar is a new arbitrary constant- 

But by Note 3 this cannot be for it is impossible to have in the 

solution more independent arbitrary constants than the order | 

of the equation. Therefore, (18) cannot be a solution unless it j 

be a special case of (17). It may be such a special case, for in 

that case it would not bring with it a new arbitrary constant Ar. 

The proof thus far holds only provided the linear, differential 
equation is also homogeneous, for only in case of the homogeneous 
linear equation does the proposition of the additivity of multiples 
of solutions (Note 2) apply. 

Next let us treat the case in which the original linear, differential 
equation is not homogeneous. The general form of this equation 
may be written 

p»+p.|+p=g + . . .+p.|!-/(0 (20) I 
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in which P, Pi, P 2 , Pn are constant coefficients. For reference 
let us write down the equation 


Py 


dt 


P _ Q 

^ " dP 


( 21 ) 


Suppose that we have a solution of (20) containing n independent 
arbitrary constants, JLi, A 2 , . . . A^ in the general form 

yi — Ayfi + A<^2 + . . . + Anfn ( 22 ) 

in which /i, / 2 , . . . fn are functions of L If there is any other 
solution of (20) not comprehended in (22), let it be 

2/2=/r(0 (23) 

If (22) and (23) are both solutions of (20), then 


y = yi — Vi (24) 

is a solution of (21), for yi reduces the left-hand member of 
(20) to f(0, and 2/2 reduces the left-hand member of (20) to the 
same f{t); and by subtraction y ^ yi — y2 reduces this member 
to 0, and therefore satisfies (21), 

Also by Note 2, 

y = Ar{yi - 2 / 2 ) (25) 

where Ar is any arbitrary constant, is a solution of (21). That is 


y = AtA^I + ArA2S2 + . . . + ArArJn + Arjr (26) 

must be a solution of (21); which is impossible, because it con- 
tains n + 1 arbitrary constants, unless Jril) is a special case of 
yi. We have the result that if we have of equation (20) any 
solution containing n arbitrary independent constants it is the 
general solution, and contains any other solutions as a special 
case obtainable by giving specific values to some of the arbitrary 
constants. 

Whether the original linear, differential equation is homogene- 
ous or not, we have proved the proposition stated at the head of 
this note. 

When the equations are not linear it is proved in books on 
differential equations that the general solution of the nth. order 
equation has n arbitrary constants but that there are certain 
singular solutions which are not derivable from the general 
solution by giving specific values to the arbitrary constants. 
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In employing the criterion of this note as a test of the generality 
o| the solution, care must be taken to ascertain that the n arbi- 
trary constants are independent. If they are not independent 
the solution is not the general solution. 

Note 6. General solution of the equation 

^ + pi = f(t) (27) 

where p is a constant. 

For reference write down the equation 

% + pi = 0 (28) 

Let i = T 2 be any solution of (28), where T 2 is a function of t. 
If we indicate the time derivatives of T 2 by T' 2 , we shall have by 
(28) 

T '2 + pT2 = 0 '(29) 

Now let the compl#i solution of (27) be written in the form 

^ = T1T2 

where Ti is also a function of t. Then by (27) 

t'iT2 + Tir2 + PT 1 T 2 = m 

whence by (29) 

T\T2 = f{t) 

Integrating we obtain 

+ A. 

Therefore, by (30) 

Now T 2 is any solution of (28). The simplest solution may be 
used, and (33) will still be true. The simplest Ti that is a solu- 
tion of (28) is 

Ti = e-^. 

This substituted in (33) gives 

i = Ae-^ + dt (34) 

In performing the integration indicated in equation (34) no 
constant of integration is to be added, since the only arbitrary 
allowable for the solution of a first order equation is already 
comprised in A. 


(30) 

(31) 

(32) 

(33) 
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Equation (34) u the complete integral, or general solution, of (27). 

Note 6. General solution of the equation ^ 

L|. + Ri+ =v =f(t) (35) 

where L, R, and C are constants. 

Differentiating, we obtairf 

~^dt^ ^ dt C 

in which v is the time derivative of v, 

rin 

Replacing ^ in (35) by ^ we obtain also 

For reference write down the auxiliary equation 

We have seen in early chapters of the text that i = is a 
particular solution of (37), where 

It I 1~ 

^ ~ Vi!® ~ = ~« + J" (38) 

where 

a = RJ2L 

pi W 

~ VlC 4L2 

Let us now write the solution of (36) in the form of 

i = Te^‘, (39) 

where T is some function of t, and substitute this solution directly 
in (36). We obtain, after division by 

^=^LT+{2kL + R)r (40) 

where f and T are the first and second time derivatives of T, 
The simplicity of this equation arises from the fact that 


( 41 ) 
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because i = is a solution of (37) when k has the value given 
in (38). 

Equation (40) which we have derived from (35), when inte- 
grated, gives, after division by L, 


T + {2k +^^1 = Bi + ^j 


ve-^^dt 


where is a constant of integration. By (38) the coefficient 
of T is 2jo). This equation is of the form of (27) and by (34) 
gives 


T = I + 


ijuit r. 

I ve-kt (jn 


dt\dt (43) 


Integrating the Bi term and replacing Bi/2joi by .A 2 we obtain 


T = + A 2 + 


and since 


we have 








dt (44) 


The integration indicated in the last term can be carried one 
step farther by integration by parts 

J"udv = v,v — J*vdu 

p^jut 


dv = V = 7 p— 

2jco 


whence 




Vi ai+jcot^^ 


Therefore (44) becomes 
i = 4- 


where 


i ■ 

4- — I dt 
2jLo) J 






Vr ^ 

^ “ 2L' 


JLC 4TX 
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In equation (45) A and B are arbitrary' constants, and no 
further arbitrary oonstantH arc to be introduced after the indi- 
enkid integratioiiH are performed. 

Eiiuniton (45) is the formal solution of the differential equation 
(55), and giees i directly when v is given as a function oft, 'provided 
tlw itulimted integrations can he performed. 

It ia evi(Uuit from a comparison of (36a) with (36) that the 
solution for q differs from that for i (45) only in having different 
arbitrary <!(>nHt.antH and in having v replaced by v, giving 

q - C 

+ ~ ^ ve‘^~i“^ dt — (46) 

Equation (46) in the formal solution of the differential equation 
(,3fki), atul gives q when v is known as a function of t, provided the 
iruUmled integrations can be performed. Bi and Bi are arbitrary 
constants aiul no f iirther arbitrary constants are to be introduced after 
jnrf arming the. itulicatcd integrations. 

Expression of i in terms of v instead of v. — The integrations 
indicabal in iKpiation (45) may be performed by parts in such 
a way iw to replace v by v. This is done as follows: 

J' (it = uv — J' vdu, 

when? 

dv => vdt, u — 

« - (a - jw)y’ae+“‘"'"‘d< 

Likewise 

fkf* dt - re“‘ ^ - (a + jw) y*re“‘+'"‘ dt 

whence (45) lieooimts 


f r, 




4 - I (a ve'^+i'^dt - (a - j«)e^"‘ I dt 

Fortirer Tnmrfonnation of Equatiems (46) and (47). We 

may now change the expressions for q and i into definite integrals 
with the? <*mmtant» explicitly determined by the following proc- 
ess, taking (47) as a sample. We may write the identity, em- 
ploying a changt? of variable, 
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where % meanB v (which is a function of t) with its t everywhere 
replaced by V, 

If now on the right-hand sidci wo add and subtracd tln^ Hiinie 
quantity, we obtain 

j + I j >'!'>’ I . 

This last term is a constant, which whem intrcniuced into (17) 
will merely change the constant Ai to /I'l say. 

Making a similar transformation of the last integral of (47), 
it is to bo noted that in (47) the rtHiltiplicrs of the resulting 
integrals may be introdti<;e<l under th(‘ intctgral signs, since the 
integrations are now with respetet tf> t' instead of L Ho that 
(47) becomes 


+ 


I , 

2jL(a Jc-o 

(48) 

This now becomes by changing to irigmiometric fimciiori 

J m {ui +• <&i) 


+ 


Lj r m 0 


cx)H — «in u(l ~ t') 


(48) 


or 


i=‘Ie~'^ Bin (oU + <t>i) 4 - ■ 


V«“ 4 




"•n. 

Jt'mt} 


|w(/— 4 


By a similar treatment of (46), we obtain 
q “ Qe~'^ ein {wt 4 <^s) 


tan '‘ \dt' (50) 
w I 


+ 5— r sin M U-t') dt* 

JUaJt'mO 


( 51 ) 


There are relations between the Q and ^ of (51) and the I 

and 4>i of (61). These relations may Ik; obtainetl by e<)uattng ^ 

to i. We obtain, by differentiating the q of (51) ls«* Bycrly 
lateral Calculus equation (6), p. 95j. 
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I a sin {tat + ¥’ 2 ) + w cos (coi + 


+ 


I !W t 

Wo-./’' 




a .sin 01 {t—t')dt'-\- co cos w {t—t') dt' 
This c-ompanni with (49) shows that 

/ sin lut + iflt) = Q {w cos (wi + v’2) — a sin (co< + ipi)}, 

and tliis ctjuation is true for all values of t 
Tft fiiifj; cj)i — ipi wo have 


tan(4>2 ~ ~ ^ (52) 

ami lotting wf “ ~ v’i wo obtain 

■= - <2 Vco* + a* (53) 

Thiwfs relations put into (51) give 

_|f^3e~“'Hin(w<+0i+tan-^ 


If now wo intnxluce into ( 50 ) and ( 54 ) the initial conditions 
(say) 

t « 0, i ^ la, q = Qo (55) 

wo have, since the upper and lower limits of the definite inte- 
grals Isarome identical, 

la ** I »in 4 

Qo - -7- j( a sin 4 i + u cos 4i) 

"T* U 


Dividing Qa by lo we obtain 


Q„ 

h “ 


a , u co t <t>i 

-f <P w* -f- a® 


OOt“ 


lo 


+ a* 


-b 


(57) 


whence 


1 


I 




! 
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Therefore, 

7 = /oJl + + (58) 

V i 0 ? io . 

Equations (50) and (54) give the required values of i and q where 
the constants j I and <l>i have the values given in (57) and (58). In 
these equations Iq and Qo are the values of currejit and charge j 
respectively y at the time t = 0. Note. — In case Jo = Co = 0 
(57) and (58)) become indeterminate ^ hut (56) shows that in that 
easel = 0. 

Note 7. Solution of the equation 

in the Critical Case in which 


R2 = 4L/C 

In view of equation (60), equation (59) may be written 
^ ~ + idt 4L2 


(60) 

(61) 


This equation may be reduced to one of a lower order by separate 
Rdi . ^ Rdi , Rdi 


2 ^^, and indicating operations as follows: 


n — ^ 4- 4- — 4- — \ 

^ W^Kdi ^ 2L)' 


Whence 


J (di , Ri\ 


+ — 1 

\dl_2L) 

di Ri 


Integrating, we obtain 


, (di , Ri\ Rt , „ 

(s + s) - - s; + ® 


Rdt 

2L 


Rt 


(62) 


in which B is a constant of integration. Let B = log Azi 
being an arbitrary constant, then (62) gives 


di , Ri . __EL 


which is of the first order, and may be integrated by the use of 
the formal equation (34) of Note 5, giving 
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and, tlierefore, 


I “~ A le 2b + 2L J (^’^2bA2e'~ 


§Ldt ^ 


m 


{Ai-\-A2t)e 2 l 


(63) 


in which ill and At are arbitrary constants of integration. 

Equation ((53) is the complete integral, or general solution of 
(•»«) in the Critical Case. 

Note 8. Solution of the equation 


V 


= L 


dt'^ 


+ R 


dq 

dt 



(64) 


in which V is a constant. 

Tlu! solution of this equation may be obtained directly by 
Huiwtituting q for i and V for v in equation (45) of Note 6. 

A more ckunentary method of solving (56) is by inserting a 
new variable z - j - CV, when (64) becomes 


r 4. If jL. ^ 
dt^'^ C 


(65) 


which has already l)eon solved (see Chapter II) with the follow- 
ing results: 




In 



M 

m 


“f” 


where 







H 


1 

ki 

s» 

““ 2L 

V4i» ■ 

"ifC 

anti 





h 

m 

a 

““ 2L 

„ JE Z 

........ 

" Lc 

whmm 

by 

^ Ih© value of z 



q m + CV 


In critical case 


z » (Bi + B2t)e 2L 
This m the solution in case == 
4,LI€ 


whence by the value of z 

Rt m 

g « (Bi + B2t)e-2L + CV 
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Table 

Relaton. of Capacity-inductance Product to Undamped 
wavelength and Frequency of a Circuit, Together 
with Squares of Wavelengths 

Units.— 

X in in meters, 
n is in cycles per second, 
h is in xnicro-henries, 

C is in microfarads. 

Formulas Employed in Calculation.— 

X = 3 X 10® X 2TrVLC X 10-6 (1) 

This last factor comes from the fact that a micro-henry is lO"® 
honrios, and a microfarad is 10-® farads. The product involves 
of which the square root is 10“®. 

By squaring and transposing equation (1), we obtain 

L ^ C = 28145X2 X 10-^' (2) 

In computing n, the formula employed is 

n = (3 X IQS) X (3) 

Accuracy.— The values in the table were computed and checked 
on a calculating machine and are accurate to the last figure 
given. 

Rule for Extending Range of the Table. — If we annex one zero 
at the end of wavelength values, 

(a) we must annex two zeros to values of X^, 

{b) omit the last digit from values of n, 
ic) displace decimal point two places to right in the 
L C values. 

^ A table of this character prepared by Mr. Greenleaf W. Pickard has been 
Isiucd by tho Wireless Specialty Apparatus Company of Boston. Mr. 
Pickard^ table has only three significant figures in values of L x C, and 
four iignificant figures in values of n. The utility of Mr. Pickard^s table 
has led me to compute and publish the present table, which is augmented by 
the inclusion of the values, and which is accurate presumably to all of 
the figutw pve®k 
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X 

X2 

LXC 

n 

X 

X2 

LxC 

n 

100 

10000 

0.0028145 

3000000 

136 

18496 

0.0052075 

2205882 

101 

10201 

0.0028711 

2970297 

137 

18769 

0.0052825 

2189781 

102 

10404 

0.0029282 

2941177 

138 

19044 

0.0053599 

2173913 

103 

10609 

0.0029859 

2912621 

139 

19321 

0.0054379 

2158274 

104 

10816 

0.0030442 

2884616 

140 

19600 

0.0055164 

2142857 

105 

11025 

0.0031030 

2857143 

141 

19881 

0.0055955 

2127660 

106 

11236 

0.0031624 

2830189 

142 

20164 

0.0056752 

2112676 

107 

11449 

0.0032223 

2803738 

143 

20449 

0.0057554 

2097902 

108 

11664 

0.0032828 

2777778 

144 

20736 

0.0058361! 

2083333 

109 

11881 

0.0033439 

2752294 

145 

21025 

0.0059175 

2068966 

110 

12100 

0.0034055 

2721212 

146 

21316 

0.0059994 

2054795 

111 

I 12321 

0.0034677 

2702703 

147 

21609 

0.0060819' 

2040816 

112 

12544 

0.0035305 

2678571 

148 

21904 

0.0061646 

2027027 

113 

12769 

0.0035938 

2654867 

149 

22201 

0.0062485 

2013423 

114 

12996 

0.0036577 

2631579 

150 

22500 

0.0063326 

2000000 

115 

13225 

0.0037222 

2608696 

151 

22801 

0.0064173 

1986765 

116 

13456 

0,0037872 

2586207 

152 

23104 

0.0065026 

1973684 

117 

13689 

0.0038528 

2564103 

153 

23409 

0.0065885 

1960784 

118 

13924 

0.0039189 

2542373 

154 

23716 

0.0066749 

1948052 

119 

14161 

0.0039856 

2521008 

155 

24025 

0.0067618 

1935484 

120 

14400 

0.0040529 

2500000 

156 

24336 

0.0068494 

1 

1923077 

121 

14641 

0.0041207 

2479339 

157 

24649 

0.0069375 

1910828 

122 

14884 

0.0041891 

2459016 

158 

24964 

0.0070271 

1898734 

123 

15129 

0.0042581 

2439024 

159 

25281 

0.0071153 

1886792 

124 

15376 

0.0043276 

2419355 

160 

25600 

0.0072051 

1875000 

125 

15625 

0.0043977 

2400000 

161 

25921 

0.0072955 

1863354 

126 

15876 

0.0044683 

2380952 

162 

26244 

0.0073864 

1851852 

127 

16129 

0.0045395 

2362205 

163 

26569 

0.0074778 

1840491 

128 

16384 

0.0046113 

2343750 

164 

26896 

0.0075699 

1829268 

129 

16641 

0.0046836 

2325581 

165 

27225 

0.0076625 

1818182 

130 

16900 

0.0047565 

2307692 

166 

27556 

0.0077556 

1807229 

131 

17161 

0.0048300 

2290076 

167 

27889 

0.0078494 

1796407 

132 

17424 

0.0049040 

2272727 

168 

28224 

0.0079436 

1785714 

133 

17689 

0.0049786 

2255639 

169 

28561 

0.0080385 

1775148 

134 

17956 

0.0050537 

2238806 

170 

28900 

0.0081339 

1764706 

135 

18225 

0.0051294 

2222222 

171 

29241 

0.0082299 

1754386 


*. 
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X ! 

1 

L X (• 

N 

X ■ 

Xii 

LXC 

n 

172 1 

2()r)K4 ! 

0.00H2201 

I' 

1711180 ! 

215 

4(>(j5G 

0.0131313 

1388S89 

172 

2!>!)2i) 

0.a0K422f)| 

1724104 ii 

21S 

■47524 

0.0133756 

1376147 

174 

30275 

0.0085212^ 

j 

1 724 1 38 

220 

•1H400 

0.0136222 

1363636 

175 

30(^25 

O.(K»K0H)l, 

17M2K0 

222 

49284 

0.0138710 

1351352 

175 

30975 

0. 0087 182 

1754545 

224 

50176 

0.0141220 

1339286 

177 

31329 

0.00881751 

1004015 

225 

51076 

0.0143753 

1327434 

178 

31584 

0.(M)H!)175! 

1085393 

22 H 

51984 

0.0146309 

1315790 

179 

;i2()4i 

0, 0000170; 

157597S : 

230 

52900 

0.0148887 

1304348 

180 

32400 

0.0001 100| 

155<MH>7 , 

!, 

232 

53824 

0.0151488 

1293104 

181 

22701 

().(K)022(M1 

10571.50 

2.34 

54756 

0.0154111 

1282051 

182 

22124 

0.0002227' 

10.18;152 

23r» 

556>9C> 

0.0156756 

1271186 

m 

33489 

0.(MI04255 

1(V1021 4 ! 

228 

50G44 

0.0159425 

1260504 

1K4 

33855 ' 

0 . (KI052KS 

1020125 

240 

57600 

0.016212 

1250000 

185 

34225 

0,0000220’ 

1021022 , 

242 

5K564 

0.016483 

1239669 

185 

34595 

0.0097370 

101218)2 ! 

\ 

244 

59536 

0.016756 

1229508 

187 

341MH) 

0.0098420 

1(«)427H 

240 

«0616 

0.017032 

1219612 

188 

2524-1 

0. (HHI0470 

1505745 

24H 

01504 

0.017310 

1209677 

189 

25721 

0.0100527 

1587352 

250 

62500 

0.017591 

1200000 

190 

20100 

O.OlOKKKt 

157H947 


<24504 

0.017873 

1190476 

191 

204K1 

0,0102070 

157<mHI 

' 254 

64516 

0.018158 

1181102 

192 

20804 

0.010275-1 

15525(K) 

; 255 

65536 

0.018445 

1171875 

193 

I 

37249 ' 

0.010-1K27 

1554451 

1 25H 

66564 

0.018734 

1162791 

194 

371KI5 

0.0105027 

1545392 

1 250 

67<K)0 

0.019026 

1153846 

195 

38025 

0.0107021 

1538452 

i 252 

j 

6H644 

0.019320 

1145038 

195 

38415 

! 

0.010K122 

I53(mi2 

1 254 ■ 

69606 

0.019616 

1136364 

197 

3HH09 

0.0im»22H 

1522H43 

1 255 

70766 

0.019914 

1127819 

198 

39204 

0.0110210 

mmm 

j 258 

71824 

0.020215 

1119403 

199 

39501 

0.0111457 

1557538 

1 270 

729-00 

0.020518 

1111111 

200 


0.011 2580 

15CKKKHI 

.] 272 

73984 

0.020823 

1102941 

202 

40804 

0. 01 1 4842 

1485149 

i 274 

1 

75076 

0.021130 

1094891 

204 

41515 

0,0117128 

. 1,470588 

- 275 

761 TO 

0.021440 

1086956 

205 

42435 

0.0110420 

1 1455:111 

; 27H 

772^ 

0.021752 

1079137 

20B 

43254 

0.0121707 

' 1442308 

■ ' 2IM4 

7H400 

0,022066 

1071429 

210 

441CK) 

0.01241 m 

1 1428572 

282 

79524 

0.022382 

1063830 

212 

44944 

0.0120405 

1 hiimm 

2m 

H0666 

0.022701 

105(>338 

214 

45795 

0.0128803 

; 145iH<HI 

, 285 

' 81706 

0.023021 

1048951 
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X 


LXC 

n 

X 

X2 

LXC 

n 

288 

82944 

0.023345 

1041667 

360 

129600 

0.036476 

833333 

290 

84100 

0.023670 

1034483 

362 

131044 

0.036881 

828729 

292 

85264 

0.023998 

1027397 

364 

132496 

0.037292 

824176 

294 

86436 

0.024327 

1020408 

366 

133956 

0.037703 

819672 

296 

87616 

0.024660 

1013513 

368 

135424 

0.038114 

815217 

. 298 

88804 

0.024994 

1006712 

370 

136900 

0.038531 

810811 

300 

'90000 

0.025331 

1000000 

372 

138384 

0.038947 

806452 

302 

91204 

0.025669 

993377 

374 

139876 

0.039369 

802139 

304 

92416 

0.026010 

986842 

376 

141376 

0.039791 

797872 

306 

93636 

0.026354 

980392 

378 

142884 

0.040214 

793651 

308 

94864 

0.026699 

974026 

380 

144400 

0.040641 

789474 

310 

96100 

0.027047 

967742 

382 

145924 

0.041069 

785340 

312 

97344 

0.027397 

961538 

384 

147456 

0.041503 

781250 

314 

98596 

0.027750 

955414 

386 

148996 

0.041936 

777202 

316 

99856 

0.028104 

949367 

388 

150544 

0.042369 

773196 

318 

101124 

0.028460 

943396 

390 

152100 

0.042809 

769231 

320 

102400 

0.028820 

937500 

392 

153664 

0.043248 

765306 

322 

103684 

0.029181 

931677 

394 

155236 

0.043692 

761421 

324 

104976 

0.029547 

925926 

396 

156816 

0.044137 

757576 

326 

106276 

0.029913 

920246 

398 

158404 

0.044582 

753769 

328 

107584 

0. 030278 

914634 

400 

160000 

1 0.045032 

750000 

330 

108900 

0.030650 

909091 

402 

161604 

0.045482 

746269 

332 

110224 

0.031021 

903614 

404 

163216 

0.045938 

742574 

334 

111566 

0.031401 

898204 

406 

164836 

0.046394 

738916 

336 

112896 

0.031776 

892857 

408 

166464 

0. 046850 

735294 

338 

114244 

'0.032153 

887574 

410 

168100 

0.047312 

731706 

340 

115600 

0.032536 

882353 

412 

169744 

0.047773 

728155 

342 

116964 

0.032918 

877193 

414 

171396 

0.048241 

724638 

344 

118336 

0.033307 

872093 

416 

173056 

0.048708 

721154 

346 

119716 

0.033695 

867052 

418 

174724 

0.049175 

717703 

348 

121104 

0.034084 

862069 

420 

176400 

0. 049648 

714286 

350 

122500 

0.034478 

857143 

422 

178084 

0.050121 

710900 

352 

123904 

0.034872 

852273. 

1 424 

179776 

0.050599 

707547 

354 

125316 

0.035271 

847458 

426 

181476 

0.051078 

704225 

356 

126736 

0. 0^5671 

842697 

428 

183184 

0.051556 

. 700935 

358 

128164 

0.036071 

837989 

430 

184900 

0.052040 

697674 
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X 

X2 

LXC 

n 

X 

X2 

LXC 

n 

432 

186624 

0.052524 

694445 

510 

260100 

0.073205 

588235 

434 

188356 

0.053014 

691244 

515 

265225 

0.074649 

582524 

436 

190096 

0.053504 

688073 

520 

270400 

0.076104 

576923 

438 

191844 

0.053993 

684932 

525 

275625 

0.077576 

571429 

440 

193600 

0.054489 

681818 

530 

280900 

0.079059 

566038 

442 

196364 

0.054984 

678733 

535 

286225 

0.080559 

560748 

444 

197136 

0.055485 

675676 

540 

291600 

0.082071 

555556 

446 

198916 

0.055986 

672646 

545 

297025 

0.083599 

550459 

448 

200704 

0.056487 

669643 

550 

302500 

1 0.085139 

545455 

450 

202500 

0.056994 i 

666667 

555 

308025 

0.086695 

540541 

452 

204304 

0.057500 

663717 

560 

313600 

0.088263 

535714 

454 

206116 

0.058012 

660793 

565 

319225 

0.089847 

530974 

456 

207936 

0.058525 

657895 

570 

324900 

0.091443 

526316 

458 

209764 

0.059037 

655022 

575 

330625 

0.093056 

521739 

460 

211600 

0.059555 

652174 

580 

336400 

0.094680 

517241 

462 

213444 

0.060073 

649351 

585 

342225 

0.096321 

512821 

464 

215296 

0.060596 

646552 

590 

348100 

0.097973 

508475 

466 

217156 

0.061120 

643777 

595 

354025 

0.099642 

504202 

468 

219024 

0.061643 

641026 

600 

360000 

0.10132 

500000 

470 

220900 

0.062172 

638298 

605 

366025 

0.10302 

495868 

472 

222784 

0.062701 

635593 

610 

372100 

0.10473 

491803 

474 

224676 

0.063236 

632912 

615 

378225 

0. 10645 

487805 

476 

226576 

0.063771 

630252 

620 

384400 

0.10819 

483871 

478 

228484 

0.064306 

627615 

625 

390625 

0.10994 

480000 

480 

230400 

0.064846 

625000 

630 

396900 

0.11171 

476191 

482 

232324 

0.065386 

622407 

635 

403225 

0.11349 

472441 

484 

234256 

0.065932 

619835 

640 

409600 

0.11528 1 

468750 

486 

236196 

0.066478 

617284 

645 

416025 

0.11709 

465116 

488 

238144 

0.067025 

614754 

650 

422500 

0.11891 

461539 

490 

240100 

0.067576 

612245 

655 

429025 

0.12075 

458015 

492 

242064 

0.068128 

609756 

660 

435600 

0.12260 

454545 

494 

244036 

0.068685 

607287 

665 

442225 

0.12447 

451128 

496 

246016 

0.069242 

604839 

670 

448900 

0.12634 

447761 

498 

248004 

0.069800 

602410 

675 

455625 

0.12824 

444444 

500 

250000 

0.070363 

600000 

680 

462400 

0.13014 

441176 

505 

255025 

0.071778 

594059 

685 

469225 

0.13206 

437956 
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X 

X2 

LXC 

n 

X 

X2 

LXC 1 

1 

n 

690 

1 

476100 

0.13400 

434783 

870 

756900 

0.21303 

344828 

695 

483025 

0,13595 

431655 

875 

765625 

0.21549 

342857 

700 

490000 

0.13791 

428571 

880 

774400 

0.21795 

340909 

705 

497025 

0.13989 

425532 

885 

783225 

0.22044 

338983 

710 

504100 

0.14188 

422535 

890 

792100 

0.22294 

337079 

715 

511225 

0.14389 

419580 

895 

801025 

0.22545 

335195 

720 

518400 

0.14590 

416667 

900 

810000 

0.22797 

333333 

725 

525625 

0.14794 

413793 

905 

819025 

0.23052 

331492 

730 

532900 

0.14998 

410959 

910 

828100 

0.23307 

329670 

735 

540225 

0.15205 

408163 

915 

837225 

0.23564 

327869 

740 

547600 

0.15412 

405405 

920 

843400 

0.23822 

326087 

745 

555025 

0.15621 

402685 

925 

855625 

0.24082 

324324 

750 

562500 

0.15832 

400000 

930 

864900 

0.24343 

322581 

755 

570025 

0. 16043 

397351 

935 

874225 

0.24605 

320856 

760 

577600 

0. 16257 

394737 

940 

883600 

0.24869 

319149 

765 

585225 

0.16471 

392157 

945 

893025 

0.25134 

317460 

770 

592900 

0.16687 

389610 

950 

902500 

0.25401 

315790 

775 

600625 

0.16905 

387097 

955 

■ 912025 

0.25669 

314136 

780 

608400 

0.17123 

384615 

960 

921600 

0.25938 

312500 

785 

616225 

0.17344 

882166 

965 

931225 

0.26209 

310881 

790 

624100 

0.17565 

379747 

970 ! 

940900 

0.26482 

309278 

795 

632025 

0.17788 1 

377359 

975 

950625 

0.26755 

307693 

800 

640000 

0.18013 

375000 

980 

960400 

0.27030 

306122 

805 

648025 

0.18239 

372671 

985 

970225 

0.27307 

304568 

810 ! 

656100 

0.18466 

370370 

990 

980100 

0.27585 

303030 

815 

664225 

0.18695 

368098 

995 

990025 

0.27864 

301508 

820 

672400 

0.18925 

365854 

1000 

1000000 

0.28145 

300000 

825 

680625 

0.19156 

363636 

1005 

1010025 

0.28427 

298507 

830 

688900 

0.19389 

361446 

1010 

1020100 

0.28711 

297030 

S35 

697225 

0.19624 

359282 

1015 

1030225 

0.28996 

295567 

840 

705600 

0.19859 

357143 

1020 

1040400 

0.29282 

294118 

845 

714025 

0.20096 

355030 

1025 

1050625 

0.29569 

292683 

850 

722500 

0.20335 

352941 

1030 

1060900 

0.29859 

291262 

855 

731025 

0.20575 

350877 

1035 

1071225 

0.30149 

289855 

860 

739600 

0.20816 

348837 

1040 

1081600 

0.30442 

288462 

865 

748225 

0.21059 

346821 

1045 

1092025 

0.30734 

287081 
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Table H 

Radiation Resistance in Ohms of Flat-top Antenna 

Xo = natural Wavelength of antenna unloaded, 

X = wavelength when loaded with inductance at base, 
_ iQn.g'fch of f iat h orizontal p art of antenna . 

“ total length of antenna 


Radiation resistance in ohms for y equal 


A/ AO 1 

0 

0.2 

0.3 

0 .4 

0.5 1 

0 .0 

0 .7 ! 

0.8 

1 0.9 

1.0 

36.00 

33.30 

29.70 

25.50 

20.30 

14.70 

9.70 

4.90 

1.200 

1.1 

28.00 

26.00 

23.90 

20.00 

16.00 

11.90 

7.60 1 

3.80 

1.070 

1.2 

21.80 

20.20 

18.80 

15.80 

12.40 

9.00 

6.00 

2.90 

0.940 

1.3 

18.20 

16.90 

15.10 

12.60 

11.20 ; 

7.20 

4.90 

2.40 

0.810 

1.4 

15.10 

14.00 

12.20 

10.50 

8.60 

6.10 

4.00 

2.00 

0.700 

1.5 

12.80 

11.70 

10.40 

9 . 00 

7.30 

5.20 

1 

3.30 

1.70 

0.600 

1.6 

11.00 

10.00 

9.00 

7.80 

6.30 

4.40 

2.80 

1.40 

0.500 

1.7 

9.50 

8.60 

7.60 

6.70 

5.40 1 

3.70 1 

2.60 

1.20 

0.400 

1.8 

8.30 

7.70 

6.70 

6.00 

4.70 i 

3.20 

2.20 

1.10 

0.330 

1.9 

7.40 

6.80 

6.20 

5.30 

4.20 

2.90 

1.90 

0.90 

0.240 

2.0 

6.50 

6.10 

5.50 

4.80 

3.80 

2.70 1 

1.70 

0.75 

0.180 

2.2 

5.20 

5.00 

4.60 

3.90 

3.00 

2.20 ' 

1.40 

0.57 

0.160 

2.4 

4.40 

4.20 

3.80 

3.20 

2.50 

1.80 

1.20 

0.48 

0.140 

2.6 

3.80 

3.50 

3.10 

2.70 1 

2.10 

1.50 

1.00 

0.42 

0.120 

2.8 

3.30 

3.00 

2.60 

2.30 1 

1.80 

1.30 

0.86 

0.37 

0.100 

3.0 

2.80 

2.50 

2.20 

1.90 

1.50 

1.10 

0.74 

0.33 

0.090 

3.2 

2.50 

2.30 

2.00 

1.70 ' 

1.30 

0.92 

0.64 

0.29 

0.080 

3.4 

1 2.20 

2.00 

1.80 

1 1.60 

1.10 

0.84 

0.55 

0.25 

0.072 

3.6 

2.00 

1.90 

1.60 

1.40 

1.00 

0.77 

0.47 

0.22 

0.066 

3.8 

1.75 

1.70 

1.40 

; 1.30 

0.94 

0.71 

0.39 

0.19 

0.060 

4.0 

1.62 

1.50 

1.30 

1.10 

0,88 

0.66 

0.31 

0.16 

0.055 

4.5 

1.30 

1.21 

1.05 

0.89 

0.75 

0.54 

0.26 

0.12 

0.042 

6.0 

1.00 

0.92 

0.80 

0.68 

0.63 

0.42 

0.22 

0.09 

0.032 

6.5 

0.78 

0.73 

0.65 

0.56 

0.53 

0.36 

0.19 

0.08 

0.026 

6.0 

0.61 

0.54 

0.49 

0.44 

0.43 

0.29 

0.16 

0.07 

0.019 

6.5 

0.48 

0.45 

0.41 

0.38 

0.35 

0.25 

0.14 

0.07 

, 0.016 

7.0 

0.38 ! 

0.36 

0.33 

0.32 

0.28 

0.22 

0.12 

0.06 

0.013 

7.5 

0.32 

0.31 

0.29 

0,28 

0.25 

0. 19 

0.11 

0.06 

0.013 

. 8.0 

0.28 

0.27 

0.25 

0.23 

0.22 

0. 17 

0.10 

0.05 

0.012 

8.5 

0.26 

0.26 

0.23 

0.21 

0.19 

0.15 

0.09 

0.05 

0.012 

9.0 

0.25 

0.22 1 

0.20 

0.18 

0.16 

0.13 

0.08 

0.05 

0.012 

9.5 

0,24 

0.20 1 

0.19 

0.17 

0.15 

1 0.12 

0.08 

0.05 

0.011 

10.0 

0.22 

0.18 

0.17 

0.15 

0.13 

‘ 0.11 

0.07 

0.04 

0.011 

10.6 

0.21 

0.16 

0.15 

0.14 

0.12 

0.10 

0.07 

0.04 

0.010 

11.0 

0.20 

0.14 

0.13 

0.12 

0.11 

0.09 

0.06 

0.04 

0.010 

11.6 

0.19 

0.13 

0.12 

0,11 

0.10 

0.08 

0.06 

0.04 

0.009 

12.0 

0.18 

0.12 

0.11 

0.10 

0.09 

0.07 

0.05 

0.03 

0.009 

12.5 

0.16 

0.11 

0.10 

0.09 

0.08 

0.07 

0.05 

0.03 

0.008 

13.0 

0.15 

0.10 

0.09 

0.09 

0.08 

0.06 

0.05 

0.03 

0.008 

13.5 

0.14 

0.09 

0.08 

0.08 

0.07 

0.06 

0.04 

0.03 

0.007 

14.0 

0.12 

0.08 

0.07 

0.07 

0.06 

0.05 

0.04 

0.02 

0.007 

14.5 

0.11 

0,08 

0.07 

0.06 

0.06 

0.06 

0.04 

0.02 

0.006 

15.0 

0.10 

0.07 

0.06 

0.06 

0.05 

0.04 

0.03 

0.02 

0.006 

15.6 i 

0.08 

0.06 

0.06 

0.05 

0.05 

0.04 

0.03 

0.02 

0.005 

16.0 

0.06 

0.06 

0.06 

0.05 

0.04 

0.04 

0.03 

0.02 

0.005 


f 



510 TABLE III—HELATION OF UNITS 


Table III. — For the Conversion of Units — Containing the Practical Units 
Together With Their Values in Terms of the Two Sets of c.g.s. Units, 
Where c = 3 X lO^o cm. /sec. 


Unit of 

Practical units 

. C. g. s. units 

Electromag- 

netic 

Electrostatic 

Quantity 

1 Coulomb = 

10-1 = 

10-1 X C = 3 X 109 

Current 

1 Ampere = 

10-1 = 

10-1 X c = 3 X 109 

Potential 

1 1 Volt 

108 == 

108 C = H X 10-8 

Resistance 

1 Cbm = 

10^ - 

108 ^ c8 = X 10-“ 

Capacity 

1 Farad = 

10-9 ^ 

10-8 X c8 = 9 X 10“ 

Inductance 

1 Henry = 

109 == 

108 ^ c8 = }4 X 10-“ 

Energy 

1 1 Joule = 

10^ = 

10^ ergs 

Power 

1 Watt 

10" = 

10^ ergs 



1 


3786 

J 

I- 



N 
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A 

Abraham, M., 436, 486 
Absolute units, conversion table of, 
510 

Adams, E. P., 324 
Addition of complex quantities, 46 
Additivity of solutions, 13, 489 
Ampere, 510 

Amplitude at optimum resonance, 
167, 192, 221, 224, 237 
in two resistanceless coupled 
circuits, 86, 90, 92 
in two resistive circuits, 138 
of current, 61, 64, 211, 252 
Angular velocity, 45, 77, 99 
velocity undamped, 178 
Anisotropic media, 350 
Antenna circuit replaced, 176, 240 
field due to horizontal part of, 
452, 455 

field due to vertical part of, 440 
not a doublet, 436 
power radiated from horizontal 
^ part of, 457, 463, 472 
power radiated from vertical 
part of, 444 

radiation characteristics of, 435 
table of radiation resistance of, 
509 

total radiation resistance of, 473 
Antitangents, caution regarding sign 
of, 49 

Apparent resistance, reactance and 
impedance, 159, 160 
Appendix, 489 

Arbitrary constants, 13, 15, 490, 492 
incidence, 394 
Argand's method, 43 
Artificial lines, 285 
Attenuation constant, 293, 295, 326 
factor, 411 

of high frequency waves on 
wires, 332 

511 


Austin, L. W., 482 
Average current, 38 
Avoidance of interference, 194 
Axes, 359 

B 

Backward equivalences, 216, 229 

Bedell, F., 156 

Bjerkness, V., 73 

Blondlot, 334 

Bound electrons, 349 

Buzzer excitation, 27, 30, 40 

C 

Campbell, G. A., 285, 288 
Capacity, 3 

coupling, 219 
distributed, 3, 324 
Capacity-inductance product (table) 
502 

Capacity per unit of length, 332 
Carson, J. R., 287 
Chaffee, E. Leon, 86 
Chain of circuits, 210, 226 
Charge compared with discharge, 22 
energy during, 32, 40 
intrinsic, 4, 349 
Charging of a condenser, 20 
Circuit containing R, L, C, and a 
sinusoidal e.m.f., 51 
free oscillation pf a single, 9 
Circuits, chain of, 2ft) 

Circular motion, uniform, 45 
C. G. S. units in terms of practical 
units, 510 

Clarendon type for vectors, 347 
Coefficient of coupling, 78, 178 
of reflection, 292, 403 
Coefficients of radiation resistance, 
474 

Cohen, L., 73 

Coil with distributed capacity, 340 
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Compensator, cjlectrie, 280, 820 
(Complementary funelitin, \tu 
(Compl(‘t(! product, 871 

solution for condenser discharge, 

17 

Couiplox attenuation (umslant, 208, 
295 

imptKianee, 158 
mutual impedance*, 207 
rcdlctetion eoedficient, 292, 298 
Complex {piantiticH, adtiititm of, 40 
division of, 48 
evolution of, 49 
geometry of, 42 
involution of, 49 
multii)IieaUon of, 47 
Conderwt'.r, cliarging of. 20 
distdmrge, 11, 17, 18 
disc.harge, energy expended in, 
87 

dis(diarge in primary, HO, 18H 
energy su{>plied to a perfeet, 84 
powttr HupplifHl to a perfeet*. 88 
Omdtmsivi! and non-eondensive 
flow, 800 
Conductivity, 870 
G(mservatioii <jf <4f?ctrieity. 8 
Ojriitants, dc!t«»rmiiiation of arfu- 
trary, 15 

Construction of antenna, 4H8 
Continuity of tangential eomiauienta 
of E and //, 80H 
Ccmvifnion table of units, 510 
Cosine, series for, 44 
Ccaibirih, 84B, 510 
Counter eun.f., 7 
Couplml cireuita foread, 150 
parlmis 7f 
I>ower in*171 
two, 78 

undiir iinpn«iiMl ojni., 150, 
204 

wavatengthi of, HI 
Coupling by eapMity, 210 
by rtwfitane#, 228 
eociflieicint of, 7H, 17S 
criticfd, detictent mtd iuffiaitat, 
167 

nearly perfwt, S4 


Coupling, negligil4i% h:i 
prrfecl. HI 
( ’relniri*, A , C * , Ifiii 
Critical ca.-*.e, M, I.S 
campiinv, ItiT 
Crystalline media, •laf)- 
(*ubic ef|!ia{}iai r«*diis’jf»|, 1115, 1117 

(*tjn!ijfigliaiii 2H5 
(*url. 85H 
Curl e?irt A, 877 
Curl, defined. 8ii8 

etpnitifms exiitiiineif,, Jlil-I 
Current, amplitude in siicMitii llrls^ 
829 

iivf*riigc iiml mcfiii«»f|iiiiri% :ih 

fleii^ily, 81 IH 
flout del. 422 

interruption, iiiel fwiwrr 

flu ring, 4fl 

reminitriee Ii8 

<!urvi*s iif neiiiilioii |7fi 

477, 47H, 47H. 'IWl 

n 

Dumping const iint, 20. !ii>, 1171 188 
fill* for, 28 

Decrfuiient, of. Tfi, 

MH 

logiiritliiiiie, 28, 27 
Ilf energy, 811 
per iitiflafii|it*d 101 

Df^ereiiteitls, nmmmm* rur^m for 
varioiift, fl7 

Didielimt eoufiling, HIT 
I'jeitioivndi fiiriiitilii. II 
Dim«ity of eneriy, 87.5 
Di^igfi of i!iiiii|ier»fii*ir, 8211 
of filter, 81 H 
Df»ttmlor ill 240 

2111 

Diidi«trii? eiiniflitnl 848 
off eel of, 84 H 
Difference ef|iiatiriii, 2H9 
DiriMtt «oii|iieil 74 

'JWncImrge ciiniitaritl willi ebiirin 22 
Ptiifrgy tlfirifig, 82 
of aeofidetiM^ 11, 17, iH 
Dimailifiuity of 857 
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Displacement assumption, 367 
current, 368 
Distributed capacity, 3 
in coils, 340 

Divergence of a curl equals zero, 365 
of a vector, 353 
of a vector product, 373 
surface, 355 

Division of complex quantities, 48 
Domalip, 73 
Dorsey, 385 
Double periodicity, 99 
Doublet, 421, 422, 429 

power radiated by a, 432, 433 
radiation resistance of a, 434, 
481 

Doubly-periodic system, 80 
Drude, P., 73 
Duane, Wm., 334 

E 

Efficiency of transfer, 173 
Electric induction, 349 
intensity, 347, 348 
Electricity conservation of, 3 
Electric waves, 347 

due to a doublet, 421 
. in an imperfect conductor, 
408 

on wires, 324 

Electromagnetic units, 510 
Electromotive force, 5, 359, 363 
counter, 7 

induced by buzzer excitation, 
30 

Electrons, free and bound, 349 
Electrostatic units, 510 
Elimination among Maxwell’s equa- 
tions, 378 

Energy and power, general notions, 
32 

in buzzer excitation, 40 
and radiation, 373 
during charge or discharge, 32 
electric and magnetic, in plane 
wave, 388 
log. dec. of, 36 

lost in resistance during charge, 
40 


Energy of electromagnetic field, 370 
supplied to a perfect condenser, 

34 

to a resistance, 36 

to a resistanceless inductance, 

35 

transmission and absorption, 
415 

Equivalences for three circuits, 229 
for two circuits, 217 
Equivalent resistance, reactance and 
impedance, 216, 217, 229 

Erg, 510 

7)1 and 7)2 defined, 178 
Evolution of complex quantities, 49 
Excitation by current interruption, 
27 

Exponential, series for, 44 
Exponentials, integration by use of, 
49 

Extinction coefficient, 411 

F 

Farad, 510 

Faraday, 348 

Field due to doublet, 429 

due to horizontal part of an 
antenna, 452 

due to vertical part of an 
antenna, 440 

intensities on reflection, 397, 403 
Filter action, 296 
design, 318 
Filters, 285 

Flat-top antenna, radiation resis- 
tance of, 478, 509 
power contributed by, 473 
Flux of induction, 350 
Forced solution, 161 
Forward equivalences, 216, 229 
Fourth order differential equation, 
94 

Free electrons, 349 

oscillation of single circuit, 9 
oscillation of two coupled re- 
sistanceless circuits, 73, 86 
oscillation of two coupled resis- 
tive circuits, 94, 138 


33 
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INDEX 


Frequency for different wavelengths 
etc. (Table), 502 
Fresnel’s equations, 407 

G 

Galizine, B., 73 

Gaussian system of units, 359 

Gauss’s theorem, 350, 352, 353 

Geitler, J. von, 73 

Geometry of complex quantities, 42 

Grand maxima of current, 238 

■ of relative power, 265, 277, 
282 

Graphic method for wavelengths, 81 
H 

Hagen, 419 

Harmonic plane wave, 388 

wave in imperfect conductor, 
409 

Heaviside, 324 
Henry, 510 
Hertz, 423, 482 

High frequencies, line that attenu- 
ates, 301 

High-frequency waves on wires, 332 
Homogeneous isotropic medium, 378 
linear differential equation, 12, 
490 

Horizontal plane, field in, 484 
Hubbard, J. C., 340 

I 

Impedance, 158 
apparent, 160 
complex mutual, 207 
equivalent, 216 
input, 292 
pure mutual, 213 
surge, 292, 310, 314, 317 
Imperfect conductor, electric waves 
in an, 408 

Index of refraction for electric waves, 
385, 411 

of imperfect conductors, 411 
Inductance, discharge of primary, 
91, 150 


Inductance, mutual, 75 

per unit of length, 333 
resistanceless, power supplied 
to, 35 
self, 6 

Induction, electric, 349 
flux of, 350 
magnetic, 357 
Inductivity, 348 
Input impedance, 292 
Insulating medium, 379 
Insulator, reflection at surface of an, 
399 

refraction at surface of an, 399 
Integral effect in secondary, 143, 
146, 159 

Integration by use of exponentials, 
49 

Intensity before a reflector, 397 
electric, 347 

in horizontal plane, 484, 485 
magnetic, 357 

Interference, avoidance of, 194 
ratio of, 194 , 

Intrinsic charge, 4, 349 
Inverse square law, 348 
Involution of complex quantities, 49 
Isochronism, 83 
quasi, 108 

Isotropic medium, 349 
J 

Jones, D. E., 423 
Joule, 510 

K 

Kelvin, Lord, 324 
Kennedy, A. E., 285 
Key, 238, 253, 256 
Kirchhoff, 324 
Kirchhoff’s current law, 1 
e.m.f. law, 5, 8 
Kolacek, 73 

L 

L X C vs. X, X^ and n (Table), 502 
Laplace, 358 
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Large conductivity, waves in medium 
of, 413 

Law of reflection, 396, 401 
of refraction, 401 
Lines, artificial, 285 
resistanceless, 296 
resistive, 309 
Linkage, positive, 359 
Logarithmic decrement 23, 27 
of energy, 36 
per undamped period, 66 
Loose-coupled system, 136 
Low frequencies, line that attenu- 
ates, 300 

M 

Macku, B., 73 
Magnetic intensity, 357 
Magnetically coupled, 76 

coupled system, relations in, 82 
Magnetomotive force, 359, 360 
Martin, J., 69 
Maximum efficiency, 173 
Max. max. current, 167 

and detector resistance, 201 
Maxwell, J. C., 156, 348, 363, 364, 
368 

Maxwell's displacement assumption. 
367 

equations, 358 
Mean-square current, 38, 61 
of sine, 62 

secondary current, 143, 146, 153 
Muirhead, 285 

Multiplication of complex quantities, 
47 

of vectors, 371 

Mutual impedance, complex, 206, 
207 

pure, 213 
inductance, 75 
power, 457, 465, 472 

N 

Negative roots, 105 
Negligible coupling, 83, 121, 136 
Non-crystalline media, 349 
Non-reflection, condition for, 304 


Normal incidence, 391 
Numerical cases, 112, 122, 180, 188, 
197, 257, 279, 306, 320, 322 

0 

Oberbeck, 73, 156 
Ohm, 510 
Ohm’s law, 5 

Optimum combinations for a chain 
of circuits, 237 
resonance, 165, 186, 191, 275 
simultaneous adjustments, 247 
Oscillation, free, of single circuit, 9 

P 

Partial resonance, 161, 162, 163, 177, 
180, 232 

Particular integral, 157 
solution, 52 
Perfect coupling, 84 
Period and wavelength, 60, 73 
during charging, 26 
of single circuit, 23, 24, 25, 73 
Period undamped, 25, 64, 100 
Periods of two couple circuits, 73, 79 
Permeability, 357 
Persistent waves, 176 
Phase change at reflection, 330, 419 
Phase lag per section, 293, 295 
Pickard, G. W., 502 
Pierce, G. W., 4, 81, 156, 176 
Planck, M., 423 
Plane field, 380 

polarized wave, 388 
wave, 379 

equation, 380, 409 
harmonic, 388 
reflection of, 391, 394 
solution, 377, 381, 383 
Poisson, 358 
Poisson’s equation, 355 
Polarized wave, plane, 388 
Positive linkage, 359 
Potential difference on wires, 341 
fall of, 5 

Power and energy, general notions, 
32 . 

in buzzer excitation, 40 
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Power in coupled circuits, 171, 258, 
265, 277, 282 

Power, maximum, transferred at 
maximum efficiency, 174 
radiated by doublet, 432 
from flat-top, 457, 463 
from vertical part, 444, 450 
mutually, 457, 465, 472 
relative, 258, 265, 277, 282 
supplied to a condenser, 33 
to a resistance, 36 
to an inductance, 35 
Power transferred at maximum effi- 
ciency, 173 
Poynting, J. H., 375 
Poynting’s vector, 370, 375, 415 
Pupin, 285 

Pure mutual impedance, 213 

Q 

Quasi isochronism, 108 
R 

Radiation characteristics of an an- 
tenna, 435 

resistance of a doublet, 434 
of an antenna, 477, 509 
of a straight vertical antenna, 
481 

of vertical part, 451 
Radiotelegraphic receiving station, 
176 

with detector in shunt, 240 
Ratio of interference, 194 
of units, 359, 510 
quantities, 255 
Rayleigh, Lord, 73 
Reactance, 53, 158 
apparent, 160 
equivalent, 216 

Reciprocity theorem, 204, 217, 228 
■ Recurrent sections, 256 
Reflection coefficient, 292, 293, 403, 
419 

from an imperfect conductor, 
416 

from a perfect conductor, 391 


Reflection, law of, 396, 401 
on smooth line, 330 
repeated, 291 
vitreous, 399 
Refraction, law of, 401 
vitreous, 399 
Refractive index, 385 
Relative power, 258, 265, 277, 282 
Relaxation time, 408 
Repeated reflection, 291 
Resistance, apparent, 160 
coupling, 223 
equivalent, 216 

Resistance, power and energy sup- 
plied to, 36 

radiation, of doublet, 434 
of flat-top antenna, 473, 509 
of straight vertical antenna, 
481 

of vertical part of antenna, 
451 ‘ 

Resistanceless coupled circuits, 73, 
86 

line, 296 

Resonance combinations, 248 
curve, equation to, 65 
in simple circuit, 60 
partial, 161, 232, 240 
relations, 240, 243 
relations restricted, 232 
Resonant fundamental system on 
wires, 338 

Restricted resonance relations, 232 
Restrictions, 243 

Retardation angle per section, 294, 
296, 305, 308 
per unit length, 326 
by resistanceless line, 305 
R. M. S. current and e.m.f., 38 
Roots, negative, 105 

of fourth degree equation, 99 
Rosa, 385 
Rubens, 419 
Riidenberg, 434 
Rule of signs, 103 

S 

Saunders, 334 

Scalar and vector product, 37L 
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Two-way equivalences, 229 
Types of artificial line, 298 

U 


Secondary, e.nii- induced in, 31 
Semiconductors, 40S, 411 
SharpncBs of resouar 
Slu^pherd, (J. 

Si^ns, rul^" . 

Sine 

' impr(‘HS(;d, f)!, 150 

.«t,i vcK'lor, 3()7 

.ation of did'ercuitial equations, 
494, 495, 5()() 

Spli(‘ric.al vvav<‘H, 423 
Stationary wavt^s in insulator, 393 
on wiia^H, 335, 337, 342, 344 
St eady stat f‘, 5H 
St(^ppap;^^ condermer, 242, 2H4 
Sufficient coupling, 107 
Surface divergcrua*, 355 
Surge iinpedanee, 292, 310, 314, 317 
of smooth lin<‘, 328 
Systems of rwurrent seetioim, 250 

r 

r-i?a«e, 118, 119 
Taylor, 2K5 

4\4egraph arul Udephotia lines, arti- 
ficial, *285 
equation, 409 
Tenninal eomlltions, 2fK) 
impetlancf!, 303 
Three edreuiis, chain of, 220 
Thomson doublet, 421 
Thomson, Sir J. J., 421 
Sir Wm., 11, 24, 324 
Tliornson's fomitila, 24 
Time between maxima, 25 
Tifiiiidag iiideiHUident of freciuency, 
'308 

1Viin«foniuit.ioii intc» pceriodic form, 

53, m 

of equation, 303 
of iiLini. eepation, 300 
Triiiiiformer coupling, 73, 214 
Tnifiiicnt term made zero, 57 
Transverse wave, JI80 
Trowbricigii, Jciliri, 334 
l%ci eircuite with transformer coup- 
ling, 214 

coupled circuits, 73, 94 


w-case, 118 

Undamped angular velocity, 178 
period, 64, 100, 113, 129 
log. dec. per, 66 
wavelength, 67, 179, 258 
Units, conversion table of, 510 
Gaussian, 359 
ratio of, 359, 385, 510 


Varley, 285 

Vector, exponential expression for, 
44 

product, 371 

trigonometric expression for, 44 
Velocity of electric waves, 383, 384, 
411 

of high frequency waves on 
wires, 332, 334 

of light and ratio of units, 385 
on wires, 330 

Vertical part of antenna, 440, 444, 
450, 451 

Vitreous reflection and refraction, 
397 

Volt, 510 

W 

Watt, 510 
Wave, electric, 347 
Wave equation, 377, 378 
Wavelength, definition of, 60 
graphic method, 81 
square vs. added capacity, 339 
vs. X and L X C (Table), 502 
undamped, 67, 179, 258 
Wave, plane harmonic, 388 
transverse, 386 
Waves, on wires, 324 x- 

persistent, 176 
Wien, M., 73 
Wires, waves on, 324 



